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Abstract

In this paper, we consider pilot-aided channel estimation for orthogonal frequency division multiplexing
(OFDM) systems with a multiple-input multiple-output (MIMO) setup. The channel is time-varying due
to Doppler effects, and can be approximated by an oversampled complex-exponential basis expansion
model [(O)CE-BEM]. We use a best linear unbiased estimator (BLUE) to estimate the channel with the
aid of frequency-multiplexed pilots. The applicability of the BLUE, which is referred to as the channel
identifiability in this paper, relies upon a proper pilot structure. Depending on whether the channel is
estimated within a single OFDM symbol or multiple OFDM symbols, we propose simple pilot structures
that guarantee channel identifiability. Further, it is shown that by employing more receive antennas, the
BLUE can combat more effectively the Doppler-induced interference and therefore improve the channel

estimation performance.
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I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) systems have attracted enormous atten-
tion recently, and have been adopted in numerous existing communication systems. OFDM gains
most of its popularity thanks to its ability to transmit signals on separate subcarriers without
mutual interference. To further enhance the capacity of the transmission link, OFDM systems
can be combined with multiple-input multiple-output (MIMO) features.

The fact that OFDM can transmit signals on separate subcarriers can be mathematically
represented in the frequency domain by a diagonal channel matrix. This property holds only in
a situation where the channel stays (almost) constant for at least one OFDM symbol interval.
In practice, a time-invariant channel assumption can become invalid due to, e.g., Doppler effects
resulting from the motion between the transmitter and receiver. In such a case, the frequency-
domain channel matrix is not diagonal but generally full with the non-zero off-diagonal elements
leading to inter-carrier interference (ICI).

To equalize such channels, the knowledge of all the elements in the channel matrix is required.
In order to reduce the number of unknown channel parameters, a widely adopted approach is
approximating the variation of the channel in the time domain with a parsimonious model, e.g.,
a basis expansion model (BEM). Consequently, channel estimation boils down to estimating the

corresponding BEM coefficients. Among the various BEMs that have been proposed, this paper
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will concentrate on the so-called oversampled complex exponential BEM [(O)CE-BEM] [1]. By
tuning the oversampling factor, the (O)CE-BEM is reported in [2] to fit time-varying channels
much tighter than its variant, the critically-sampled complex exponential BEM [(C)CE-BEM]
[3,4], and it has a steady modelling performance for a wide range of Doppler spreads [5].

Based on a general BEM assumption, the OFDM channel is estimated in [6] utilizing pilots
that are multiplexed with data in the frequency domain. The same paper shows that the channel
estimators that view the frequency-domain channel matrix as full, such as the (O)CE-BEM,
render a better performance than those that view the channel matrix as diagonal [5], or strictly
banded [4], such as the (C)CE-BEM. In this paper, the results of [6] will be extended from
a single-input single-output (SISO) scenario to MIMO, with a focus on channel identifiability
issues.

Estimating time-varying channels in a MIMO-OFDM system gives rise to a number of addi-
tional challenges. In the first place, due to multiple transmit-receive links, more channel un-
knowns need to be estimated, which requires more pilots and thus imposes a higher pressure on
the bandwidth efficiency. To alleviate this problem, we will employ more pilot-carrying OFDM
symbols to leverage the channel correlation along the time axis as in [7,8]. Although this comes
at a penalty of a larger BEM modeling error, the overall channel estimation performance can
still be improved.

Another challenge in a MIMO-OFDM system is how to distribute pilots in the time, frequency,
and spatial domains. [9,10] proposes optimal pilot schemes but only for time-invariant channels or
systems for which the time-variation of the channel within one OFDM symbol can be neglected.
Except for [7,11], much less attention has been paid to systems dealing with channels varying
faster. In this paper, we will use the channel identifiability criterion as a guideline to design
pilot schemes. It is noteworthy that the proposed pilot structures can be independent of the
oversampling factor of the (O)CE-BEM, which endows the receiver with the freedom to choose
the most suitable oversampling factor.

Pilot structures can have a great impact on both channel identifiability and estimation per-
formance. The latter is, however, difficult to tackle analytically for time-varying channels. In
this paper, we will try to establish, by means of simulations, a guideline for designing pilots that
render a satisfactory channel estimation performance for different channel situations.

The MIMO feature brings not only design challenges, but also performance benefits. Due to
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the ICI, the contribution of the pilots is always mixed with the contribution of the unknown
data in the received samples. By taking this interference explicitly into account in the channel
estimator design, [6] shows that the resulting best linear unbiased estimator (BLUE) can cope
with the interference reasonably well, producing a performance close to the Cramer-Rao bound
(CRB). When multiple receive antennas are deployed, we observe that the channel estimation
performance can even be further improved. This is attributed to the fact that each receive an-
tenna gets a different copy of the same transmitted data. The interference is therefore correlated
across the receive antennas, which can be exploited by the BLUE to suppress the interference
more effectively than in the single receive antenna case. To our best knowledge, this effect has
not been reported before.

The remainder of the paper is organized as follows. In Section II, we present a general MIMO-
OFDM system model. In Section III, we describe how the BLUE can be used to estimate the
BEM coefficients. Channel identifiability is discussed in Section IV, based on which we propose
a variety of pilot structures. The simulation results are given in Section V, where we discuss the
impact of the various pilot structures on the performance. Conclusions are given in Section VI.

Notation: We use upper (lower) bold face letters to denote matrices (column vectors). (-)*,
()T and (-)¥ represent conjugate, transpose and complex conjugate transpose (Hermitian), re-
spectively. [x], indicates the pth element of the vector x and [X],, indicates the (p,¢)th en-
try of the matrix X. D{x} is used to denote a diagonal matrix with x on the diagonal, and
D{Ay, - An_1} is used to denote a block-wise diagonal matrix with the matrices Ag, -+, Ay_1
on the diagonal. ® and T represent the Kronecker product and the pseudo inverse, respectively.
Iy stands for the N x N identity matrix; 1;;xn for the M x N all-one matrix, and Wk for
a K-point normalized discrete Fourier transform (DFT) matrix. We use X{®:C} to denote the
submatrix of X, whose row and column indices are collected in the sets R and C, respectively;
Similarly, we use X{R: (X{:C:}) to denote the rows (columns) of X, whose indices are collected

in R (C). The cardinality of the set S is denoted by |S].

II. SYSTEM MODEL

Let us consider a MIMO-OFDM system with Nt transmit antennas and Ny receive antennas,
where the channel in the time domain is assumed to be a time-varying causal finite impulse

)

response (FIR) filter with a maximum order L. Using h;"ll’n to denote the time-domain channel

gain of the [th lag at the pth time instant for the channel between the mth transmit antenna
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and nth receive antenna, we can assume that hﬁ:f’n) =0forl <0or!l> L. Note that this chan-
nel model can take the transmit/receiver filter, the propagation environment, and the possible
synchronization errors among different transmission links into account.

