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Sparse Millimeter Wave Channel Estimation Under
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Abstract—Millimeter wave (mmWave) systems, currently em-
ployed in 5G and IEEE 802.11ad/ay devices, enable high data
rates through wide bandwidths and directional communication.
However, high carrier frequencies used in these systems result
in a higher phase noise than lower frequency systems. This
paper investigates the problem of spatial channel estimation in
the presence of severe phase noise, which manifests as partially
coherent phase perturbations in the observed channel measure-
ments. In this model, phase noise remains relatively constant
within a packet but varies substantially across packets. Under
such partially coherent phase noise, we first develop two com-
putationally efficient on-grid algorithms to estimate narrowband
mmWave channels: Partially Coherent Matching Pursuit (PCMP)
and Enhanced Partially Coherent Matching Pursuit (EPCMP),
assuming a known channel sparsity. Both algorithms exploit the
sparse structure in mmWave channels, enabling a significant
reduction in training overhead while achieving good estimation
performance. The main difference between PCMP and EPCMP
is how the sparse channel support is identified. The EPCMP
algorithm can achieve better estimation performance at the cost
of increased computational complexity compared to the PCMP
algorithm. We then relax the known-sparsity assumption, adapt
the proposed algorithms accordingly, and further extend them
to the wideband case for an unknown sparsity. Additionally,
we derive sufficient conditions to recover a support element
with proposed algorithms. Simulation results demonstrate the
advantages of our methods over comparable channel estimation
benchmarks.

Index Terms—Compressed sensing, phase errors, matching
pursuit, support detection, alternating minimization, wideband

I. INTRODUCTION

Millimeter-wave (mmWave) communication systems oper-
ate at carrier frequencies from 30 GHz to 300 GHz, where
wide bandwidths are available. These systems are promising
for next-generation vehicular networks and cellular systems
as they can support Gbps data rates with directional links [1],
[2]. Accurate channel state information in these systems helps
establish such directional links [3]. In typical mmWave com-
munication systems, the base station (BS) is equipped with a
large antenna array to achieve a highly directional link [4].
The use of large arrays, however, significantly increases the
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dimensionality of the channel and the training overhead needed
for channel estimation [4]. Fortunately, the channel has a
sparse structure due to the high scattering at mmWave frequen-
cies [1]. This property can be exploited by compressed sensing
(CS) techniques to estimate channels with fewer measurements
than classical methods, thereby significantly reducing training
overhead [5].

Standard CS-based channel estimation methods require the
transmitter (TX) and receiver (RX) to maintain coherent phase
over the entire training period. Under this coherent phase
assumption, several classic algorithms have been proposed
based on the orthogonal matching pursuit (OMP) [6], [7],
sparse Bayesian learning [8]-[10], and message passing [11],
[12]. In practical mmWave systems, however, phase coherence
degrades when channel measurements are acquired over a long
interval (e.g., a few milliseconds). In such cases, the com-
pressed channel measurements are perturbed by random phase
errors. These perturbations arise due to residual carrier fre-
quency offset or random phase noise at the oscillator [13], [14],
which are more significant at mmWave than at lower frequen-
cies [15]. Phase perturbations introduce a model mismatch
between the linear standard CS model, which assumes phase-
coherent measurements, and the true measurement model. Due
to the model mismatch, standard CS-based channel estimation
methods [16]-[19], which are agnostic to such phase errors,
perform poorly in estimating the channel.

To address the phase noise issue, several studies have
proposed mmWave channel estimation algorithms robust to
phase errors [20]-[30]. One early method has combined a
CS algorithm with a Kalman filter to track phase noise, but
performs poorly at high phase noise levels [20]. Another
research line has considered a phaseless measurement model,
in which each measurement is perturbed independently by
a random phase error with a high variance [21]-[26]. This
model is also called a non-coherent measurement model. These
approaches reformulate mmWave channel estimation as a joint
phase-retrieval and sparse-recovery problem, but most suffer
from high computational complexity. For instance, the authors
in [21] have employed gradient descent for phase retrieval but
required multiple calibrated measurements with known phase
errors for accurate reconstruction. The lifting technique in [24]
is studied as a benchmark in [25] to jointly estimate the phase
errors and the channel. The joint estimation required con-
structing high-dimensional sparse tensors, which introduced a
substantial computational complexity. Another approach relies
on a phaseless decoding method that uses sparse bipartite
graph codes to reduce the computational complexity to some
extent [26].
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The aforementioned algorithms [20]-[26], however, do not
fully leverage the inherent structure of phase errors introduced
by short-packet signaling used in beam training with the IEEE
802.11ad/ay standards. In these standards, the spatial channel
measurements are obtained from the training subfield within
a beam refinement protocol (BRP) packet [31]. Phase noise
is induced in the measurements as the training fields are
separated in time. With a typical phase noise process, phase
coherence is preserved within a packet, but is lost across
packets. In other words, the phase errors remain approximately
constant within a short time slot but are assumed to be inde-
pendent across different packets. Such phase errors are referred
to as partially coherent phase noise. To account for these
errors, a partially coherent compressive phase retrieval (PC-
CPR) scheme for sparse channel estimation is introduced in
[27]. Further, message passing-based algorithms are developed
in [28]-[30] to recover the sparse mmWave channel under
partially coherent phase errors. However, such approaches
still require higher computational complexity than greedy
matching pursuit-based algorithms. Furthermore, [28]-[30] do
not provide any analytical guarantees on sparse recovery under
phase noise.

In this paper, we design greedy sparse recovery algorithms
for spatial mmWave channel estimation under partially coher-
ent phase errors in the measurements. Our proposed algorithms
are built upon the standard matching pursuit and allow sparse
recovery even under partially coherent phase errors. The main
contributions of this work are as follows:

o We propose two sparse recovery algorithms, namely Par-
tially Coherent Matching Pursuit (PCMP) and Enhanced
Partially Coherent Matching Pursuit (EPCMP), for spatial
channel estimation. The proposed algorithms leverage
alternating minimization and matching pursuit to jointly
estimate the sparse spatial channel and phase noise. Sim-
ulation results indicate that the relative performance of
EPCMP and PCMP depends on knowledge of the channel
sparsity: EPCMP is superior when sparsity is known,
whereas PCMP is superior when sparsity is unknown.

o We derive analytical guarantees for our channel estima-
tion algorithms to correctly identify one support element
of the sparse channel under phase noise. Specifically, we
derive lower bounds on the strongest sparse channel com-
ponent for the proposed channel estimation algorithms to
succeed.

o« We further extend PCMP and EPCMP algorithms to
wideband channels in settings where the channel sparsity
is unknown. We employ perfect autocorrelation pilot
sequences and perform matched filtering at the receiver
to obtain decoupled per-tap measurements. By doing so,
the spatial channel estimation algorithms designed for the
narrowband case can be applied independently to each
delay tap of the channel impulse response.

e When the channel sparsity level is known, simulation
results for a narrowband channel demonstrate that our
proposed algorithms outperform benchmark algorithms,
such as Standard OMP, PC-CPR [27], and Sparse-
Lift [24], in the presence of partially coherent phase

noise, while maintaining low run time. Our EPCMP algo-
rithm achieves a normalized mean squared error (NMSE)
comparable to that of standard OMP with perfect knowl-
edge of the instantaneous phase noise per measurement.
When the channel sparsity level is unknown, our extended
PCMP and EPCMP still outperform other benchmark
algorithms under the same conditions. Furthermore, for
wideband channels with unknown sparsity, the extended
PCMP and EPCMP consistently achieve superior perfor-
mance compared to the benchmark algorithms.

