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Abstract—This paper generalizes the core consistency diagnos-
tic (CORCONDIA) from the canonical polyadic decomposition to
the block term decomposition (BTD) as a heuristic tool for model
selection. We introduce two formulations of the metric designed
to establish the appropriate number of components and multi-
linear ranks in an (Lr, Lr, 1)-BTD model, and provide a novel
theoretical characterization of CORCONDIA. The proposed
metrics evaluate the appropriateness of a model by assessing
whether cross-component interactions account for considerable
variance in the data. Extensive results on simulated data are
used to characterize the metrics, understand their limitations,
and demonstrate their utility in identifying the most suitable
BTD models. We further validate the proposed metrics in a
challenging scenario involving real-data tensors originating from
human electroencephalography (EEG) measurements.

Index Terms—(Tensor) block term decomposition (BTD),
(Lr, Lr, 1)-BTD, rank selection, model selection, core consistency.

I. INTRODUCTION

Tensors, i.e., multidimensional generalizations of matrices,
have become omnipresent in modern signal processing and
machine learning, given their suitability for large-size prob-
lems and their potential to preserve higher-order interactions in
the data. Although their ability to represent high-dimensional
data in a structured manner makes them a powerful tool
for modeling complex relationships, challenges in efficient
computations and storage persist, especially as tensor dimen-
sions increase. Tensor decompositions, such as the canonical
polyadic decomposition (CPD) [1], the Tucker decomposition
[2] or the closely related multilinear singular value decompo-
sition (MLSVD) [3], and the tensor train decomposition [4],
serve to break down tensors into a small number of mean-
ingful components and parameters, thus revealing underlying
structures and reducing computational complexity and storage
requirements [5]. These decompositions have been widely
utilized across various domains, including signal processing
(e.g., blind source separation [6] and data fusion [7]), chemo-
metrics [8], brain imaging [9], [10], system identification [11],
computer vision [12], and, more recently, machine learning
[13]. The reader is referred to [14], [15] for a succinct
introduction to tensor decompositions and applications.

The focus of this paper, the block term decomposition
(BTD), emerged as a generalization of the CPD. The CPD de-
composes a tensor into a sum of rank-one tensors, thereby ex-
tending typical two-way matrix factorizations to capture mul-
tiway relationships. Its popularity stems from its guaranteed
uniqueness under mild conditions, which enables interpretable
factorization without additional constraints. The seminal works
of [16]–[18] introduced the BTD, which decomposes a tensor
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into a sum of tensors with multilinear (ML) ranks larger than
(1, . . . , 1). For example, in the (L,M,N)-BTD, a third-order
tensor is written as a sum of tensors of ML rank (L,M,N).

The (Lr,Lr,1)-BTD decomposes a third-order tensor into a
sum of R components with ML rank (Lr, Lr, 1), r=1, . . . ,R.
It can be viewed as a parallel profiles with linear dependencies
(PARALIND) model [19], i.e., a CPD with linear dependencies
(more specifically, column repetitions). It constitutes a com-
promise between the CPD and Tucker decompositions, striking
a balance between compactness and interpretability. The list
of (Lr,Lr,1)-BTD applications is long; significant examples
are in hyperspectral imaging [20], channel estimation in array
processing [21], and blind source separation [22], e.g., in
functional neuroimaging [23]–[26].

A. Model selection problem

Most algorithms developed for computing the CPD and
the BTD assume that the decomposition ranks are known
beforehand. However, this is not the case in most practical
scenarios. It is known that determining the CPD rank of a
tensor is an NP-hard task [27], and the best low-CP-rank
approximation problem is generally ill-posed [15]. Addition-
ally, a good rank-R approximation of a general tensor cannot
be guaranteed through R sequential rank-1 estimations [28]
(deflation approach [29]); this is in contrast to matrices, whose
rank is reduced when the best rank-1 term is subtracted [30].

While in the CPD only the number of components needs
to be estimated, the block ranks Lr must also be estimated
in the (Lr,Lr,1)-BTD. It is primarily the choice of R that
crucially affects performance [31]; misspecifying it can lead to
components merging or splitting into multiple [23]. It has been
reported that the source separation performance is relatively
robust to the overestimation of the ML rank [23], [24], [32],
[33]. However, this overestimation can still lead to artifact
sources interfering with the target sources [23].

Overall, an erroneous model selection in the (Lr,Lr,1)-BTD
can lead to excessive model complexity and overfitting to noise
sources, underfitting to the target sources, compromise under-
lying data structures, and, ultimately, render the interpretation
of the resulting components difficult. For all the above reasons,
the model selection problem remains central for the practical
application of the (Lr,Lr,1)-BTD.

B. Related work

This work builds on the CPD core consistency diagnostic
(CORCONDIA) [34]. As described in Section III-A, COR-
CONDIA is an algebraic diagnostic that evaluates the Tucker
model obtained with the same factor matrices as the computed
CPD. In the context of probabilistic CPD modeling, (varia-
tional) Bayesian approaches have been used to infer the CPD
rank automatically e.g., [35]–[37]. These approaches typically
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adopt sparsity-promoting priors on the column powers of the
factor matrices forcing most columns to zero during inference.
The number of nonzero columns is the CPD rank estimate.
Such methods have varying high computational complexity
and may include parameters that require careful tuning.