For the jth OFDM symbol that is transmitted via the mth transmit antenna, the data symbols
s(™)[j] are first modulated on K subcarriers by means of the inverse DET (IDFT) matrix WL,
then concatenated by a cyclic prefix (CP) of length L., > L, and finally sent over the channel.
At the receiver, the received samples corresponding to the CP are discarded, and the remaining
samples are demodulated by means of the DFT matrix Wx. Mathematically, we can express

the received samples during the jth OFDM symbol as

Nt
y®U) =30 WiH W [IWie st [j] + 2], (1)
m=1
™)
where z(™[j] represents the additive noise related to the nth receive antenna; H{™") [7] denotes

the channel matrix between the mth transmit antenna and nth receive antenna in the time
domain, and Hém’n) 1] =W xHm [j]WE represents its counterpart in the frequency domain.
Under the FIR assumption of the channel and letting L., = L without loss of generality, we
can express the entries of H{™") [7] as [Hﬁm’") m]p,q = h§{n[’(?L)+p+L,mod(p—q,K) with mod(a, b)
standing for the remainder of a divided by b.

(m,n)

Obviously, if the channel stays constant within an OFDM symbol, He " [j] will be a circulant
matrix (hence the subscript c¢). This results in a diagonal matrix Hgm’n) [7] (hence the subscript
d), which means that the subcarriers are orthogonal to each other. This property is however

corrupted if the time variation within an OFDM symbol is not negligible.

III. CHANNEL ESTIMATION

For the ease of analysis, we will differentiate between two cases throughout the whole paper.
The first case is based on a single OFDM symbol, which means that the channel will be estimated
for each OFDM symbol individually. The other case employs multiple OFDM symbols. Because

these two cases are characterized by some unique properties, we treat them separately.
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III-A. Single OFDM Symbol
A.1 Data Model and BEM Based on a Single OFDM Symbol

Let us use a BEM to model the time variation of the channel within one OFDM symbol: for
the channel between the mth transmit antenna and the nth receive antenna, the lth lag during

the jth OFDM symbol can be approximated as

(m,n) (m,n)p .
hj7(nK+L),l Co,1 (]
: ~ [110,"' auQ] s (2)
(m,n) U (m,n)p .
hj(K+L)+K71,l €Q.l ]
(m,n)

where u, denotes the gth basis function of a BEM, and ¢ [7] the corresponding BEM coeffi-

.l
cient. Under a CE-BEM assumption,

u, = [1, e_]ﬁq, . ,e_]ﬁq(K_l)]T’ (3)
where x stands for the oversampling factor with x = % used for the (C)CE-BEM and x > T{i I

for the (O)CE-BEM.
Assuming that the BEM inflicts a negligible modeling error, the K (L + 1) channel taps within
the jth OFDM symbol will be uniquely represented by the (L + 1)(Q + 1) BEM coefficients

(m,n)
q,l

in terms of the BEM as

c [7]. As aresult, the frequency-domain channel matrix Hém’n) [7] given in (1) can be rewritten

Q
H" "] = Y W D{uye{" [ W,
q=0
where Cgm’n) [7] is a circulant matrix with [cgm’n)T[j],le(K_L_l)]T as its first column. Here,
c((lm’n) [7] :== [C(%L’n) (9], ,céf'}:’n) [5]]%. Due to its circularity, we can express Cgm’n) [7] as
cym i) = WED{V el [} Wk, (4)

where V|, denotes the matrix that consists of the first L 4+ 1 columns of VKW . Accordingly,

Hém’n) [7] can be written as

Q
H((im,n) il = Z WK'D{uq}W[IgID{VLC!(Im’n) 13- (5)
q=0

Because we will only concentrate on a single OFDM symbol in this section, we drop the index

j for the sake of simplicity.
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7

Let us now use p("™ to denote the pilots sent by the mth transmit antenna, whose subcarrier
positions are contained in the set P and d™ to denote the data sent by the mth transmit
antenna, whose subcarrier positions are contained in the set D™ . Because in this paper we focus
on frequency-domain multiplexed pilots, this implies that P(™) N D™ = () and P™ U Dim) —
{0,--+-, K — 1}. Further, we assume that the pilots are grouped in G clusters, each of length
P+1: pm = [p(()m)T, e ,p(Gm_);‘F]T. For the gth pilot cluster pém), the positions of its elements
are collected in the set ’Pgm) = {Pg(m), e ,Pg(m) + P} with P;m) standing for its starting position.

(m)

Corresponding to the positions of pg; ’, let us consider the observation samples at the receiver,

whose indices are collected in the set

OFY) ={P{™ + 5 — oo P + P — T+ ). (6)

)

It can be seen from the above that the number of observation samples in (’)ém , given by P —
D + 20 + 1, is controlled by the two parameters D and £. To understand the physical meaning
of D, we know that for a small Doppler spread, the ICI is mostly limited to the neighbouring
subcarriers, which is equivalent to the assumption that the frequency-domain channel matrix has
most of its power located on the main diagonal, the D/2 sub- and D/2 super-diagonals for an
appropriate value of D. In an ideal case where the channel matrix is strictly banded, we should
choose

OF) = {Py™ + =, B{™ + P =}, (7)

such that the resulting observation samples will depend exclusively on the pilots pgm). However,

such a strictly banded assumption is not true, and the channel matrix is full in nature especially
at high Doppler spreads. This implies that there is always a power leakage outside the band,
which is accounted for in (6) by adding an additional parameter ¢. The relationship between
pgm) and the corresponding observation samples is illustrated in Fig. 1. As shown in [6], the
choice of ¢ can have a great impact on the channel estimation performance.