This paper extends the work in [25]. Specifically, beyond
the previously proposed PCMP algorithm in [25], we present
its variant, EPCMP, which achieves improved performance
over PCMP at high-SNR. To facilitate EPCMP, we employ a
frame structure that repeats the best beam from the first packet.
Additionally, we derive new theoretical guarantees for EPCMP
to identify one support element. Moreover, prior work assumed
a known channel sparsity level in the narrowband setting. This
paper relaxes that assumption and extends both PCMP and
EPCMP to the more practical scenario of unknown sparsity,
as well as to the wideband channel setting. Throughout this
work, we assume on-grid channels, i.e., the angle-domain
representation of the channel is exactly sparse. Extending
our methods to off-grid channels using Newtonized matching
pursuit algorithms is an interesting research direction that is
beyond the scope of this paper.

Notation: Throughout the paper, scalars are denoted by
lowercase letters z, vectors are denoted by bold lowercase
letters (e.g., x), and matrices are denoted by bold uppercase
letters (e.g., X). The operator (-)* denotes the conjugate
transpose, and (-)' denotes the pseudo inverse. Also, 1/
denotes a 1 x M row vector of ones. The symbol & denotes the
Kronecker product. Finally, A'(a,b) and CN (a,b) represent
the normal Gaussian and complex Gaussian distributions,
respectively, with mean @ and variance b.

II. NARROWBAND SYSTEM MODEL
AND PROBLEM FORMULATION

In this section, we consider the downlink narrowband chan-
nel estimation problem in a mmWave multiple-input single-
output (MISO) system as illustrated in Fig. 1. We assume
a narrowband channel for simplicity of exposition in our
algorithm design and analytical guarantees. In Section IV,
we present a straightforward extension of our algorithms to
a wideband system, using a perfect autocorrelation sequence-
based frame structure.

For the narrowband system considered in this section, the
TX is equipped with N antennas, and the RX has a single
antenna.! The TX adopts an analog beamforming architecture,
where each antenna is associated with an amplitude controller
and a phase shifter. The radio frequency signal generated
using the TX oscillator is scaled and phase-shifted, and then
transmitted. The amplitudes and phase shifts used at the TX

'We consider a single-antenna RX for ease of exposition. Nonetheless, our
approach can be extended to a multi-antenna receiver by incorporating its
array response vector.
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Fig. 1: An mmWave MISO narrowband system with an analog
array at the TX and a single antenna RX. Here, f,, € CV
denotes the mth beamformer at the TX. Our goal is to estimate
the channel h from phase perturbed channel measurements.

are modeled in the form of the beamformer f,,. The transmit-
ted signal propagates through the mmWave communication
channel, represented by the vector h € CV, and is received
at the RX. The RX downconverts the received signal using
an oscillator that is not perfectly synchronized with the TX,
resulting in a phase error in the received signal. Our goal is
to estimate the channel h under such phase errors.

A. Narrowband Channel Model

We use a ray-based model for the mmWave MISO nar-
rowband channel. Let K <« N denote the number of dom-
inant propagation paths in the environment. For each path
ke {1,2,...,K}, let hy denote the path gain, and 65 denote
the corresponding direction of arrival. The channel is modeled
as [32]

K
h =" ha(6y),
k=1

where a(#) is the array response vector at the TX for the angle
0. For a uniform linear array at the TX with antenna spacing
d, the array response vector a(f) is given by

. . T
, eJ27r(N71)% sin 6

a(e) — LejQTr% sinG, . ’

where ) is the carrier wavelength and we set d = 3.
The beamspace representation of the channel vector h is its
discrete Fourier transform, which is defined as x = Uyh,
where Uy is the N x N unitary discrete Fourier transform
matrix. Equivalently, h = U%;x. Due to the high scattering
at mmWave frequencies, the beamspace representation x is
approximately sparse [32]. Here, we assume that the number

of non-zero coefficients in x is equal to K.

B. Frame Structure to Acquire Channel Measurements

We now explain how channel measurements are acquired
using a frame structure inspired by the IEEE 802.11ad. In
this frame structure (shown in Fig. 2), the TX transmits P
BRP packets, each comprising M training sequences. Within

BRP packet 1 BRP packet P

fl fZ fM fMP—M fMP—l fMP
Training Packets: ‘ ‘ ‘ ‘ ‘ LRI ‘ ‘ ‘ ‘ ‘
Measurements: l V1 ‘ LR l Yp ‘
Phase errors: 11 ‘ 12 ‘ Pim ‘ Pp1 ‘ Pp,2 ‘ Ppm

Fig. 2: Measurement model that shows the random phase
errors induced in the channel measurements.

each packet, the beamformer at the TX, f,,, is updated in
each sequence so that the RX acquires a new spatial chan-
nel measurement. In practice, a guard interval is introduced
between the sequences to allow sufficient time to change
the beamformer. The beam switching time reported in [33]
is about 4 ns, which is significantly smaller than the train-
ing sequence duration (about 128 ns). Therefore, we ignore
the switching time in this paper, although practical systems
employ a guard interval. Moreover, we assume that perfect
timing synchronization is achieved prior to channel estimation.
In IEEE 802.11ad/ay systems, this is typically performed
using the Short Training Field (STF) prior to the Channel
Estimation Field (CEF). Addressing timing synchronization
errors is beyond the scope of this paper. We also assume
that automatic gain control (AGC) is applied at the receiver
and the corresponding scaling is known and can be accu-
rately estimated [34], [35]. Furthermore, we assume that the
received channel measurements are appropriately compensated
for AGC variations prior to channel estimation. Under these
assumptions, the spatial channel measurement indexed by m
in the pth packet is

yplm] = b 4wy [m] = &0 £ Unx 4wy [m], (1)

where ¢y, ,, denote the phase noise induced in the mth channel
measurement acquired in the pth packet, and w,[m] is additive
white Gaussian noise with zero mean and variance o2. The
received channel measurements in the pth packet is defined
as yp = [yp[l], ..., yp[M]]T € CM. The aggregated measure-
ments across all P packets within the channel coherence time
isy' =[yl,ye,...,y5]T € CMP. With the unknown phase
errors in (1), the measurement model is non-linear. Our goal is
to develop algorithms to estimate x, up to a global phase, from
phase-perturbed measurements in (1). The spatial channel is
then estimated using h = Ufx.