Recent regularization-based methods extend similar sparsity
principles to BTD models. In [38], an alternating group
lasso algorithm estimates the structure and parameters of
an (Lr ;L r ;1)-BTD by adopting an 1̀;2 -norm penalty that
promotes group sparsity in the factor matrices. All factor
matrices are penalized in the same manner, sharing a common
regularization parameter. A more computationally demanding
constrained variant is further developed to handle structured
models, relevant to electrocardiogram (ECG) applications.
Another approach [31] estimates the (Lr ;L r ;1)-BTD structure
and parameters by imposing hierarchical block and column
sparsity via 1̀;2 -norm penalization to jointly estimate the
number of terms and their ranks, while accounting for the
asymmetric role of the third factor matrix. The algorithm
bene�ts from closed-form updates and shows fast convergence,
signi�cantly improving ef�ciency compared to [38]. Its per-
formance depends on the regularization parameter, and is sen-
sitive to the initial overestimation of ranks, as it uses iterative
pruning. In the probabilistic BTD setting, [39] introduces a
Bayesian counterpart based on sparse Bayesian learning and
variational inference to promote sparsity in the blocks, within
blocks, and in the columns of the factor matrices. Analytical
tractability may come at the cost of reduced �exibility when
the data deviate from the assumed conjugate hierarchical prior.

In [40], the authors present a three-step framework for com-
puting an (Lr ;L r ;1)-BTD model with an unknown structure.
First, the number of terms and the sum of their ranks are
estimated. This step separates the signal and noise subspaces
using the singular values (SVs) of all modes based on the
extension of an existing CPD scheme, while accounting for
the asymmetric rank structure of the factors. The second step
extracts initial factor matrices using a CPD-based method that
employs simultaneous matrix diagonalizations, followed by
k-means clustering to group components into BTD blocks.
The �nal re�nement step reconstructs the BTD factors via
alternating or nonlinear least squares iterations. By avoiding
manual parameter tuning and multiple initializations, this
framework enables fast computation of the (Lr ;L r ;1)-BTD.

The above works simultaneously perform model selection
and computation, each with its own assumptions on the data.
Our work focuses on the model selection problem only, assum-
ing that standard algorithms are used for the decomposition.
In practice, many works calculate multiple candidate CPD and
(L r ;L r ;1)-BTD models and use result inspection and ad-hoc
criteria to determine the best one(s), e.g., [23], [41]. This
is the gap that our contribution is targeting: to provide a
universal quantitative criterion for this process by extending
the CORCONDIA heuristic to the (Lr ;L r ;1)-BTD.

C. Contribution and paper organization

In this work, we de�ne two complementary core consistency
metrics for the BTD model-selection problem, generalizing the

CPD CORCONDIA [34]. Reference [42] provides an initial
development in this direction. Compared with [42], this work
offers several novel contributions.

We �rst introduce the mathematical preliminaries and the
(L r ;L r ;1)-BTD in Section II, and review CPD CORCONDIA
in Section III-A. In Section III-B we describe the �rst metric,
which coincides with the one in [42]. To extend its applicabil-
ity, we discuss its ef�cient computation (Section III-C) and the
case of rank-de�cient factor matrices (Section III-D). Further-
more, to the best of our knowledge, Section III-E provides the
�rst theoretical characterization of CPD and BTD CORCON-
DIA, relating its possible values to the approximation error and
to properties of the factor matrices. In Section IV, we propose
a second, novel metric. Section V extends both metrics to the
(L; M; N)-BTD, which, to the best of our knowledge, has
not previously been considered. In Section VI we conduct
an in-depth analysis of the metrics using simulated data
contaminated by noise at various levels. This also goes beyond
[42], which considers noiseless or very low-noise scenarios,
where noise is added to the factor matrices rather than to
the tensor. This analysis motivates Section VII, where we
present a practical procedure for using the proposed metrics,
�rst on simulated data and then on real data, together with
a performance comparison against SECSI-BTD [40]. Finally,
Section VIII concludes the paper and discusses the practical
implications of using BTD CORCONDIA.

II. PRELIMINARIES

We use boldface lowercase and uppercase letters for vectors
and matrices, respectively, and regular typeface for scalars.
Tensors are denoted by uppercase calligraphic letters. The
symbols 
, �, and � n denote the Kronecker, outer, and mode-
n matrix–tensor products, respectively. A summation over
r = 1; : : : ; R is written simply as

P
when the limits are

clear from context. The superscriptT stands for transposition,
and y for pseudoinversion. IN 2 RN�N is the identity matrix
and 1N ; 0N 2 RN the all-ones and all-zeros vectors. The
`2- and Frobenius norms are denoted by k � k2 and k � kF ,
respectively. The operator blockdiag(�) arranges its matrix or
tensor arguments into a block-diagonal matrix or tensor. For
block matrices A =

�
A 1 � � � A R

�
and B =

�
B 1 � � � B R

�
,

the Khatri–Rao (partitionwise Kronecker) product is de�ned
as A � B =

�
A 1 
 B 1 � � � A R 
 B R

�
. The columnwise

Khatri–Rao product of two matrices with R columns is de-
noted by � c, i.e., A � c B =

�
a1 
 b 1 � � � aR 
 b R

�
, as

in [18]. The mode-n matricization (unfolding) of a tensor
Y 2 R I 1 �����I N is Y (n) 2 R I n �

Q
k6=n I k , whose columns

are the mode-n �bers (same convention as [14]). For the
vectorization of tensor Y it holds that vec (Y) = vec

�
Y (1)

�
.