The above analysis is based on a single transmit antenna. For a MIMO scenario, every receiver
‘sees’ a superposition of OFDM symbols from all the transmit antennas. This implies that the

gth observation cluster O, must be a union of all the individual observation clusters related to

the transmit antennas:

0, =0 |- o, ®
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As a result, we can use the input-output relationship given in (1) to express y(™{9} as

Np—1
y(M{0s} — Z (Hém,n){og,pm)}p(m)+H((im,n){og,ptm>}d(m)) 1 7(M{Og} 9)

m=0

(m) (m)
where Hém’n){Og P and Hém’"){Og DI represent submatrices of H((im’n), which are schemat-

ically depicted in Fig. 1. As a consequence of the full matrix Hém’n), we can see from (9) that

y(™1{Os} does not only depend on pém), but also on the data d™ as well as the other pilot

clusters.
We repeat the relationship in (9) for each cluster g = 0,--- ,G—1, and for each receive antenna
n=0,---,Ng — 1, and stack the results in one vector y = [y(OH{O}T ... y(Ne=D{OYT " ith

O =00 UOg-1. This leads to

y=D{AO ... AN ¢c4itg, (10)
A
where z is similarly defined as y, and ¢ = [c((]O’O)T, e ,CS’O)T, e ,C%NT_I’NR_I)T]T. From (5), it

can be shown that each diagonal block of A can be expressed as

C

A = [ACW . AWVl pA© L ATy (11)
with

. (m) .
A =W DLug), -, Dlug}] (Ig o W),
m m (m),:
N ] 12

The interference due to the data is represented in (10) by i, which can be expressed as i = Bd

with
0,0){0,D© Nr—1,00{0,pNT-1)
Hé )Rt oo H((i T i }
B = : . : 7
0,Ngr—1){0,D© Np—1,Ng—1){0,D(NT-1)
H((]1 rR—1){ }"'Hé T r—1){ }
d — [d(O)T’ e ’d(NT_l)T]T_ (13)

A detailed derivation of (11)-(13) for the SISO case can be found in [6]. The extension to the
MIMO case is rather straightforward.
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A.2 Best Linear Unbiased Estimator Based on a Single OFDM Symbol

Based on (10), ¢ can be estimated by diverse channel estimators. Due to space restrictions,
this paper will not list all the possible channel estimators, but will only focus on the BLUE.

The BLUE is a compromise between the linear minimum mean-square error (LMMSE) and
the least-squares (LS) estimator: it treats ¢ as a deterministic variable, thus avoiding a possible
error in calculating channel statistics, that are necessary for the LMMSE estimator; at the same
time, it leverages the statistics of the data symbols and noise, which are easier to attain, such
that the interference and the noise can still be better suppressed than with the LS estimator.
Simulation results in [6] show that the BLUE is able to yield a performance close to that of the
LMMSE estimator, even if the latter is equipped with perfect knowledge of the channel statistics.

In a nutshell, the BLUE uses a linear filter F to produce an unbiased estimate ¢ = Fy, whose

mean-square error (MSE) w.r.t. ¢ is minimized:
FpLue = arg{ n;in Ea.{|Fy —c|?}, s.t. Eq.{Fy} =c.
F

Let us assume that the data sent from all the transmit antennas are zero-mean white with
variance ag, and the noise perceived by all the receive antennas is zero-mean white with variance
o2. By comprising the interference i and noise z in a single disturbance term, we can follow the

steps given in [12, Appendix 6B] to derive the BLUE as:
FpLUE = (AHR*l(C)A)_lAHRfl(C)v (14)

where R(c) denotes the covariance matrix of the disturbance with ¢ taken as a deterministic
variable. Conform the assumptions on the data and noise statistics and taking (13) into account,

we can show that:

R(c) = Eq{ii”} + E,{zz"},
= 0;BB" + 021y, 0 (15)

Clearly, (14) cannot be resolved in closed-form since the computation of R(c) entails the
knowledge of c itself (contained in B). As a remedy, we apply a recursive approach. Suppose

K

at the kth iteration, an estimate of ¢ has been attained, which is denoted as ¢fl. Next, we

utilize this intermediate estimate to update the covariance matrix R(c), which in turn is used to
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10
produce the BLUE for the subsequent iteration and so on:

Fiitl — (ATR(@eH)A) TTATR Y (e),

ekt — plitll o (16)

Note that a similar idea is adopted in [13] though in a different context. To initialize the iteration,

we can set ¢/ = 0, which results in the following expression for the first iteration:
~1
Fare = Flil = (A7A) AR (17)

The above expression is actually the maximum likelihood estimator [12] that is obtained by
ignoring the interference i.

Using the symbol T'l¥l to denote the normalized difference in energy between the estimates
from the present and previous iterations:

|c[k} J— C[k_l} |2

W .12 = 1
™= |C[k—1}|2 ’

(18)

we can halt the iterative BLUE if T is smaller than a pre-defined value or the number of
iterations K is higher than a pre-defined value.

In the previous section, we have mentioned that a different choice of ¢ in (9) will have an
impact on the channel estimator. For the BLUE in the SISO scenario, it is shown in [6] that the

best performance is attained when the whole OFDM symbol is employed for channel estimation.

III-B. Multiple OFDM Symbols

In the previous section, the channel is estimated for each block separately. To improve the per-
formance, we will exploit more observation samples in this section. It is nonetheless noteworthy
that in the context of time-varying channels, the channel coherence time is rather short, which
means that we cannot utilize an infinite number of OFDM symbols to enhance the estimation
precision.

Considering J consecutive OFDM symbols, out of which there are V- OFDM symbols carrying
pilots, we use the symbol V to denote the set that contains the indexes of all the pilot OFDM
symbols:

V={jo, - ,jv-1}, (19)

where 7, stands for the position of the vth pilot OFDM symbol. Further, the symbol P(™) [Fv]s

as analogously introduced in the previous section, represents the set of pilot subcarriers within
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the vth pilot OFDM symbol that is used by the mth transmit antenna. Similar extensions hold
for D™[j,], ©™[j,] and O[j,]. An interesting topic when utilizing multiple OFDM symbols is
how to distribute the pilots along the time as well as frequency axis. To differentiate between
various pilot patterns, let us borrow the terms used in [14] to categorize two pilot placement

scenarios!.

Comb-Type. This scheme is adopted in [16-18], in which pilots occupy only a fraction of the
subcarriers, but such pilots are carried by each OFDM symbol. In other words, we have |V| = J
and [P(™[j,]| < K. This is equivalent to the pilot scheme that we discussed in the previous
section, but now extended to multiple OFDM symbols. An example of the comb-type scheme

with two transmit antennas is sketched in the left and middle plot of Fig. 2.

Block-Type. This scheme is considered in [19-21], in which the pilots occupy the entire OFDM
symbol, and such pilot OFDM symbols are interleaved along the time axis with pure data OFDM
symbols. In mathematics, |V| < J and |[P(™)[j,]| = K. An example of the block-type scheme

with two transmit antennas is sketched in the right plot of Fig. 2.