1) Choice of M: With IEEE 802.11ad, M can be up to
128 [36]; however, it can often be smaller (e.g., M = 16)
to acquire spatially redundant measurements and enhance the
spreading gain. In that case, numerous BRP packets can be
used to acquire sufficient spatial measurements for accurate
channel estimation. We assume M < 128.

2) Phase noise ¢y, characteristics: In (1), there are totally
MP distinct phase noise terms, each corresponding to a
phase-perturbed measurement in y, as seen from Fig. 2. Let
¢; denote the phase noise corresponding to the jth element
of y, for j = 1,...,MP. We adopt the common Wiener
process model [37] to model ¢;. Specifically, ¢; follows the
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conditional distribution ¢;|¢; 1 ~ N(¢;_1,7}), where 7; is
2nfer/e(T; —Tj—1). Here, f. is the carrier frequency, c is
an oscillator-dependent constant, and 7Tj is the time stamp
associated with the jth measurement.

We observe that there are PM unknown phase error vari-
ables and N unknown channel variables in (1). Estimating
these N + PM unknowns is computationally challenging. To
circumvent this problem, we use a partially coherent phase-
error approximation in our model, similar to [27], [28], [31].
This approximation reduces the number of unknowns to N+ P
and aids computationally tractable channel estimation.

C. Fartially coherent phase error approximation

In IEEE 802.11ad, the time difference between successive
measurements (75 —T);_1) in a BRP packet (typically 128 ns)
is significantly smaller than the time difference between suc-
cessive packets (ranging from 3 us to 44 us [38]). A realization
of ¢;s is shown in Fig. 3 for M = 16 and P = 4. From Fig. 3,
we observe that the phase errors are approximately similar
within a packet but can vary significantly across different
packets. Therefore, a partially coherent phase error model is
adopted to capture this behavior. In this model, the phase
variation within each packet is ignored, and only phase offsets
across different packets are considered. This approximation in
our model leads to P unknown phase errors, one for each
packet, instead of M P with (1). Although our model has
just one phase error per packet, our simulations in Section V
employ realistic phase errors that also vary within each packet.
In Fig. 4, we show the frame structure with the partially
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Fig. 3: A realization of the phase noise process with the
measurement index. Our model assumes that the phase error
within each packet is the same.
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coherent phase error model. With this approximated model,
yplm] = 7 £5 h 4+ wy[m] = 25 Unx +wy[m],  (2)

where ¢, denotes the unknown phase noise associated with
the pth packet.

ITII. ALGORITHMS FOR SPARSE NARROWBAND
CHANNEL ESTIMATION

In this section, we reformulate the channel estimation
problem as a CS problem with unknown phase errors, and

BRP packet 1 BRP packet P

fl fZ fM
Training Packets:‘ ‘ ‘ ‘ ‘ ttt ‘ ‘ ‘ ‘ ‘

fup-m fup-1 fup

Measurements: l V1 ‘ L l Yp ‘

Approximated ‘

b ‘ « . ‘ @ ‘
Phase errors: ¢ be

Fig. 4: Partially coherent measurement model where the phase
errors in the channel measurements are assumed to be an
unknown constant for each packet. The phase errors, however,
vary across different packets as shown in this figure.

then present PCMP and EPCMP for channel estimation. Our
algorithms can be interpreted as extensions of matching pursuit
that account for the phase errors. This section is structured
as follows. Section III-A presents the measurement model.
Sections III-B and III-C consider the case where the channel
sparsity is known, which simplifies the analysis and algorithm
design. Finally, Section III-D extends the proposed algorithms
to the case where the channel sparsity is unknown and only
an upper bound is known.

A. Partially Coherent CS measurement model

We consider M P measurements in (2), wherein M mea-
surements are acquired in each of the P packets. As the phase
errors are the same for the M measurements in each packet,
we can write the collection of M P measurements in (2) as

y=PAx+w, 3)

where @ = diag {ej¢11M, ...,ej¢P1M} is a diagonal matrix
with P unknown phase errors, 1,7 is a row vector comprising
M ones, and A € CMP*N 5 a known CS measurement
matrix whose mth row is A(m,:) = £ U%. We observe
from (3) that our model differs from the standard CS model
of Ax + w due to the phase error matrix .

We split the M P measurements in (3) on a packet-by-packet
basis. The measurements from the pth packet correspond
to rows (p — 1)M + 1 to pM of (3). We define the CS
measurement matrix associated with the pth packet as A,,.
Specifically, A, = A((p—1)M +1: Mp,:) and

Yp = ej¢pApX + Wy, €]

where w,, € CM is additive noise. Now, our channel esti-
mation problem is equivalent to estimating x from the phase
perturbed measurements {yp};;1 acquired using known CS
matrices {A,}7_,. However, x can only be estimated up to
a global phase because of inherent ambiguity in the model.
For example, if the phase error and channel pair (¢1,x1) is
a solution to (4), then (¢; — 6,x1€/) is also a solution for
any phase . This phase error ambiguity is just a scalar, and it
does not influence the beamformer and thus the received signal
power. Hence, we aim to estimate x, up to a global phase,
from the measurements in (4). In the following subsections, we
present PCMP and EPCMP to jointly recover x and {¢,})_ ;.
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B. Partially coherent matching pursuit (PCMP)

Our PCMP algorithm jointly estimates the sparse channel
x, and the phase errors {gf)p}g:l in an iterative manner.
Specifically, in each iteration of the PCMP, a single support
vector element is recovered and added to the estimated support
set. After each update, both the phase errors and the sparse
signal are jointly estimated over the current support vector
through alternating minimization. This procedure continues
until the stopping criterion is met.

PCMP is initialized by setting the support set Ay to an
empty set and Xy to a zero vector. Here, A; denotes the
estimated support set of the sparse vector, X; is the estimate
of x, and gf)pyt is the phase error estimated for packet p, after
t iterations. For the pth packet, we denote r;, ; as the residual
error in the tth iteration of PCMP. Specifically, r), ; is defined
as the difference between the observed measurement vector
¥p and the prediction of measurement corresponding to the
support set Ay, i.e.,

Tyt =Yp — @Ot AL A Ky, (5)

where A, A, is a submatrix of A, obtained by retaining
only those columns with indices in A;. Each iteration of the
algorithm consists of (i) support identification of x and (ii)
joint estimation of x and {¢,}_,, which are explained next.