The (Lr ;L r ;1)-BTD of a tensor Y 2 RI�J�K is a decom-
position of the form

Y =
RX

r=1

U r � c r + E =
RX

r=1

�
A r B T

r

�
� c r + E; (1)

in which matrices Ur 2 R I�J are of rank Lr � min(I; J),
cr 2 RK , and E stands for residual variation not explained by
the model. We further write Ur = A r B T

r , where Ar 2 R I�L r
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Fig. 1. (L r ; L r ; 1)-BTD of a tensor Y.

and Br 2 R J�L r are matrices of full rank Lr . This BTD is
graphically shown in Fig. 1, where the residual term is not
depicted and the � symbol is used instead.

De�ning factor matrices A =
�
A 1 � � � A R

�
2 R I�

P
L r ,

B =
�
B 1 � � � B R

�
2 R J�

P
L r and C =

�
c1 � � � cR

�
2

RK�R , (1) can alternatively be described by the matrix forms

Y (1) � A(C � B) T (2a)

Y (2) � B(C � A) T (2b)

Y (3) � C((B 1 � c A 1)1L 1 : : : (B R � c A R )1L R )T : (2c)

The equations have been adapted from [18] to follow our
convention for tensor matricization.

III. CORE CONSISTENCY DIAGNOSTIC FOR THE BTD

A. Background – CORCONDIA for the CPD

The CPD writes Y 2 RI�J�K as a sum of rank-1 tensors

Y �
RX

r=1

ar � b r � c r = I � 1 A � 2 B � 3 C; (3)

where ar 2 R I , br 2 R J and cr 2 RK , are called signatures,
factor matrices A2RI�R , B2R J�R and C2RK�R collect
them as columns, and tensor I 2 RR�R�R is superdiagonal,
with I r 1 r 2 r 3 =1 only for r 1 =r 2 =r 3. In other words, (3) casts
the CPD as a restricted Tucker model. In [34], CORCONDIA
is de�ned as a tool to evaluate the appropriateness of a
computed rank-R CPD model: an appropriate model captures
the dominant trilinear structure in the data, such that incorpo-
rating cross-component combinations, i.e., outer products of
signatures ar 1 , br 2 and cr 3 with different r1, r2, r3, yields
relatively small improvement in �t.

CORCONDIA evaluates the appropriateness of a CPD
model by comparing the ideal superdiagonal core to the
best-�tting (in the least squares sense) Tucker core for the
same factor matrices. A dense core implies more interactions
among signatures than I in (3). Thus, a signi�cant deviation
of the unconstrained Tucker core from I indicates potential
over�tting, model misspeci�cation, or the presence of noise
and outliers, and the model is deemed inappropriate.

The authors in [34] note that multiple CPD models are
typically appropriate and yield high CORCONDIA values,
e.g., models underestimating R. The method begins with a
single-component model (R = 1) and increases R in steps of
1, comparing the Tucker core at each step to the corresponding
CPD-implied superdiagonal core. The most appropriate model
is the last one in this process up to which the two cores
stay similar and CORCONDIA remains high, as appropriate
models with fewer components fail to capture some of the
trilinear variation in the data. The authors in [34] observed
that, when using this method, CORCONDIA typically de-
creases gradually but not always monotonically, as there is

Fig. 2. Example core tensor S for the (Lr ; L r ; 1)-BTD of a 3D tensor with
R = 3 and L 1 = 2, L 2 = L 3 = 3.
no direct mathematical dependence between the estimation of
the components and the calculation of the Tucker core. They
note that once the true number of components is exceeded,
CORCONDIA tends to drop more sharply.

The added value of CORCONDIA is that it provides a
quantitative measure of the appropriateness of a CPD model,
complementing residual-based criteria, e.g., the scree test [34].
However, it focuses solely on determining the most appropriate
rank of a CPD and not on whether a CPD is a good modeling
choice in the �rst place; if the data does not primarily contain
trilinear variation, CORCONDIA will not be able to suggest
alternative, non-trilinear models [34].

B. De�nition – CORCONDIA for the (Lr ;L r ;1)-BTD

To extend CORCONDIA [34] to the BTD, we will express
the (Lr ;L r ;1)-BTD of tensor Y 2 RI�J�K as the restricted
Tucker model

Y �
RX

r=1

�
A r B T

r

�
� c r = S � 1 A � 2 B � 3 C; (4)

with factor matrices A 2 RI�
P

L r , B 2 R J�
P

L r , and
C 2 R K�R . Core tensor S 2 R

P
L r �

P
L r �R is binary

block-superdiagonal, i.e., S`mn = 1 for frontal slice n when
` = m 2 f

P n�1
r=1 L r +1; : : : ;

P n
r=1 L r g (elements that denote

interactions between intra-component signatures) and 0 oth-
erwise. Equivalently, S is obtained by splitting IP

L r into R
slices, with slice n containing Ln ones, as noted in [42], too.
An example such tensor is depicted in Fig. 2. For the CPD,
L r =1 for all r, and S reduces to a superdiagonal tensor.