B.1 Data Model and BEM Based on Multiple OFDM Symbols

The biggest difference between the multiple OFDM symbol and the single OFDM symbol case
is that we need here to use a larger BEM to approximate the time-varying channel that spans
several OFDM symbol intervals. More specifically, we need to model J(K + L) consecutive

samples of the /th channel tap between the mth transmit antenna and the nth receive antenna,

. (m,n) (m7n)
Le., [ho, ", 7h(J_1)(K+L)—1,l}T as
— {uo...uQ] e (20)
h(mv”) U C(mm)
(J—1)(K+L)—1] Qi

Here, u, stands for the ¢gth BEM function that spans J(K + L) time instants, and c((ﬁ’n) for the

corresponding BEM coefficient. In comparison with (3), we design the CE-BEM as

. 2m g 2m (K L)—1
u, = [l,e JNJ(K+L)q’... e Iy (U (K+L) )]T. (21)

! A third pilot placement scenario, referred to as the mixed-type, is considered in [8,15]. It can be succinctly
described by |V| < J and [P™)[j,]| < K. Because the channel estimation and identifiability condition based on

this pilot scheme will be exactly identical to the comb-type, we will not treat it separately in this paper.
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Hence, for the jth OFDM symbol in particular, we obtain

(m,n) (m,n)
hj(K+L)+L,l €o,1
: = [woli)--uqlil] | | (22)
h(mvn) . (mvn)
(G+1)(K+L)—1,1 U] Q.

where u,[j] is a selection of rows j(K + L)+ L through (j + 1)(K + L) — 1 from u,. By defining
the BEM in this way, the resulting channel matrix of the jth OFDM symbol in the frequency
domain will admit a slightly different expression than in (5) defined for the single OFDM symbol

case:

Q
H{" " = 3 WieD{ug [} WED{Vie{™™). (23)

q=0
where c((]m’”) = [c%’n), e ,cé?Z’n)]T. Note that in (23), each OFDM symbol is associated with
a different BEM sequence u,[j], but with common BEM coefficients c((]m’n). This is in contrast

to (5), where each OFDM symbol is associated with a common BEM, but with different BEM
coefficients.
For each pilot OFDM symbol, we will follow the same strategy for choosing the observation

samples as in the single OFDM symbol case. By iterating the I/O relationship in (10) for each

pilot OFDM symbol j, = jo, -, jv—1, and stacking the results in one vector, we obtain
y = [y(o){O[J’o}}TUO]7 . 7y(NR*1){(9[J'o}}T[jO]’ e
y OLOLV—IT 0, 7. ’y(NR,—l){O[jV—l]}T[jv_l]]T (24)
which can also be concisely expressed as
7= [ATlol, -+, ATy )] e +i+3, (25)

A

where A[j,] is defined as in (11) with the OFDM symbol index added, and i and z are similarly

defined as y. Further, the interference term i in (25) can be written as
ke T A T
1:= [IT[]U]a"' 71T[.]V—1H )

Bljo] d[jo]

Bljv_1]| |dljv-1]

where B[j,] and d[j,] are defined as in (13) with the OFDM symbol index added.
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B.2 Best Linear Unbiased Estimator Based on Multiple OFDM Symbols

We notice that (25) admits an expression analogous to (10). Hence, it is not difficult to
understand that a similar iterative BLUE can be applied for channel estimation based on multiple

pilot OFDM symbols. The BLUE at the (k + 1)st iteration can thus be expressed as
k41 SHG -1 /AN LA Ho—1/A
Fiiiok = (AR @) A) AMR ! (el), (27)

where R(c) denotes the covariance matrix of the disturbance based on multiple pilot OFDM
symbols. Assuming further that the data and noise from different OFDM symbol intervals are

uncorrelated, we can show that

R(c) = Ea].. apy_ {117} + Ez{z22"},
= D{Rljo),--- , R[jv-1l}, (28)

where R[j,] is defined as in (15) with the OFDM symbol index added.

The above derivations can be directly applied for the comb-type pilots. For the block-type
pilots which occupy the entire OFDM symbol, the corresponding channel estimators are not
subject to data interference, i.e., i = 0. In this case, the BLUE in (27) reduces to an LS
estimator:

Fprue = (ATA) AT, (29)

which can be attained in just one shot.

IV. CHANNEL IDENTIFIABILITY

In this paper, we define channel identifiability in terms of the uniqueness of the BLUE. From
(16) and (27), we understand that the BLUE is unique when A or A is of full column-rank, and
R or R is non-singular.

Normally speaking, the non-singularity of R or R can be easily satisfied in a noisy channel.
In contrast, the rank condition of A or A is often difficult to examine, because its composition
depends on the choice of the BEM and the pilot structure. Especially for the latter, it turns
out to be very hard to give an analytical formulation for a general pilot structure. In this
paper, we will adopt a specific pilot structure for each pilot OFDM symbol, which is similar
to the frequency-domain Kronecker Delta (FDKD) scheme proposed in [7]. Note that for a
general BEM assumption as taken in [6], the FDKD scheme always yields a good performance

experimentally.
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The basic pilot structure adopted in this paper can be summarized as follows:

Pilot Design Criterion 1: We group the pilots from one transmit antenna into G (cyclically)
equi-distant clusters, where each cluster contains only one non-zero pilot. The entire set of pilots
sent by the mth transmit antenna during the vth pilot OFDM symbol can therefore be expressed

in a Kronecker form as

P[] = D" ] © [0, (a1 1) 1 Orse(patmju] s (30)

where p"[j,] contains all the non-zero pilots sent by the mth transmit antenna during the vth
pilot OFDM symbol, and A(™)[j,] contains the position of the non-zero pilot within the cluster.

Further, the following assumption is adopted throughout the remainder of the paper.

Assumption 1: All the subcarriers of the pilot OFDM symbol will be used for channel estima-
tion, i.e.,

0| = K. (31)

This assumption is shown in [6] to maximize the performance of the BLUE. In addition, it will
greatly simplify the derivation of the channel identifiability conditions.

As in the previous sections, in order to derive the channel identifiability conditions, we find
it instrumental to first explore the rank condition on A for the single OFDM symbol case, and

then extend the results to multiple pilot OFDM symbols.

IV-A. Single OFDM Symbol

The full column-rank condition of A is related to the full column-rank condition of A defined

in (10) for an arbitrary receive antenna n. Hence, we need to examine if
Rank{A™} = Ny (L +1)(Q +1). (32)

Following Pilot Design Criterion 1, [7] shows conditions to ensure that the columns of A are
orthonormal under a (C)CE-BEM assumption. However, these conditions are not suitable for
an (O)CE-BEM assumption as adopted in this paper, and we need to impose more restrictions,
especially on the pilot design across the transmit antennas. They are summarized in the following
theorem (see Appendix A for a proof).