1) Support Identification: In the tth iteration, standard
matching pursuit identifies the column of A, that results in
the largest |A,(:,k)*rp(—1|, i.e., the absolute value of the
correlation with the residue. This quantity provides a score
indicating how likely a particular component in the sparse
vector x contributed to the residual r,;_q. In our problem,
however, we have P packets, each with its own residual
rp+—1, and due to phase errors across different packets, the
measurements are partially coherent. It implies that we cannot
directly combine A,(:, k)*r, ;—1s over P packets as in stan-
dard matching pursuit. To address the phase error issue, PCMP
modifies the support identification step. Instead of directly
summm% the correlations with the residuals across packets,
ie, [,y Ap(:,k)*rp 1], PCMP sums the absolute values

of these correlatlons ie., Z 1 |Ap(:, k) rp¢—1|, and then
selects the index k for which thls quantity is maximum. The
new element added to the support set in the ¢th iteration is

k; = argmax |A,(:
KE[NI\A:— 1;

) rp,t—l|a (6)

and the augmented support set is Ay = Ay U k;. For the
special case when P = 1, the objective in (6) becomes
identical to that used in matching pursuit for standard CS.

2) Joint estimation of sparse x and phase errors {,, }5:1:
After support identification in each iteration, we use an alter-
nating minimization approach to estimate the non-zero entries
of x over the identified support, and the phase errors {qbp}g:l
We minimize the sum of the squared errors across all the P
packets to estimate these quantities,

P
XA, O, = argminz vy — €% Apa, 24, H2 N

zAt,J p=1

Although (7) is a non-convex problem, it is still a standard
least squares problem in z,, for a fixed §. Furthermore, a
closed form solution for d can be obtained for a fixed z,, .

We now provide closed-form expressions for the /th iter-
ation of our alternating minimization approach to solve (7).
For a fixed ZE\ , the minimization problem in (7) becomes
separable with respect to {6,},. Thus, for the pth packet,
the problem in (7) reduces to a phase recovery problem:

(€ . H /—1
¢l = argminy, — e Ay a2l

P

(f—l)}

= argmax Re{ej‘spy;ApAtzAt

P

—phase (y;‘,AZ77/\,z5\()f 1)) .

After estimating ngSI(f,)t for each packet p, we estimate 5(%3 in

(7) by solving a least squares problem

—1
E A'pAf y

After alternatrng mlnlmlzatlon converges at iteration L, we
set Xp, = xg\ and qbt = ¢p t) The subsequent PCMP step
updates the resrdue according to (5) and then identifies the next
element of the support. Our PCMP algorithm is summarized
in Algorithm 1. Its computational complexity is O(PN M K +
PK3M + K*) and the corresponding runtime is provided in
Table I.

P
i@
DALYy ®)

p=1

Algorithm 1 Proposed PCMP algorithm for sparse recovery

Input: Partially coherent measurements {y;,}.";, CS ma-
trices {A,,}) ), sparsity level K
Initilize: r'po=Yp, )A(() = 0, AO = @
I: fort=1,2,...,K do
#Support detectlon
2: ke = argmax Z 1 A E) Ty ]
kE[NN\At 1
3: At Atfl @] kt
: #Signal estimation:
while x(l) AX Ui>eorf<Ldo
(1 X =
6: o) = Lyt A, ax{ Y vp
(1 P P _ig®
T XE\,) = |:Zp:1Ap,AtAP7Ar:| {Zp:ﬁf g8 tAD A Q’p}
8: end while
9: Tpt =Y¥p — ej%’tAp’Atf(At Vp
10: end for

11: Output: X

PCMP is based on the assumption that the phase errors
across different packets, i.e., {qbp}f::l, are not comparable.
Equivalently, PCMP performs well even when ¢, — ¢
[-7,m) for p > 1. In practice, the uncertainty in the relative
phase errors can be reduced using an extra training overhead,
e.g., ¢p— 1 € [—m/6,7/6) for p > 1. In such settings with a
reduced uncertainty on the phase error, PCMP is not an ideal
choice as it does not exploit the uncertainty range in sparse
channel recovery. In the next section, we develop EPCMP that
leverages the uncertainty range of the relative phase errors.
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C. Enhanced Partially coherent matching pursuit (EPCMP)

Choose the best beamforming strategy from packet 1 and repeat it
~—

BRP packet 1 L7 =~~~ _ BRPpacket P
d =
[ e’ fur-u_fur-t "7~ _fur
Training Packets: ‘ ‘ ‘ <[ ) L) ‘ ‘ ‘ q D
Measurements: ‘ yl ‘ c e ‘ Vo ‘
Approximated ‘ P ‘ A ‘ ¢ ‘
1 P

Phase errors

Fig. 5: Under the partially coherent measurement model, the
relative phase errors are obtained by comparing the measure-
ments across packets.

EPCMP is based on a frame structure, illustrated in Fig. 5,
that enables coarse estimation of relative phase errors across
packets, i.e., ¢, — ¢1. To facilitate accurate phase error estima-
tion, the RX identifies the beamformer that yields the highest
received power and sends it to the TX. This beamformer is
then repeated in the subsequent packets as in Fig. 5.2 The
phase error estimate, however, is coarse due to the low SNR
prior to channel estimation. In this section, we derive the
uncertainty range on the estimated phase error and develop
EPCMP to leverage this range in sparse recovery.

We explain how to estimate relative phase errors, i.e., ¢, —
¢1, rather than actual phase errors because the absolute phase
error is generally unknown. The relative phase errors with
respect to the first packet are denoted by {61, 02,6s5,...,0p},
where 0, = ¢, — ¢1 for p = 1...,P. Without loss of
generality, suppose the Mth beamformer in the first packet
yielded the highest received power. This beam is repeated as
the Mth beamformer of every packet, as shown in Fig 5. As a
result, the Mth row of all the CS matrices {A,}/_; is same
as Aj(M,:). The Mth measurement from the pth packet can
be used to estimate 6, as

Yp[M] = sxe? + w,[M] = sxe?? el 4w, [M]
= y1[M]e?% + w) [M], )

where y1[M] = sxe’®t + wi[M], s = A,(M,:) for p =
1...,P and w),[M] = wy[M] — wi[M]e?% represents the
new noise term. Let éff denote the relative phase estimate
in packet p, obtained using a duplicated beamformer across
different packets. According to (9), éf’ can be obtained by
solving the optimization problem

657 = argmin ||y, [M] — ey, [M]|*,

and the solution to this optimization problem is éf =
—phase(y, [M]y;[M]). Therefore, by comparing the phase of
the received measurements y,[M] and y;[M], the RX can
estimate the relative phase éf.

Uncertainty range on 95: Due to the noise terms w1 [M]
and wy[M] in (9), the estimated relative phase éff‘ deviates
from the true relative phase 6,. Nevertheless, the uncertainty

%In the current algorithm, we repeat only one beamformer across multiple
packets. While increasing the number of repeated beamformers could enhance
support vector detection, this comes at the expense of reduced independent
beamformers for channel estimation. Studying this tradeoff is a promising
direction for future research.

associated with éff can be analyzed and bounded using

the variances of wi[M] and w,[M]. To this end, we write
Yp[M] = qed% +w,[M] where g = sxe/?1. Then, we express

yp M1y [M] = &7 |q[* + v, [M],
where the noise in y,[M]yj[M] is
vp[M] = qui[M]e’ + wp,[M]g* + wp[Mwi[M].