This model can equivalently be expressed in matrix form as

Y (1) � AS (1) (C 
 B) T ; (5)

using (2a), where Y(1) 2 R I�JK , C
B 2 R JK�R
P

L r , and
S(1) 2 R

P
L r �R

P
L r is the mode-1 unfolding of S in (4). Of

course, it is equivalent to use Y(2) or Y (3) in (2b) and (2c),
and the corresponding unfolding of S.

Following [34], an (Lr ;L r ;1)-BTD is considered appro-
priate if adding cross-component signature interactions does
not improve the �t considerably. More concretely, to evaluate
the appropriateness of the computed decomposition, a Tucker
model with the same factor matrices A; B and C is �tted to
Y, and the corresponding core tensor G is calculated as

G0 = arg min
G

kY � G � 1 A � 2 B � 3 Ck2
F; (6)

with the implicit assumption of white Gaussian residual E in
(1). Using matrix notation, the equivalent form of this problem
solves for the mode-1 unfolding G0(1) or G0 as

G 0
(1) = arg min

G (1)

kY (1) � AG (1) (C 
 B) T k2
F (7a)

= arg min
G (1)

k vec (Y) � (C 
 B 
 A) vec
�
G (1)

�
k2

2: (7b)
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The rest of this section assumes full-rank factor matrices.
The case of rank-de�cient factor matrices is addressed in
Section III-D. In line with [34], we have the following lemma:

Lemma 1. If an (Lr ;L r ;1)-BTD model is exact and factor
matrices A, B and C are full rank, the Tucker core tensor G0

will be identical to the block superdiagonal tensor S.
Proof. If Y (1) = AS (1) (C
B) T is an exact (Lr ;L r ;1)-BTD,
then S(1) minimizes (7a) since kY(1) �AS (1) (C
B) T k2

F = 0.
Now, let G0

(1) be the solution of (7b). If A; B and C are full
rank, then matrix C 
 B 
 A is also full rank since rank(C 

B 
 A) = rank(C)rank(B)rank(A) and (7b) has a unique
solution, so G0

(1) must be identical to S(1) .
The (Lr ;L r ;1)-BTD CORCONDIA assesses the appropri-

ateness of a computed model by evaluating the similarity
between the calculated G0 from (6) and the ideal core tensor
S associated with the ranks used in the decomposition, and is
de�ned as

cckron = 100
�

1 �
kS � G 0k2

F

kSk2
F

�
; (8)

where kSk2F =
P R

r=1 L r and cckron 2 (�1; 100]. Having
started from (5), we will call this metric Kronecker-based core
consistency, for reasons that will become clear in the sequel.
The use of the Frobenius norm in the de�nition in (8) implies
that all entries of the �tted core G0 are equally weighted in
their deviation from S, as in [34]. Following [34], for the
numerical stability of the Tucker core calculation, the number
of equations in (7b) should exceed the number of unknowns,
or degrees of freedom, i.e., IJK � (

P
L r )2 R.

For a tensor characterized by a systematic low-rank varia-
tion of the (Lr ;L r ;1)-BTD type, the unconstrained Tucker core
should predominantly exhibit a block-superdiagonal structure.
This means that the interactions dictated by the model are
mostly suf�cient to describe the data and that cross-component
interactions do not contribute signi�cantly.

C. Ef�cient implementation

Following [34], the vectorized solution g0 is readily obtained
as

g0 = vec (G0) = W yy = (C 
 B 
 A) yy; (9)

where we have de�ned

W = C 
 B 
 A 2 R IJK�R(
P

L r )2
(10)

and y = vec (Y), when A, B and C are full rank. In
CPD, W has R3 columns, whereas it has R3L 2 columns
for (L r ;L r ;1)-BTD with L r = L for all r, which indicates
that the pseudoinverse operation can become prohibitively
costly. In fact, we saw that the computational cost of solving
the vectorized problem in (7b) was worse than solving (7a)
using a standard tool of MATLAB®, i.e., lsqminnorm.m.
Alternatively, it is possible to express (9) in tensor form and,
using the property (E 
 F) y = E y 
 F y, calculate G0 directly
from (6) as

G0 = Y � 1 A y � 2 B y � 3 C y; (11)

which requires the pseudoinverse of matrices far smaller than
the one in (9). Presuming that the matrices are full rank,

(11) led to the fastest implementation (code available at
https://github.com/so�gami/corcondia-btd).

Lastly, (1) is a special case of the general (Lr ;L r ;1)-BTD
form Y =

P R
r=1

�
A r D r B T

r

�
� c r , with D r = I L r for r =

1; : : : ; R (see [17] for a graphical representation). Depending
on the implementation, matrices Dr may not be identity or
even diagonal1. In the latter case, we rewrite Ar D r B T

r via
a rank-Lr singular value decomposition (SVD) and apply the
formulas of Section III-B to the reformulated factor matrices.