Theorem 1: With the pilots following Pilot Design Criterion 1, the channel will be identifiable
under an (O)CE-BEM assumption and Assumption 1 if

K

mZGZL+1, (33)
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and

/ KQ
(m’) _ , (m) ks /
o ’>I€(K+L) for m' # m, (34)

where (™ denotes the position of the first non-zero pilot sent by the mth transmit antenna.
The following remarks are in order at this stage.
Remark 1: For the ‘optimal’ pilot structure proposed in [7], each OFDM symbol contains

G = L + 1 pilot clusters, with each pilot cluster satisfying (up to a scale)

pE)Z? = 1(241)x1 ® [015fm(@+1)~1]> L O1x[(Npt1-m)(@+1)-1]) " - (35)

Such a pilot structure complies with (33) and (34) with a (C)CE-BEM assumption, i.e., k = KLJFL
We observe in (35) that the FDKD pilot structure contains a certain number of zeros, which
are not specified in Theorem 1. These zeros are beneficial to combat the ICI, but not necessary
for the rank condition. Later on, we will show that the total number of zeros within the pilot
cluster plays a more significant role at high SNR where the ICI becomes more pronounced.
Remark 2: Viewing a time-invariant channel as a special case of a time-varying channel with
a trivial @ = 0, we can establish the relationship between the conditions given in (33) and (34),
and the conditions given for time-invariant channels. For instance, the pilot structure given
in [9] requires the number of non-zero pilots per transmit antenna to be no fewer than L + 1.
Further, the non-zero pilots from different transmit antennas must occupy different subcarriers,

ie., pm) — 1M > 0 for m/ # m.

1V-B. Multiple OFDM Symbols

In many practical situations, Theorem 1 can be hard to satisfy due to practical constraints. For
instance, if the Doppler spread and/or the delay spread of the channel are large, the lower- and
upper-bound in (33) will approach each other, making it harder to find a suitable G. Fortunately,
these constraints can be loosened by employing multiple pilot OFDM symbols.

One important issue of channel estimation based on multiple pilot OFDM symbols is how
to distribute the pilots along the time axis. Prior to proceeding, let us introduce two possible
schemes.

Pilot Design Criterion 2: The positions of the equi-distant pilots sent by the same transmit

antenna are disparate for each OFDM symbol, i.e.,
PUju] # P ] for v £ 0" (36)
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Adopting the above design criterion leads to the following theorem.
Theorem 2: With the pilots following Pilot Design Criterion 1 and Pilot Design Criterion 2,
then for the nth receive antenna, the corresponding A = [A(”)T[jo], e ,A(”)T[jv_l]]T will

have a full column-rank under an (O)CE-BEM assumption and Assumption 1 if

K L+1
= sa>2D 37
Q4 29TV (37)
and
, KQ
(m') _ , (m) . !
It ,LL |>/€V(K+L)f0rm £ m. (38)

The proof is given in Appendix B.

Remark 3: We observe here again that the right inequality in (37) is identical to the channel
identifiability condition in [9] for the time-invariant MIMO channel based on multiple OFDM
symbols.

Remark 4: For realistic system parameters, — KQ __ ~ 1 in most cases. From (38), it is hence

V(K+L)
sufficient if (™) % (™) for m’ # m: this implies that the transmitter can be transparent to the
oversampling factor used by the receiver.

An alternative way of designing the pilots is given by the following construction.

Pilot Design Criterion 3: The values and positions of the equi-distant pilots sent by the same

transmit antenna are identical for each OFDM symbol, which implies that

P lo] = -+ = p"™ jv-a],

PO o) = -+ = P [y 4. (39)

Adopting the above design criterion leads to the following theorem.
Theorem 3: With the pilots following Pilot Design Criterion 1 and Pilot Design Criterion 3,
then for the nth receive antenna, the corresponding A™ = [AMT[jy]. ... ,A(")T[jv—l]]T will

have a full column-rank under an (O)CE-BEM assumption and Assumption 1 if

K
—>G>L+1
Nt = — T

T
V>Q+1, (40)
and
(™) — 1| > 0 for m’ # m. (41)

The proof is given in Appendix C.
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Remark 5: Theorem 3 enables the transmitter to be completely transparent to the choice of
the oversampling factor at the receiver.

If there is only one transmit antenna, the conditions given in Theorem 3 can be relaxed as
stated in the following corollary.

Corollary 1: With the pilots following Pilot Design Criterion 1 and Pilot Design Criterion 3,
if there is only one transmit antenna, the matrix A = [ACT[5e], - ,A(”)T[jv_l]]T will have
full column-rank under an (O)CE-BEM assumption and Assumption 1 if

KV

(Q+1)
The proof is given in the last part of Appendix C. This property has been explored in [22] where

>G> L+1. (42)

a SISO scenario is considered.

V. SIMULATIONS AND DISCUSSIONS

For the simulations, we generate time-varying channels conform Jakes’ Doppler profile [23]
using the channel generator given in [24]. The channel taps are assumed to be mutually uncor-
related with a variance of o = 1/y/L + 1. The variation of the channel is characterized by the
normalized Doppler spread vp = f.v/c, where f. is the carrier frequency; v is the speed of the
vehicle parallel to the direction between the transmitter and the receiver, and c is the speed of
light.

We consider an OFDM system with 64 subcarriers. The pilots and data symbols are mul-
tiplexed in the frequency domain by occupying different subcarriers. The data symbols are
modulated by quadrature phase-shift keying (QPSK). Further, we set the average power of the
pilots to be the same as the average power of the data symbols.

To qualify the channel estimation performance, we use the normalized mean square error

(NMSE), which is defined as

(m,n) (m,n)p .

1 J-1 Nr Ng L hj(K+L),l 0,1 ]
NMSE = —— : —Ulj : 2, 43
N H | I LI

Mk rr)rK -1 Qi Ul

)

Note that in the above criterion the true channel h,(:;m is used, which implies that we actually
take also the BEM modeling error into account.
For all the numerical examples below, we adopt the stop criterion that halts the iterative BLUE

if either T'¥, which is defined in (18) as the normalized difference in energy between the current
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TABLE 1

PILOT STRUCTURE

G P+1 V, Vs J
Comb-type 1 4 8 6 1 6
Comb-type 11 16 2 1 6 6
Block-type 16 4 1 3 6

estimate and the estimate from the previous iteration, is smaller than 1075 or the number of
iterations K is higher than 30.

Study Case 1: Single OFDM Symbol. The pilots used in this study case are grouped
in G = 4 clusters, each containing seven zero pilots and one non-zero pilot, i.e., P+ 1 = 8.
The non-zero pilot is located within the pilot cluster at the [3(m + 1) — 1]st position, where m
corresponds to the transmit antenna index. Because we will use an (O)CE-BEM with @ = 2
and k = 4 to fit a slower time-varying channel (vp = 8¢*) and a faster time-varying channel
(vp = 4e73), this pilot structure satisfies the ‘optimal’ pilot structure in (35) as well as Theorem 1
for a channel of length L = 3, which is assumed for this study case. The performance of the
BLUE is given in Fig. 3. We observe that the performance degrades when the number of transmit
antennas is increased from one to two. But more interestingly, this performance degradation can
be alleviated by using more receive antennas, especially for the faster channels (the right plot).
We will discuss this effect in more detail later on.