This noise introduces uncertainty in y,[M]y; [M]. Fortunately,
a bound for E(|v,[M]|) can be obtained as follows:

E(lvp[M]]) < |q[E(lw1[M]])+]q|E(|w,[M]])

+ E (| [M]][un [M]]) (10)
< lalE(jwr [M]])+]g[E (| [M])
B MIPE(u M), (1)

where the step (10) follows the triangle inequality and
the step (11) follows Cauchy—Schwarz inequality. To derive
the expression for the upper bound in (11), we note that
w1 [M], wp[M] ~ CN(0,0?), thus, we have

E(lwi[M]?) = E(jwp[M][*) = o*,
E(jwi [M]]) = E(|wp[M]]) = ov/7/2.

Using these expectations, E(|v,[M]|) can be bounded as

E(lvp[M]]) < (lglovm + %) . (12)

The upper bound in (12) only characterizes the expected
amplitude of disturbance noise. The actual noise is complex
and can have an arbitrary phase. We use £ € [0, 27] to denote
the phase of v,[M]. Then, E (y,[M]y;j[M]) is expressed as

E (yp[M]y;[M]) = e7%%|g|* + E(|up[M]])e,

which can be interpreted as a point lying on an uncertainty
disc in the complex plane, centered at e/ |q|? with radius
E(|vp,[M]]). We define SNR as

p = lal*/E([lwp[M]|I*) = |q|*/o.

Then, E (y,[M]y;[M]) can be interpreted as a point lying on a
disc in the complex plane, centered at 7% p, with a radius less
than (\/ﬁ + 1) o? due to the bound in (12). The uncertainty
range for the relative phase 6, is then

0, € [97;” —tan~! <;) ,éf +tan~! <;)] ,

(vTp+1)c% As SNR
(%) decreases, resulting in a narrower un-
certainty range and a more accurate phase estimate.

Next, we discuss our EPCMP algorithm, which utilizes the
derived uncertainty ranges on the relative phase errors in (13)
to guide sparse recovery. Similar to our discussion on PCMP,
we first begin with the support recovery step in EPCMP.

13)

as illustrated in Fig. 6, where r =

increases, tan~—!
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& 91)

Fig. 6: Geometric interpretation of phase uncertainty: the
phase of E (y,[M]y;[M]) is approximately confined within
a bounded angular region determined by the uncertainty disc
around E (y,[M]y;[M]) in the complex plane.

1) Support Recovery: To motivate our support detection
rule, we first consider an extreme case for which the uncer-
tainty range is 0. This corresponds to perfect compensation
of relative phase errors, thereby making the phase of channel
measurements comparable across all packets. For this extreme
scenario, the support detection rule should coherently fuse
all the measurements upon perfect phase compensation, i.e.,
arg maxy | 25:1 Ax(: k) r,e7%'|. Due to phase error un-
certainty, however, the phase of AJ(:, k) rpe_jef should be
further corrected prior to the summation. As the correction is
unknown, a search is performed over the uncertainty range
to find the phase that best explains the support recovery
hypothesis. Consequently, the support recovery step becomes

P

Z AS(k)rp i e~d0%|

p=1

ke = (14)

arg max
kG[N]\At—h
{9p}5:z€[ap,bp]

where 0; = 0, a, = éff' — tan~! (%), and b, = éf‘ +

tan~? (% where 0 = —phase(y,[M]y; [M]). The support
recovery problem in (14) can be solved using standard opti-
mization solvers like MATLAB’s fmincon function.

2) Joint estimation of sparse signal x and phase errors
{qﬁp}le: After identifying the support indices, the exact
amplitudes of the non-zero elements of the support vector
and their corresponding phase errors remain unknown. We
can again adopt the alternating optimization strategy pre-
sented in the PCMP algorithm. By following the same steps
as described from (7) to (8), we can get the closed-form
expressions for the estimation of the phase errors and the
signal x in the /th iteration of alternating minimization. A
summary of our EPCMP technique is provided in Algorithm 2.
Its computational complexity using fmincon function is
O(PNMKT + PK3M + K*), where T is the computational
complexity of the built-in fmincon function in MATLAB,
and the corresponding runtime is provided in Table I. From
Table 1, we can observe that PCMP achieves low runtime
close to standard OMP, while EPCMP trades computational
complexity for improved performance. From Table 1, we
observe that PCMP achieves a runtime comparable to that of
standard OMP, while EPCMP improves performance at the

cost of increased computational complexity, as demonstrated
by the simulation results in Sec. V.

Algorithm 2 Proposed EPCMP algorithm for sparse recovery

Input: Partially coherent measurements {y;,}.";, CS ma-
trices {A,}) ), sparsity level K

Initilize: I'p70 =Yp; )A(() = ()7 AO = @
1: fort=1,2,..., K do

#Support detection:

2: Compute k; using (14)
3: A=A 1Uk
4: #Signal estimation:
. while %) —x{"P| > cor¢ < Ldo
(1 X L1
6: bt = —LypAp ARy, Y VTp
(1 P . P _ieM Ak
T XE\E = |:Zp=1Ap7AtAp,At:| |:Zp=16 J¢p’tAp,AtyP:|
8: end while o
9: Tpt=¥p— ej%’tAp-,Af,f(At vp
10: end for

11: Output: x

D. Extending PCMP and EPCMP to the case where K is
unknown

In Section III-B and Section III-C, we assumed that the
channel sparsity K is exactly known when deriving PCMP
and EPCMP, an assumption that is commonly adopted in ex-
isting works on sparse signal recovery and channel estimation
(e.g., [39], [40]). In practice, however, K is usually unknown.
Nevertheless, it is reasonable to assume that an upper bound
is available on the number of dominant propagation paths, de-
noted by K, ax. This upper bound K,,x can be chosen based
on channel measurement studies in a deployment setup [41],
[42].

When the channel sparsity K is unknown, we incorporate a
stopping criterion that enables automatic termination of the
for loop in both Algorithms 1 and 2 when the residues
approach the noise floor, i.e.,

P
Z |rp,t|2 <ed*MP,

p=1

5)

where €. € {epcMmp, €eepcmp ) denotes a predefined coeffi-
cient corresponding to the PCMP and EPCMP algorithms,
respectively. By replacing K by K.« in the computational
complexity expressions of Algorithms 1 and 2 in Table I, we
can obtain upper bounds on the computational complexity of
the extended PCMP and EPCMP schemes.

E. Analytical guarantees to recover one support element

In this section, we derive coherence-based guarantees for
the successful identification of one element from the true
support of x using our algorithms. Note that our guarantee
is not for recovering the entire support, but just one support
element. Thus, this guarantee remains the same for PCMP
under known channel sparsity and for the tailored PCMP under
unknown channel sparsity (and similarly for EPCMP and its
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TABLE I: Runtime and computational complexity of different algorithms when SNR = 15dB.