D. The case of rank-de�cient factor matrices

This section presents options for calculating cckron when
at least one of the computed BTD factor matrices is rank-
de�cient and, consequently, (7) does not have a unique so-
lution. This may arise, for example, when the (Lr ;L r ;1)-
BTD is not essentially unique [17], although no particular
pattern of rank de�ciency is a necessary consequence of
nonuniqueness. We will use the QR decomposition [44] to
obtain an orthonormal basis for the column space of the rank-
de�cient matrix, as [34] brie�y mentions. Rank de�ciency
can be diagnosed by inspecting the condition number of the
matrices. In the following, we denote tensor solutions by G0

again to keep notation simple.
1) Rank-de�cient matrix C: Using the QR decomposi-

tion C = Q C R C , with QC 2 RK�K orthogonal and
R C 2 RK�R upper trapezoidal, (2c) is rewritten as Y(3) �
CS (3) (B
A) T = Q C R C S(3) (B
A) T = Q C H (3) (B
A) T ,
where H(3) = R C S(3) is the mode-3 unfolding of the
reformulated ideal Tucker core H = S �3 R C , and S(3)

is the mode-3 unfolding of S. Matrices A, B and QC are
full rank, and the Tucker core is now calculated as G0 =
arg minG kY �G � 1 A� 2 B� 3 QC k2

F. Caution should be exer-
cised as the number of unknowns has increased to (

P
L r )2 K

in this problem, presuming K � R. The Kronecker-based
CORCONDIA is now calculated as

cckron = 100
�

1 �
kH � G 0k2

F

kHk 2
F

�
: (12)

If matrix A or B is rank-de�cient, the equations are derived
using the QR decomposition accordingly.

2) Rank-de�cient matrices A and B: An example is when
the block ranks are overestimated in a noiseless (Lr ;L r ;1)-
BTD. We write A = Q A R A and B = Q B R B , with QA 2
RI�I , RA 2 R I�

P
L r , QB 2 R J�J and RB 2 R J�

P
L r .

Using the mixed product rule (E 
 F)(U 
 V) = EU 

FV, (5) becomes Y(1) � Q A R A S(1) [C 
 (Q B R B )]T =
QA H (1) (C 
 Q B )T , where H(1) = R A S(1) (I R 
 R B )T 2
RI�JR . The Tucker core is now G0 = arg min G kY � G � 1

QA � 2 QB � 3 Ck2
F, and should be identical to H for an exact

BTD. The number of unknowns has increased to IJR, while
cckron is calculated as in (12). Similarly if A and C or B and
C are rank-de�cient.

3) Rank-de�cient matrices A, B and C: In this case, one
would be tempted to write (5) as Y(1) � Q A H (1) (Q C 

QB )T ; where H(1) = R A S(1) (R C 
 R B )T 2 R I�JK , or

h = vec (H) = (R C 
 R B 
 R A )s; (13)

1For example, ll1.m in Tensorlab [43] returns the restricted form with
D r = I L r , whereas btd_nls.m returns factors with explicit D r .
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with s = vec (S), and solve G0
(1) = arg min G (1)

kY (1) �
QA G (1) (Q C 
Q B )T k2

F, where the number of unknowns IJK
is equal to the number of equations. The solution to this is

g0 = (Q C 
 Q B 
 Q A )T y; (14)

since QA , QB , QC orthogonal. The denominator in (12) is

kHk 2
F = khk 2

2 = k(R C 
 R B 
 R A )sk2
2

= k(Q C 
 Q B 
 Q A )(R C 
 R B 
 R A )sk2
2

= k(C 
 B 
 A)sk 2
2 = k ŷk2

2 ; (15)

where QC 
Q B 
Q A is orthogonal,Ŷ = S � 1 A� 2 B� 3 C
is the tensor estimate obtained with the (Lr ;L r ;1)-BTD, and

ŷ = vec
�

Ŷ
�

= (C 
 B 
 A)s = Ws: (16)

From (15), (14) and (13), the numerator in (12) is kH�G0k2
F =

kh � g 0k2
2 = k ŷk2

2 +



 (Q C 
 Q B 
 Q A )T y




 2

2 � 2y T (Q C 

QB 
 Q A )(R C 
 R B 
 R A )s = k ŷk2

2 + kyk 2
2 � 2y T ŷ =

ky � ŷk2
2. This shows that if we use the QR decomposition of

all factor matrices, the resulting system is square and the met-

ric degenerates to a �xed residual form, 100
�

1 �
kY� Ŷ k2

F

kŶ k2

F

�
,

irrespective of the Tucker core. Thus, the core consistency is
not useful in guiding the BTD model selection when all factor
matrices are rank-de�cient.

E. Theoretical analysis of CORCONDIA

In this section, we conduct a novel theoretical analysis of
the CPD and the (Lr ;L r ;1)-BTD CORCONDIA, connecting
it to the absolute decomposition error.