In the following study cases, we will focus on pilots carried by multiple OFDM symbols. We
compare three different pilot structures as summarized in Table I, where we use V, to denote
the number of pilot OFDM symbols that satisfy Pilot Design Criterion 2, and Vj, to denote the
number of pilot OFDM symbols that satisfy Pilot Design Criterion 3. The positions of the zero
and non-zero pilots and data symbols of the three pilot structures are schematically given in
Fig. 2. Note also that the ‘optimal’ pilot structure in (35) is carried by all the OFDM symbols
in Comb-type I.

Study Case 2: Short Channels. In this study case, we again examine channels with
vp = 8¢~ * and vp = 4e3. To fit the time variation of the channel for J = 6 consecutive OFDM

symbols, we use at the receiver an (O)CE-BEM with Q = 2 and k = 3 if vp = 8e~%, and with
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Q = 4 and k = 1.5 if vp = 4e™3. Further, we focus on a channel with length L = 3, and
compare the performance of the pilot structures listed in Table I. The results are given in Fig. 4.
We observe that Comb-type I renders a much better performance than the other two, especially
when the channel varies faster (the right plot). This can be attributed to the zeros in the pilot
cluster that protect the non-zero pilots from the interference much more effectively.

Again, we observe that the channel estimation performance degrades with more transmit
antennas, but improves with more receiver antennas especially at high SNR. In contras, this
does not happen to the Block-type scheme. We understand that the interference induced by the
Doppler spread to the channel estimator becomes the dominant nuisance at high SNR. At the
same time, this interference is a function of the transmitted data, and hence strongly correlated
among different receive antennas. The BLUE is able to exploit this correlation to combat the
interference better. The following heuristic analysis enables a better insight into this effect.

It can be shown that the variance of the BLUE equals the trace of (A"R~'A)~!, where R, as
defined in (28), expresses the correlation of the interference as well as the noise. Because R is a
block-diagonal matrix with R[j,] as its vth diagonal block, we focus further on R[j,]. From its
definition in (15), and by applying the matrix inversion lemma in [25], its inverse can be written

as

R[] =021 - 0. ?BL) (% I+BHva['U])’1BH[ij
—o - 0B ( JBL) B (44

where the last is attained at high SNR When —> 0o. The presence of B[j,] in (44) is associated
with the interference. We observe that the NRK x Ngr K matrix R71[j,] lies in the noise subspace
of B[}y, i.e., R7'[j,|Bljs] = 0. Suppose the NgK x Np(K — G(P + 1)) matrix B[j,] has full
column-rank Nt (K — G(P +1)). We then have

Rank{R™'} =V - Rank{R'[j,]} = VNrK — VN1 (K — G(P +1)). (45)

The above suggests that the rank of R™! increases with the number of receive antennas, the
number of pilot OFDM symbols as well as the number of pilots within the OFDM symbol,
but decreases with the number of transmit antennas. A higher rank of R™! is beneficial to
the condition of the matrix A¥R ™A, which is in turn related to the trace of (AYR~1A)~!

Following such a reasoning, it is not difficult to understand that increasing the number of receive

April 25, 2011 DRAFT



20

antennas is beneficial to the performance just as increasing the number of pilots or decreasing the
number of transmit antennas. To the best of our knowledge, this effect of the number of receive
antennas on the channel estimation performance is not widely recognized. The main reason is
that most works are based on a scenario where the interference is absent at the receiver, e.g.,
for time-invariant channels, or in the case of the Block-type scheme, where the pilots occupy the
whole OFDM symbol and there is no interference either.

Note that the rank of R™! also increases with the number of pilot OFDM symbols. Comparing
Fig. 4 with Fig. 3, we can indeed observe a performance improvement. However, for faster fading
channels, multiple OFDM symbols work only better at low-to-moderate SNR, but suffer from
a noise floor at high SNR, where the BEM modeling error plays a dominant role. The BEM
modelling error will become larger if more OFDM symbols are considered and/or the channel
varies faster. Increasing the BEM order ) can enhance the BEM modelling performance at the
penalty that more channel unknowns need to be estimated. An alternative is not to estimate the
channel of all the OFDM symbols, but only the middle part, e.g., the 3rd and 4th symbols. This
means that the channel estimator will work like an overlapping sliding window, an approach that
is adopted in [26].

Study Case 3: Long Channels. We examine now a much longer channel with length
L = 15, for which the results are given in Fig. 5. Note that in this figure, we do not list the
performance of Comb-type I because it failed in the simulation. We will explore the reason later
on. Fig. 5 shows that Comb-type II performs in general better than the Block-type, especially
when the channel varies faster. Note that the channels where the data are located are not
estimated directly in the Block-type scheme, but actually result from an implicit interpolation
of the channels estimated at the pilot OFDM symbols. Such an interpolation error gives rise to
a performance penalty.

The channel equalization performance based on the estimated channels is given in Fig. 6, where
the bit error rate (BER) is used as the performance measure. The results in Fig. 6 follow similar
trends as shown in Fig. 5 except for the MISO case with Nyt = 2 and Ng = 1. In this case, the
equalizer fails because there are more unknowns than observation samples.

Study Case 4: Why Comb-type I Fails for Long Channels. For channels with a long
delay spread, it is not possible for Comb-type I to satisfy Theorem 1. Although by using multiple

symbols, Theorem 2 can still be met, the condition number of A drastically increases once the
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channel order L 4 1 supersedes the number of pilot clusters G. Here, we define the condition

number of a non-square matrix A as

max An(A)]
0<n<(L+1)(Q+1)—1
min An(A)]

0<n<(L+1)(Q+1)-1

where )\n(A) stands for the nth singular value of A. A condition number equal to infinity means
that the matrix is rank deficient. In Fig. 7, we depict the condition number as a function of the
channel length for the SISO case N7 = 1 and Ny = 1, where one can observe that the condition
number of A rapidly increases for Comb-type I, once the channel length becomes larger than the
number of pilot clusters. In contrast, with a sufficient number of pilot clusters, the condition
number for Comb-type II and Block-type stays constant.

The condition number of A is important to the variance of the BLUE, which is given before
as the trace of (AR~'A)~!. An ill-conditioned A makes the BLUE more sensitive to the
interference and noise. In the worst case, the adaptive BLUE will be unable to even converge
to a local minimum. In Fig. 8 we show the channel estimation performance of all three pilot
structures at SNR = 40dB for the SISO case, where the results exhibit the same tendency as the
corresponding condition numbers.