Runtime time (s) Computational complexity
PC-CPR 0.0093 O(MPN)
Sparse-Lift 0.0274 O(KMP3N)
PCMP 0.0053 O(PNMK + PK3M + K%)
EPCMP 1.97 O(PNMKT + PK3M + K?%)
Standard OMP (or OMP with IPC/APC) 0.0011 O(PNMK + PK3M + K*%)
iy
tailored version). For simplicity, we use PCMP and EPCMP as Zp 1 Hp /P < % These results suggest that a

representative algorithms to discuss the theoretical guarantees.

We discuss the guarantee for PCMP in Proposition 1, and
that for EPCMP in Proposition 2. To derive these guarantees,
we consider the channel estimation problem in (3) using
measurements from P packets. We also assume that each
column of A, is normalized, i.e., |A,(:,4)|]2 = 1 for each p.
Our guarantees provide a bound on the strongest coefficient
in x, denoted by |Zmax| = rfle%i{{m" x; € x}, to successfully
identify one support element. This bound is a function of the
mutual coherence of A, defined as [43],

)ALl

the standard deviation o of Gaussian additive noise w, and
the sparsity level K of x.

Hp = I?QX\AZ(:,

Proposition 1. For a constant B > 0, the support element
identified in the first iteration of PCMP is correct with
probability exceeding

1
- ) (16)
(NP)"'2%/2x(1 + B) log(NP)
under the condition
P
(2K — 1)
|Zmax] (1 —~ T;up > 2, (17)

where ¢ = 01/2(1 + 3)log(NP).
Proof. See the Appendix A. O

Proposition 2. For a constant B > 0, the support element
identified in the first iteration of EPCMP is correct with
probability exceeding (16) under the condition

| T max| ll — |tan™" (;)’ (2K Zl‘p] > 2¢, (18)

p=1
where ( = 01/2(1 + () log(NP).
Proof. See the Appendix B.

O

The results in Proposition 1 and Proposition 2 lead to the
following observations.

Remark 1. Support detection is successful under the assump-
tion that the maximum absolute entry of x is “larger” than a
threshold, which scales with the additive noise level as seen
from (17) and (18).

Remark 2. Proposition 1 shows that a sufficient condition
for successful identification of one element of the support
in PCMP’s first iteration is Z;;l pup/P < 1/(2K —1). In
Proposition 2, the corresponding condition for EPCMP is

good choice for the CS matrices in both EPCMP and PCMP is
the one with the lowest average coherence, i.e., Zp,l tp/P.

Remark 3. It is evident that as the SNR in phase estimation

p — oo, the term ‘tan ;)‘ — 0. Thus, (18) simplifies to

P
2K —1
| Zmax] [1 - ( P ) Zﬂp] > 2¢,
p=1

for p — oo, which is of the same form as the condition in

R

(17). In contrast, as p — 0, we deduce ‘tan 55

and (18) becomes

P(l—g) —(2K—1)z§up] > 2.

However, since 1 — g is negative, the left-hand side of (18)
becomes negative, implying the above relation can not be
satisfied. It is important to note that this conclusion does not
imply that EPCMP performs significantly worse than PCMP;
in fact, it only exhibits slightly inferior performance compared
to PCMP (see Fig. 8(a) in Section V). The reason for this
conclusion is that a loose bound was used to derive the
condition in (18), as shown in Appendix B. Nevertheless, we
observe that PCMP is more suitable in the low-SNR regime,
while EPCMP provides better performance at a high-SNR.

|‘Tmax|

Remark 4. Note that our guarantees apply only to one element
identification, not to the entire support. This limitation arises
from residual errors in joint phase recovery and signal esti-
mation. These errors may not be orthogonal to the columns
already selected, which prevents us from applying the induc-
tion argument discussed for the coherent case in [44].

IV. EXTENDING PROPOSED ALGORITHMS FOR
WIDEBAND MMWAVE CHANNEL ESTIMATION

In this section, we extend our narrowband channel estima-
tion algorithms (Algorithms 1 and 2 in Section III) to the
wideband case. The key idea is to transmit perfect autocorre-
lation sequences and perform matched filtering at the receiver.
This operation, analogous to Golay matched-filtering in IEEE
802.11ad/ay, extracts the wideband channel impulse response
as seen through the lens of each beamforming vector. Our
spatial channel estimation algorithms from Section III are then
applied independently to each tap in the impulse response.
Finally, the spatial channel estimates at all the taps are stacked
to obtain the wideband channel estimate.

To explain our wideband extension, we consider an L tap
wideband mmWave MISO channel {h,}/~! with K dominant

Authorized licensed use limited to: TU Delft Library. Downloaded on May 01,2026 at 09:14:29 UTC from IEEE Xplore. Restrictions apply.
© 2026 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2026.3684356

Zeas

]

—=— OMP with APC —»— EPCMP
—e&—OMP with IPC PC-CPR
Standard OMP —+— SparseLift

—e—OMP with IPC

——OMP with APC —»—EPCMP
PC-CPR
Standard OMP —+— SparseLift

—— OMP with APC —— EPCMP
| |—®— OMP with IPC PC-CPR
Standard OMP —— SparseLift
——PCMP

—o—PCMP —¢—PCMP

5 10 4 6
SNR (dB)

()

8

Number of packets P

(b)

4 5
Sparsity level K

(©

10 12 3

—

\

Achievable Rate (bps/Hz)

—— OMP with APC —»—EPCMP
—e— OMP with IPC PC-CPR

Standard OMP =+ SparseLift
——PCMP

—&— OMP with IPC

——PCMP

——OMP with APC —»—EPCMP
PC-CPR
Standard OMP —+— SparselLift

Achievable Rate (bps/Hz)

—— OMP with APC —»—EPCMP

| |—— OMP with IPC PC-CPR
Standard OMP =+ SparselLift

——PCMP

10 4

5
SNR (dB)

(d

6 8
Number of packets

©)

10
P

12 3

4 5
Sparsity level K

®

Fig. 7: Achievable rate comparison of PCMP and EPCMP against existing benchmarks, with N = 256 antennas at the TX
and M = 12 measurements per packet. (a) Achievable rate vs. SNR for P = 8 packets and channel sparsity level K = 4.
(b) Achievable rates vs. number of packets P for SNR = 15 dB and K = 4. (c) Achievable rates vs. sparsity level K for
P =8 and SNR = 15 dB. (d) Achievable rates vs. SNR for P = 8 packets, channel sparsity level K = 4 and upper bound on
channel sparsity level K,,x = 8. () Achievable rates vs. number of packets P for SNR = 15 dB, K =4 and K,,x = 8. (f)
Achievable rates vs. sparsity level K for P =8, SNR = 15 dB and K,.x = 8.

propagation paths such that X' < K. The channel at delay To address this, we append a cyclic prefix and a cyclic suffix

tap ¢ is modeled as

K
hy =) " hga(fy)sinc(( - Br), £=0,1,...,L—1, (19)
k=1

where hy, 7i, and a(f) denote the complex gain, the path
delay, and the transmit array response vector associated with
the kth path. Here, B denotes the system bandwidth. Similarly,
the beamspace representation of the channel vector hy is its
discrete Fourier transform given by x, = Uyhy, and thus,
hg = U?VXZ.