For A, B, C full rank, matrix W in (10) is also full rank.
Left-multiplying both sides of (16) with Wy, the vectorized
Tucker core is s = Wyŷ. This, together with (9), leads to
s � g 0 = W y (ŷ � y), and

kS � G 0k2
F = ks � g 0k2

2 = kW y (ŷ � y) k 2
2: (17)

From (17) and the spectral norm property [44], we have

� 2
min (W y)kŷ � yk 2

2 � kS � G 0k2
F � � 2

max (W y)kŷ � yk 2
2;

(18)
where �min (W y) and � min (W y) are the minimum and
maximum SVs of Wy, respectively. From (10), it is
� max (W) = � max (A)� max (B)� max (C); similarly for
� min (W). With A, B, C full rank, we have � max (W y) =
� �1

min (W) = � �1
min (A)� �1

min (B)� �1
min (C). Since W y is wide, it

is � min (W y) = 0 by de�nition (full SVD), which leads to the
trivial kS � G 0k2

F � 0. Thus, from (8) and (18) we obtain the
following bounds

100
�

1 �
kŷ � yk 2

2

� 2
min (A)� 2

min (B)� 2
min (C)kSk 2

F

�
� cc kron � 100;

(19)
which relate CORCONDIA to the absolute BTD reconstruc-
tion error k̂y � yk 2 and show the role of the SVs of the factor
matrices play: CORCONDIA may take large negative values
even for the true ranks when the minimum SVs are small. In
the CPD, the factor matrices have fewer columns compared to
the BTD, with lower risk of being badly-conditioned.

To derive tighter bounds than (19), we de�ne the Tucker
reconstruction~Y = G0� 1 A � 2 B � 3 C; where G0 is given by

(6). Vectorizing ~Y yields

~y = vec( ~Y) = (C 
 B 
 A)g 0 = Wg 0: (20)

Combining (20) with (16), we obtain̂y � ~y = W(s � g 0),
and

� 2
min (W)kS �G 0k2

F � k ŷ � ~yk2
2 � � 2

max (W)kS �G 0k2
F: (21)

Lemma 2. For tensor Y and its (Lr ;L r ;1)-BTD and Tucker
estimateŝY = S � 1 A� 2 B� 3 C and ~Y = G0� 1 A� 2 B� 3 C,
with shared factor matrices A, B, C, there holds

kŶ � Yk 2
F = k ŷ � yk 2

2 � k ŷ � ~yk2
2 = k Ŷ � ~Yk2

F: (22)

Proof. We write

ŷ � y = ( ~y � y) + ( ŷ � ~y): (23)

Keeping in mind that W has full column rank, we consider
the compact SVDs W = U�V T and Wy = V� �1 U T , with
U > U = V > V = I R(

P
L r )2 . From (20) and (9),

~y � y = Wg 0� y = WW yy � y = (UU > � I IJK )y: (24)

Moreover, from (20), (16) and the SVD of W it is

ŷ � ~y = W(s � g 0) = U�V T (s � g 0) (25)

Using (24) and (25), we obtain

(~y�y) > (ŷ� ~y) = y T (UU > �I) T U�V > (s�g 0) = 0; (26)

since (UU> � I)U = 0. Hence, by (23) and (26),

kŷ � yk 2
2 = k ~y � yk 2

2 + k ŷ � ~yk2
2 � k ŷ � ~yk2

2; (27)

and (22) follows after tensorizing the vectors.

Thus, from (21) and Lemma 2, we obtain the following
bounds for CORCONDIA in (8)

100
�

1 �
kŷ � ~yk2

2

� 2
min (A)� 2

min (B)� 2
min (C)kSk 2

F

�
� cc kron

� 100
�

1 �
kŷ � ~yk2

2

� 2
max (A)� 2

max (B)� 2
max (C)kSk 2

F

�
: (28)

If A, B and C have orthonormal columns, the upper and lower
bounds are equal and cckron = 100

�
1 � kŶ� ~Yk 2

F
kSk 2

F

�
.

Now, for the exact calculation of (17) it is

kS � G 0k2
F = kV� �1 U T (ŷ � y) k 2

2 = k� 0U T (ŷ � y) k 2
2

=
R(

P
L r )2

X

`=1

� �2
` (W)(u T

` (ŷ � y)) 2: (29)

where ù the singular vectors of W= C
B
A, and � ` (W)
the corresponding SVs, ` = 1; : : : ; R(

P
L r )2. (29) points

to cases when kS � G0k2
F will be large and CORCONDIA

low despite a low reconstruction error kŷ � yk 2, even at
a high signal-to-noise ratio (SNR): when the error vector
ŷ � y is aligned with the (left) singular vectors ù of W
corresponding to small SVs �` (W). The SVs of W are the
products of the SVs of C, B and A and the singular vectors
of W are Kronecker products of their singular vectors. In
other words, CORCONDIA will be low when the error tensor
Ŷ � Y has major components in the subspaces de�ned by the
outer products of the (left) singular vectors of A, B and C
associated with small SVs of theirs. Of course, this can only
happen in noisy scenarios whereŷ � y 6= 0 IJK .
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IV. KHATRI–RAO-BASED CONSISTENCY METRIC

In this section, we introduce the second metric that can
facilitate parameter selection in the (Lr ;L r ;1)-BTD, which
will be called the Khatri–Rao-based consistency metric.

When an unconstrained Tucker model is �tted in (6),
interactions between all columns of factor matrices A and B
are allowed, i.e., the core tensor G0 is of size

P
L r �

P
L r �R.