Study Case 5: Convergence performance. As mentioned at the beginning of this section,
we have adopted a stopping criterion that halts the BLUE if either ¥l < 1076 or K > 31. The
actual number of iterations is dependent on several factors such as the channel, the SNR, the
number of transmit/receive antennas, etc. As an example, we show in this case the convergence
performance for the comb-type II pilots over the channel with L = 15 and vp = 4e~3. Fig. 9
shows the average number of iterations versus SNR required for different MIMO setups, where
the MISO case Nt = 2 and Ny = 1 requires the most iterations especially at high SNR. In
this case, A has obviously a larger condition number than the other two cases, although it still
retains full column-rank. We have learned from Study Case 4 that when the SNR increase,
the condition number of A plays a more pronounced role in the trace of (AH R”A)*l, which in
turn influences the convergence behavior of the BLUE, and thus explains the large discrepancy
in the number of iterations at high SNR. Fig. 10 shows the average value of T'¥] during each
iteration. With the adopted stopping criterion, we can conclude from this figure that the BLUE

halts after around six iterations in most cases.
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VI. CONCLUSIONS

In this paper, we have discussed how to design pilots to estimate time-varying channels in
a MIMO-OFDM system. We underline that the proposed pilot design criteria can be made
(almost) independent of the oversampling factor of the (O)CE-BEM such that each receiver can
independently choose the best (O)CE-BEM.
We have compared the performance of three different pilot structures, all conform the proposed
design criteria. By means of simulations, we have shown that
o Each pilot OFDM symbol should contain as few pilot clusters as possible provided there
are more than the channel order.
o Comb-type pilots can estimate the time-varying channel better than the block-type pilots
because they suffer from a smaller interpolation error.
o For comb-type pilots, it is possible to improve the channel estimation performance by

employing more receive antennas, which combats the interference more effectively.

APPENDICES
A. PrROOF OF THEOREM 1

Because each pilot cluster now contains only one non-zero pilot, we can express the positions

of the equi-spaced non-zero pilots sent by transmit antenna m as
P = pm 4 {0, X, , X(G - 1)}, (46)

with X = K/G. Since the zero pilots have no contribution, we can rewrite A defined in (11),

in the following form

_ 5(0) . 5(Np—1) .
ALY = Wk[D{uo}, - D{ug)] [lon @ WiT o To o Wil ),
p(0) .
Io41® ’D{I_)(O)}VI{JP o
Af = . (47)

Ion ® D{I_)(NT—I)}VI{J'ﬁ(NTfl)ﬁ}

Compared to (12), we keep here only the rows/columns that correspond to the positions of the
non-zero pilots, which are represented by P . In addition, we have dropped the observation
sample index O in the above as a result of Assumption 1.

The following two lemmas determine the rank of AE”) and A((jn).
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Lemma 1: If K/[Np(Q +1)] > G, and p(m*t) — »0m) > the matrix A has full

(K+L)
column-rank NtG(Q + 1).
Proof: Let us first examine the mth submatrix of A((;n) :

A" = Wi[D{ug}, - , Diug}lgs @ Wi ., (48)

Given the property that P(™ contains equi-distant elements, we can express W{P( " g

p(m) . Lo (m)

wil = e o WD (e}, 49
= D{E™) (49)
with 8 := [e_]%ﬂo,-n e e IR (X- 1)} and € := [e_Jc%O, e ,e_JC%(G_I)]T. The rank of A((;m’n)

will not change if we left-multiply it with Wﬁ , and right-multiply it with (IQH ® Wg ), which

leads to

WHA™ (Ig41 @ W) = —=[D{uo}, - . Plug}](Ion © 0" @ D{e+"}).  (50)

1
VX
The above matrix is obviously a stack of X x (@ + 1) sub-matrices, each being diagonal of size G.

To be more specific, the (z,¢)th sub-matrix [W[%Aémm (Ig+1 ® WE)feG: @+ 1)G-14G g+ 1)G-1}

admits an expression as
[WgAgm,n) (IQ-H Q Wg)]{mG:(z+1)G71,qG:(q+1)G71} _ ej%u(m)xp{qu},l){g,u(m) } (51)

In the above, we have down-sampled the BEM sequence u, into length-G subsequences with the
zth subsequence being ug . = [[uglec, -+ [Ugl@r1yg—1]" for & =0,--- , X — 1.
In order to obtain a better perception of its rank, we apply an row-permution and column-

permution on WI’;[A&’””

)(IQH ® Wg ), which renders a new-block diagonal matrix

"
NeWEA™™ (I, @ WETIL = , (52)
8,

where IT; and IIg are both depth-G interleave matrices with appropriate dimensions?; and

[wolg - [ugly
1 m m uola e uola
" = 5 opie—r"y )6 walary | (53)
VX L
_[UO](X—1)G+g' - [UQ](X—1)G+g_
2For instance, with a vector a = [ao,a1,--- ]T, we have Ilga = [ao,aq, - - ]T, and with a vector b = [bo, b1, - - ]T,

b TI& = [bo,ba, - - ].
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With u, defined as the gth basis of the (O)CE-BEM given in (3), we can rewrite @ém) after some

algebra as
1 2 (m) 2T 00 2740
dm — )63 L >) T+ 9 e, Ik 9« T ’
g ﬁ {le” ")
~Iax e O KO- R(K+L)) e—]%O(KC)—M(m)n(Kﬁ-L))
: : (54)
~Jaxtrrny X DE—pR(K+L)) | =0y (X -D(KQ=p™ k(K +L))

Wwith A™ = o AT n)], we apply the procedure from (48) until (54) on all the

(,)

submatrices A¢ " for m = 0,--- , Nt — 1. It is not difficult to realize the rank of AE") is
determined by the rank of the matrix [5(0), e ,é(NT_l)] multiplied by G. It is tall if X =
K/G > N1p(Q + 1). Besides, it contains distinctive columns of a larger kX (K + L)-point DFT
matrix if p™Ve(K + L) > p™k(K + L) + KQ, which is hence of full column-rank. [ |
Lemma 2: If G > (L + 1), the matrix Aén) has full column-rank Np(L +1)(Q + 1).
Proof: Expressing A((i") in the form of Aén) = ’D{A((io’n), e ,AéNT_l’n)}, we can see that

the rank of its mth sub-matrix
A (mmn m p(m),
A( ) =Ipn1® 'D{p )}V{ } (55)

is determined by the rank of VI{JP( n)’:}. The latter is a submatrix of the Vandermonde matrix

Wk, and is thus of full column-rank L + 1 if G > L + 1. In this case, the matrix A((in) is of full

column-rank Np(L + 1). [ ]
For the matrix product A = AE”)AS"), the rank inequality [25] reads

Rank{A(™} + Rank{A"} — NyG(Q + 1) < Rank{A(™} < min{Rank{A ("}, Rank{A{"}}.