We now discuss the signaling structure that facilitates a
straightforward extension of our narrowband channel estima-
tion algorithms to the wideband case. To this end, we construct
pilot sequences based on Zadoff-Chu (ZC) sequences. Let
s € CI denote the pilot (training) sequence given by

n2
. exp —jﬂ'f , L even,
sln| = (20)
1
exp —j7rn(nL+)> , L odd,

for n =0,1,...,L — 1. Since ZC sequences possess perfect
periodic autocorrelation but lack perfect aperiodic autocorre-
lation, directly transmitting the original ZC pilot sequence s
would result in inter-tap interference due to boundary effects.

to the original pilot sequence, and the new pilot sequence is

d=[s[1],...,s[L—1], 8", s[0],...,s[L—2]]", (1)
where [s[1],...,s[L — 1]] serves as the cyclic prefix and
[s[0], ..., [L—2]] serves as the cyclic suffix. This construction

ensures that, within the matched-filtering window, the periodic
autocorrelation property of the ZC sequence is preserved,
enabling the easy estimation of the L delay taps. The new pilot
sequence d is transmitted over phase-shift configuration f,,, for
m=1,..., M, as illustrated in Fig. 9. Here, the settling time
of phase shifters is assumed to be smaller than L — 1 symbol
durations. The zero padding in the frame structure prevents
inter-frame interference and allows sufficient time to configure
the phase shifters.

For a beamformer f,,,, the received signal indexed by n; €
{0,1,...,3L — 2} in packet p, is given by

L1
Zpmlna] =% Y " £ hdng — €] + wp[ny]

£=0
L—-1

=ei% 3" 5 Ukxedlng — €] + wy[na],
=0

(22)

where d[ny — ¢] is the (n; — {)th pilot signal known at
the receiver, ¢, models the packet-level phase error under
the partially coherent approximation, and w,[n] represents
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Fig. 8: NMSE comparison of PCMP and EPCMP against existing benchmarks, with NV = 256 antennas at the TX and M = 12
measurements per packet. (a) NMSE vs. SNR for P = 8 packets and channel sparsity level K = 4. (b) NMSE vs. number of
packets P for SNR = 15 dB and K = 4. (c¢) NMSE vs. sparsity level K for P = 8 and SNR = 15 dB. (d) NMSE vs. SNR for
P = 8 packets, channel sparsity level K = 4 and upper bound on channel sparsity level K. = 8. (¢) NMSE vs. number of
packets P for SNR = 15 dB, K =4 and K,ax = 8. (f) NMSE vs. sparsity level K for P = 8, SNR = 15 dB and Ky,x = 8.

Beamformer —
Transmitted | d | Zeros (L—1) | d | Zeros (L — 1) | | d |

sequence

Fig. 9: In this frame structure, the TX transmits the sequence
d in (21), which comprises a prefix, ZC sequence, and a
suffix. This sequence is transmitted for each beamformer f,,,.
A guard interval spanning L — 1 taps is used to avoid inter-
frame interference.

additive noise. At the receiver, matched filtering is performed
using hyp[n] = s*[L—1—n]:

Zp.mu] :1/LZzp’m[n1] hyr[u — nq]

niy

:1/LZzp’m[n1] s*[n —u+ L —1]

L—-1
=1/Le% > " £5, UnX¢ Ras o + plu],  (23)
£=0
where Rase = ), dlni —{s*[n; —q] and ¢ = u —

L + 1. We discard the first 2L — 1 samples of z,,,, ie.,

Zp.m 0], Zp.m[1], . .., Zp.m[2L — 2], and retain only the L sam-
ples around the main correlation peak for tap extraction, i.e.,
Zpm[2L —1],..., 2, m[3L — 2]. For these samples, we have

q € {L,2L — 1}. Due to the cyclic construction of d, any
length-L sliding window within the matched-filtering region
corresponds to a circularly shifted version of the original ZC

sequence s, and Rgs ¢ becomes the periodic autocorrelation of
the ZC sequence. Thus, within this zone, the measurement of
interest in packet p corresponding to delay tap ¢ becomes

Ypelm] = Zpm[2L—24m] = £} U x,+0,[2L —2+m),
(24)
for m € {1,...,M}. From (24), we can observe that
the measurements corresponding to different delay taps are
decoupled. Thus, for each packet p, the proposed PCMP
and EPCMP algorithms originally designed for narrowband
channel estimation can be independently applied to the per-
tap measurement vectors y, ¢ for { =0, ..., L—1. The PCMP
and EPCMP algorithms tailored to the wideband scenario
are referred to as extended PCMP and EPCMP algorithms,
respectively, which are summarized in Algorithms 3 and 4.
Since the computational complexity of Algorithms 4 and 4
scales linearly with the number of taps L, by replacing K
by Kax and by multiplying the corresponding narrowband
complexity expressions in Table I for Algorithms 1 and 2 by
L, we obtain upper bounds on the computational complexity
of the extended PCMP and EPCMP schemes. The analytical
guarantees for recovering one support element from x with
PCMP and EPCMP naturally extend to those for x,, under
the perfect autocorrelation sequence-based signaling.

V. SIMULATION RESULTS

In this section, we compare the performance of our algo-
rithms with standard OMP, OMP with instantaneous phase
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Algorithm 3 Extended PCMP algorithm for sparse recovery

Algorithm 4 Extended EPCMP algorithm for sparse recovery

Input: For each tap ¢ = 1,..., L, partially coherent mea-
surements {y,.¢ }5:1 and corresponding sensing matrices

{Ap}
Initilize: r, 0 = ype %00 = 0,Ar0 = 0 for ¢ =
1,...,L
1: for {=1,2,...,L do
2: fort =1,2,..., K. do
#Support detecnon
3: ke + = argmax Zp ARG k) rp -1
kE€[NN\Ag,t—1
4 Aoy =Apy U k(z,t
5: #Signal estimation:
6: while |x{) —%',"| > cor¢<Ldo
_ * o (1-1)
7: d)p 4t _lyp,ZAP;A/ txé Aot Vp
~ (1) P A«
8 NV {szlAp,Ae,tAp»Az,t}
P *J'Cb(l),g CA*
9: X Zp:le v P,Ai,,typ’é
10: end while 0
11 Tpet = Ypu *6J¢P"’Ap A X0 A, VD
12: if |rp,.4]|3 < ea>M P then
13: break
14: end if
15: end for
16: end for

17: Output: x,

compensation (IPC), OMP with averaged phase compensation
(APC), self-calibration-based CS called Sparse-Lift [24], and
PC-CPR [27].