An altenative way to view the (Lr ;L r ;1)-BTD model using the
mode-3 unfolding of the tensor is

Y (3) = CS(B � A) T ; (30)

where S 2 RR�
P

L 2
r is a binary matrix, with ones placed

at elements
�

r;
P r�1

k=1 L 2
k + (j � 1)L r + j

�
for component

r 2 f1; : : : ; Rg with rank L r , and j 2 f1; : : : ; L r g. An
example such matrix for R = 2 and L1 = L 2 = 2 is

S =
�

1 0 0 1 0 0 0 0
0 0 0 0 1 0 0 1

�
: Following the same

rationale as in Section III-B, to evaluate the appropriateness
of the BTD model, we will �rst solve

G 0 = arg min
G

kY (3) � CG(B � A) T k2
F; (31)

given matrices A, B and C, and then evaluate the similarity
between G0 and S, following the logic in Section III-B. Thus,
the Khatri–Rao core consistency metric is de�ned as

cckr = 100
�

1 �
kS � G 0k2

F

kSk2
F

�
; (32)

where kSk2F =
P R

r=1 L r . Note that using the Khatri–Rao
product B�A 2 R IJ�

P
L 2

r means that the amount of allowed
interactions is lower: the columns of Ar 1 and Br 2 may interact
when r1 = r 2, but not when r1 6= r2; hence the metric name.
In case matrix C or B�A is rank-de�cient, cckr is calculated
by utilizing its QR decomposition, similarly to Section III-D.

V. CORCONDIA FOR THE (L; M; N)-BTD

In this section, we extend the two metric de�nitions to the
more general case of the (L; M; N)-BTD [17], which writes
Y 2 R I�J�K as Y �

P R
r=1 Dr � 1 A r � 2 B r � 3 C r , where

A r 2 R I�L , B r 2 R J�M , C r 2 RK�N are full rank, and
tensors Dr 2 RL�M�N are generally dense [17].

The Kronecker-based CORCONDIA de�nition in (8) and
the calculations in (6) and (7) also apply to the (L; M; N)-
BTD, with the difference that there is no �xed form for the
ideal block-superdiagonal core tensor. Given factor matrices
A, B and C, the unconstrained Tucker core G0 in (6) is calcu-
lated and compared with tensor D = blockdiag(D1; : : : ; DR )
containing the Dr that resulted from the BTD. The metric can
similarly be extended to the BTD of higher-order tensors.

For the Khatri–Rao-based metric, it is easy to see that the
matrix formulation in (30) is a subcase of the (L; M; N)-
BTD Y (3) � C blockdiag

�
D 1(3) ; : : : ; D R (3)

�
(B � A) T ,

where Dr (3) 2 RN�LM is the mode-3 matricization of Dr
(equation adapted from [17]). In the (Lr ;L r ;1)-BTD, tensor
Dr simpli�es to I L r , ergo the de�nition in (30). The metric can
be readily used for any (L; M; N)-BTD model by computing
G 0 from (31) and comparing it to the per-case computed
matrix D = blockdiag

�
D 1(3) ; : : : ; D R (3)

�
.

VI. SIMULATION-BASED ANALYSIS OF THE METRICS

In this section, we use simulated data to study the two
proposed metrics. The focus of this and the following section
will be the (Lr ;L r ;1)-BTD, given that the (L; M; N)-BTD
still lacks demonstrated applications on real data. We present
results for tensors Y 2 R50�50�40 , where the true BTD rank
is Rt = 4 and the true block ranks are all equal Lt = L r = 4,
r = 1; : : : ; R. The studied tensors are of two types:

(a) generated with pseudorandom factors (using
ll1_rnd.m of Tensorlab [43]); we ensured that,
for all components r, kcr k2 = 1 and A r and Br have
their Lt = 4 SVs equal to 1. This ensures that each
of the Rt BTD components has the same total energy,
and that all Lt subcomponents contribute equally to
each component. Consequently, this setup represents
a balanced scenario in which, for a given SNR, the
relative noise level with respect to all (sub)components
is consistent across simulations.

(b) with Hankel frontal slices: we assume a system model
X � CS T =

P R t
r=1 cr sT

r , where X =
�
x1 � � � x M

� T
2

RM�K is the observations matrix for M sensors and K
time samples, S =

�
s1 � � � sR t

� T
2 RR t �K is the source

matrix, and C =
�
c1 � � � cR t

�
2 RM�R t contains the

mixing vectors. We further assume that each source is a
sum of Lt exponentials, generated by distinct poles zr;`

that appear in conjugate pairs, i.e., sr contains samples
sr (k) =

P L t
`=1 wr;` zk

r;` for k = 0; : : : ; K � 1, where
wr;` is the scalar weight for pole zr;` . If we form
T 2 RI 1 �I 2 �M by stacking the Hankel matrices Hm 2
RI 1 �I 2 associated with each xm , the (Lt ; L t ; 1)-BTD
of T solves the blind source separation problem T �P R t

r=1

�
A r B T

r

�
� ĉr , whereĉr 2 RM is the estimate of cr

and Ar B T
r 2 R I 1 �I 2 is the estimate of Hankel matrix Hr

associated with sr , where I1, I 2 are chosen such that K =
I 1+I 2�1. The true H r follows a Vandermonde decompo-

sition Hr = V (I 1 )
r diag(wr;1 ; wr;2 ; : : : ; wr;L t )

�
V (I 2 )

r

� T
,

where V(I 1 )
r =

h
z(I 1 )

r;1 : : : z(I 1 )
r;L t

i
with z(I 1 )

r;` =
h
z0

r;` : : : zI 1 �1
r;`

i T
2 R I 1 and V(I 2 )

r is similarly de�ned.
The reader is referred to [22] for more details on this
model. The form of Hr means its SVs are not equal. To
avoid markedly different BTD component variances, the
sources were generated as sums of sinusoids (imaginary
poles, no decay). The poles were generated randomly
in a fashion that avoids most overlaps, but it was not
veri�ed that all generated poles were far from each other.
This setup represents an imbalanced scenario where noise
power will affect the components in a nonuniform way.