(56)
Combining Lemma 1 and Lemma 2 concludes the proof.
B. PROOF OF THEOREM 2
Similar to (47), we can express A(™ as A" .= f&é”)fxg") with
Aol
g((:n) - ’
i Ay
=~ _ —(n T
AL = (AP (o] - AL )] (57)
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where Af;n)T[jv] and A((in)T[jv] are defined in (47) but with the symbol index j, added.
We first prove the full column-rank condition of AE”) [7»] by following the same steps as in
Lemma 1 except for (54), where we need to plug in the (O)CE-BEM that is based on multiple

blocks as defined in (21). As a result, we obtain after some algebra that

B([j,] = \;X(I,(m)eai?gmmp{[e—afg(jv(K+L)+L+g)07 e R (AL LA0)Q) T
e I OKO—pmM K =y 0(KQ-p(™ K
3 = : : : (58)
oI5 (X=D(KO-p™K") | =5 (X—1)(KQ-p(™ K')

with K’ := kV(K + L). Like in Lemma 1, the rank of AE”) [Jv] is determined by the rank
of [&,... "N V] multiplied by G. Tt is tall it X = K/G > Np(Q + 1). Besides, if
pmt K > (M K7 4 KQ, this matrix contains distinctive columns of a larger X K’-point DFT
matrix, and is in that case of full column-rank.

To check the rank of K((in), we permute its rows, which admits an expression as
= (n - PO) . = (Np— PNT-1)
(Myy i) @1)AT = D{Ig @ DHBOIVIT o To @D vy, (59)
where

(m) = [ﬁ(m)T[jO]a e >f)(m)T[jV—1HT’
()= PGl |-+ P v -l

ﬁll Lejll

Because P(™) contains VG distinctive elements, Vl{f(m’:} is a tall Vandermonde matrix if VG >
L+ 1.

Since A" and zé") are both of full column-rank, we can utilize the rank inequality in [25] to
conclude the proof.

C. PROOF OF THEOREM 3 AND COROLLARY 1

The identical pilot assumption implies that A((in) [jo] ="+ = A((in) [7v—1] and therefore
= (n ~(n . ~(n . Txn)g.
A = [l AL [v]] AL Lo
where Aé")T[jv] and Aén)T[jv] are defined in (47) with the symbol index j, added. Obviously,
Aén) [jo] is of full column-rank if G > Np(L + 1). To prove the full column-rank condition of
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[AE”)T[J‘O], . ,AE”)T[jV_l]]T, we can follow similar steps as in Appendix A and Appendix B,
which lead eventually to the full column-rank condition of a larger matrix
. Np—1)p -
®y" o] - @5 Lol
: 7 (60)

<I>§0) v—1]--- ‘I’AE;NT&) [Jv_1]

where <I>§m) [jo] is defined in (58). If the above is not of full column-rank, then there should exist

a vector [ag, - ,a]TVTfl]T, which contains at least one non-zero element, such that
0)r . Np—1) .
oo -+ @ Vo) | | a0
: = Ovxxi. (61)
0); . Np—1) .
'1’51 )[JV—l]' e '1’2 B )[JV—l] aANT -1

With (58) taken into account, the above can be equivalently rewritten as OT = Ox xy, with

e = Z @(m)D{ey%gu(’")am}’
m
oI5 0Go(K+L)+L+g) | =175 00v—1(K+L)+L+g)
T =

o I3 QUo(K+L)+Ltg) . ,~1375QUv—1(K+L)+L+g)

I' has a full row-rank if V' > @) + 1, and therefore in order for (61) to hold, ® must be an all-zero

matrix. Based on the definition of ™ in (58), the gth column of © can be expressed as

27 0 2 Np—1 s
eI 0 Kg—p K i 0(Kq—p Nt KY) o3 on® [a0],
27 _ _,(0) gt .27 _ _(Np=1) gt 27 . (Np—1)
e 5 (X-D(Eq—p'VK") | =i (X=1)(Kq—pTT7VEK) || o532 gutT [aNT71]q

The first matrix on the right-hand-side of the above will have a full column-rank if X > Nt and
p(™ £ 1m)  This means that there exists at least one column in © that is not all-zero. Hence,
(61) cannot hold, and the matrix in (60) has a full column-rank. This concludes the proof of
Theorem 3.

If there is only one transmit antenna N1, we only need to prove the full column-rank condition
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of the following matrix [c.f. (60)]

T 1

2 ol 2 Gyl = et DA 007

o et E W0 (K+L)+0G+g] —Ivirsry QUio(K+L)+0G+g]

(&

o I rvterny Vo (K+L)+(X 1) G+] o Vet QU0 (K+L)+(X —1)G+]

vy Oiv -1 (K+L)+0G+g] ~Ievierny QUiv -1 (K+L)+0G+g]

e e

o vt v 1 (KL +(X=1)G+g] =iy Qliv -1 (K+L)+(X —1)G+g]

The rightmost matrix on the RHS of the above is of dimension VX x (Q + 1), and is obviously a

submatrix carved out of a larger KV (K + L)-point DFT matrix. Hence, it will have full column

rank if VX > (@ + 1). This completes the proof of Corollary 1.
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Fig. 1. The partitioning of the frequency-domain channel matrix H((im’"). Its rows correspond to the

positions of the received samples; its columns to the positions of the pilots and data. Note that Hgm’")
is in principle a full matrix, but with most of its energy concentrated around the diagonal. This effect

is represented in the figure by the different shades.
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Fig. 2. Overview of the pilot schemes studied. The left subplot depicts the Comb-type I pilot structure; the
middle subplot the Comb-type II pilot structure, and the right subplot the block-type pilot structure.
Each rectangle corresponds to one OFDM symbol interval and contains OFDM symbols from each
transmit antenna. Inside the rectangle, the zero pilots are represented by circles; the non-zero pilots

by crosses, and the data symbols by squares.
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Fig. 5. Channel estimation performance based on multiple OFDM symbols for a long channel L = 15.

Left plot vp = 8e™4; right plot vp = 4e3.

April 25, 2011

DRAFT



31

10 T T T T T T

T
Comb-type Il

— — = Block-type
o N =1,N. =1
10 o Ny=2,Ng=1
TS NRT
107}
x 14
w w
) o
10°%
Comb-type Il
i il Block-type
10 o Ny=LNg=1
o N=2N =1
o N =2,N =4
10’5 T T i i i i i 10’4 i i i i i i i
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
SNR (dB) SNR (dB)
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