We generated 50 tensors of type (a) and 50 of type (b), and
added noise to them at six SNR levels: �5, 0, 5, 10, 15, and
20 dB. For each noisy tensor, we calculated an unconstrained
(L; L; 1)-BTD for all (R; L) 2 f1; : : : ; 7g � f1; : : : ; 7g using
ll1.m [43] (L = 1 implies a CPD). For each (R; L) combi-
nation we used 30 initializations, one based on the generalized
eigenvalue decomposition [17] and 29 randomly selected. We
chose the minimum-error result as the solution (without guar-
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(a) SNR -5 dB. (b) SNR 0 dB.

(c) SNR 5 dB. (d) SNR 10 dB.

(e) SNR 15 dB. (f) SNR 20 dB.

Fig. 3. 3D boxplots of cckron for tensor type (a) when (Rt ; L t ) = (4; 4).

(a) SNR -5 dB. (b) SNR 0 dB.

(c) SNR 5 dB. (d) SNR 10 dB.

(e) SNR 15 dB. (f) SNR 20 dB.

Fig. 4. 3D boxplots of cckron for tensor type (b) when (Rt ; L t ) = (4; 4).

antee that it is the global minimum) and calculated the core
consistency metrics for the resulting decomposition. Negative
CORCONDIA values were set to zero to facilitate inspection.

As a reference, we mention the rules of thumb for inter-
preting CORCONDIA in [34]: values near 100 indicate ap-
propriate models, above 90 quite appropriate ones, and around
50 indicate a mixture of trilinear and non-trilinear variation.
Values near zero or negative imply model inappropriateness.
The `closeness to 100' is to be understood relative to the
change each additional component brings to CORCONDIA. In
the sequel, we will investigate whether a similar interpretation
and guidelines can be given for the BTD metrics.
A. Collective results

1) Both R and L are unknown: In this section, we present
the metrics for the two types of tensors in the form of three-
dimensional boxplots. In each boxplot, a red box represents
the interquartile range (IQR) for a speci�c (R; L) combination,
containing the middle 50% of the data spanning from the 25th

(q1) to the 75th percentile (q3). The light blue line indicates
the 50th percentile (median). The colors are inverted for the
true ranks (Rt ; L t ) = (4; 4). Outliers, indicated by crosses, are
values greater than q3 + w � IQR or lower than q1 � w � IQR,
with w = 1:5 a multiplier set as in the default MATLAB®

boxplot. The whisker extends to the adjacent value, the most
extreme data point that is not an outlier.

Fig. 3 shows that for tensors of type (a) the Kronecker-
based CORCONDIA identi�es the true pair (Rt ; L t ) = (4; 4)
well even at low SNR: the median value is 73:18 at �5 dB,
90:61 at 0 dB, 96:71 at 5 dB, 98:98 at 10 dB, 99:62 at 15
dB, and 99:9 at 20 dB. Hence, the metric is already high at
low SNR and becomes essentially ideal from 10 dB onward.
This is further supported by the shrinking IQR, indicating

that this result is also stable across realizations. For tensor
type (b) in Fig. 4, the same overall trend is observed, but
with substantially higher noise sensitivity. The median cckron

at the true pair is 0, 15:25, 63:09, 88:27, 96:67, and 99:28
respectively. Unlike type (a), the true pair is not reliably
highlighted at SNR � 0 dB. From 10 dB onward though, the
behavior becomes comparable, with decreasing IQR. Hence,
for type (b), reliable rank identi�cation requires higher SNR
than for type (a).

A key observation in both �gures is how the metric behaves
under rank overestimation. This is because, in line with [34],
one is interested in high-complexity solutions, i.e., with large
C =

P
L r , that maintain a high CORCONDIA, as they can

generally explain some variation that simpler models cannot.
In both tensor types, simultaneous overestimation of both

parameters (R � 5 and L � 5) causes a drastic drop, with
cckron � 0 everywhere but a few outliers. When only one
parameter is overestimated, the behavior is more nuanced. In
both Fig. 3 and Fig. 4, the overall decrease in cckron is more
pronounced from (R; L) = (4; 4) to (5; 4) than to (4; 5), as
visible in the IQR and the medians. For type (b) tensors, at
(5; 4) the median and IQR are essentially zero, whereas for
type (a) the spread is broader. Overall, mild overestimation
of L may still yield a high cckron , especially at high SNR,
whereas overestimating R is penalized more consistently. This
is important since overestimating only L does not pose a
serious problem in general [23], [24], [32], [33].

The quantitative differences between Fig. 3 and Fig. 4
are expected: type (a) tensors were generated from random
factor matrices and equal-energy (sub)components. Type (b)
tensors were generated from structured factor matrices and
potentially imbalanced components. In addition, since Hanke-
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