A. Benchmarking Algorithms

1) Sparse-Lift: The idea in Sparse-Lift is to jointly estimate
the calibration errors and the sparse vector by solving for a
high-dimensional lifted matrix, the outer product of the error
vector and the sparse vector. To apply Sparse-Lift, we define
the calibration error vector as p = (/%1 el?2 ... e¥P) and
the sparse vector is x. The measurement vector y in (3) is
then

y = diag(Bp)Ax + w,

where B = Ip ® 1],. The mth entry of y is given by

ylm] = BTTanTém + w[m],

where f); is the mth row of B and a,, is the transpose of
the mth row of A. We define X = pr as the lifted matrix,
which is sparse as x is sparse. Using the identity b'Xa =
(a” ® b)vec(X), we derive

ylm] = (é;rn ® B:n)vec(X) + w[m],

which is a linear measurement of the lifted vector vec(X).
With Sparse-Lift, M P measurements of this form are used
to solve for the sparse matrix X = px'. Then, the singular
value decomposition of the estimate X = UI'V*is computed.
The estimate of the sparse channel, up to a global scaling, is
then X = Vv, where Vv is the conjugate of the singular vector
corresponding to the largest singular value.

Input: For each tap ¢ = 1,..., L, partially coherent mea-
surements {y,.¢ }5:1 and corresponding sensing matrices

{Ap}

Initilize: v, 00 = ypo, %00 = 0,Ar9 = 0 for ¢ =

1,...,L
1: for =1,2,...,L do
2: fort=1,2,..., Kpax do

#Support detection:
3: k¢+ = argmax ‘25:1 A;(:, k)rpei—1 e~ 90
kE[N]\ALt—h
{05, IZ}p 2€lap,e,bp,c]
4 #Signal estimation:
5: while ‘xél% , l 1)‘ >eorl < Ldo
o: ¢p = ZYp eAp A, txé Ag) Vp
t
0
7: XZ,A“ - [Zp 1Ap,Ag ,AP Ae,t]
P _

8: X {Zp J¢P CtA* p, Ay, Y, g}
9: end while 50
10: rp“—ypg—ej P“APAMX@A“VP
11: if ||rp0¢]|3 < €M P then
12: break
13: end if
14: end for
15: end for

16: Output: %X,

2) PC-CPR: The partially coherent CS model in [27] as-
sumes that coherent measurements are acquired using different
radio-frequency chains. Although we consider a single radio
frequency chain, our mathematical model is identical to the
one in [27]. The algorithm in [27] is a two-stage method. In
the first stage, the support set of the sparse vector is found
by taking indices corresponding to the K largest values of z,
where z; = 25:1 |A%(:, k)yp|*/M. Then, the sparse estimate
X is initialized using the eigen-decomposition-based method
in [45]. In the second stage, the algorithm iteratively estimates
the phase errors and the sparse signal using hard thresholding
algorithm.

3) Standard OMP: This algorithm, based on the classical
OMP, assumes perfect phase coherence across all measure-
ments. The algorithm directly uses the phase-perturbed re-
ceived measurements without compensating for phase differ-
ences, thereby suffering from a model mismatch.

4) OMP with IPC: In this approach, we assume that the
instantaneous phase error for each measurement is known a
priori; thus, phase compensation is performed before iden-
tifying the support of the sparse signal. It shows the best
performance that any OMP-based algorithm can achieve in
the absence of any phase error.

5) OMP with APC: In this approach, we assume that
the averaged phase error for each packet is known a priori;
thus, phase compensation is performed before identifying the
support of the sparse signal. This approach suffers from a
model mismatch, but only due to intra-packet phase errors.
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B. Results and Discussion

We consider a uniform linear array of size N = 256 at the
TX. The standard deviation of phase noise, conditioned on
the previous sample, is given as 7 = 27 f.\/cT;, with f. = 60
GHz as the carrier frequency, ¢ = 4.7 x 10719 (rad - Hz) ™"
[15], and T = 128 ns as the time duration of a single mea-
surement in a packet. When computing the variance associated
with the first sample of each packet, we use T, = 44 us.
In our simulations, x is a sparse vector with sparsity level
K = 4 <« N (unless otherwise mentioned), where the non-
zero components are independently drawn from a Gaussian
distribution. We use random circularly shifted ZC sequences
for the beamformers {f,,}*_, [18]. Here, M = 12 spatial
channel measurements are acquired in each packet.

For evaluation, we use the achievable rate and NMSE as
metrics. We analyze how they vary with SNR 101log,, (1/0?),
the number of packets P, and the sparsity level K.
The achievable rate for narrowband scenario is R =
log, (1 + [f2:h[?/0?), where fog; = hegi/||hest||2 is set to a
unit-norm conjugate beamformer. As the algorithms can only
estimate the channel up to a global phase, the NMSE is

NMSE = Efargming|[hes, — h2/E[[B[Z.  25)
For the wideband system, the achievable rate is computed
for the equivalent wideband channel seen after beamform-
ing. In this paper, the frequency-flat analog beamformer is
designed to match the zero-frequency subcarrier as fiiqe =

Zle hy/ HZZL:I flgH , where hy, is the estimated channel
2

vector associated with the /th delay tap. The equivalent
wideband channel seen through this beamformer is then
{f2.,.he}i=,, for which the achievable rate is computed
using water-filling-based power allocation. The NMSE in the
wideband channel estimate is defined as

L
mgn;l [ERY —thE] JE

In Fig. 7, we present a comparison of achievable rate with
previously mentioned benchmark algorithms: Sparse-Lift, PC-
CPR, Standard OMP, OMP with IPC and OMP with APC.
In Figs. 7(a)-7(c), the sparsity level K is known, whereas
in Figs. 7(d)-7(f), the sparsity level K is unknown. We
observe that the standard OMP performs poorly, whether the
sparsity level is known or unknown, due to a model mismatch.
However, it can be observed from Figs. 7(a)-7(c) that when the
instantaneous phase noise is assumed to be perfectly known
(not realistic), the OMP algorithm with IPC performs well
and achieves the highest rate among all other benchmark
algorithms. Our proposed PCMP and EPCMP algorithms
can achieve rates comparable to those of OMP with IPC.
Moreover, regardless of whether the sparsity level is known
or unknown, the achievable rates of the proposed PCMP and
EPCMP algorithms improve as the SNR or the number of
packets P increases (see Figs. 7(a), 7(d), 7(b), and 7(e)). As
the sparsity level K increases, the achievable rates of both
algorithms remain relatively good and stable at high values
(see Figs. 7(c) and 7(f)).

NMSE,=E

L
lehenél . (26)

(=1

In Fig. 8, we present a comparison of NMSE with pre-
viously mentioned benchmark algorithms. Figs. 8(a)-8(c) as-
sume known sparsity level K, while Figs. 8(d)-8(f) assume
unknown sparsity level K. We can observe that the proposed
PCMP and EPCMP algorithms achieve substantially lower
NMSE than PC-CPR, Sparse-Lift, standard OMP, and OMP
with APC, regardless of whether the sparsity level K is known
or unknown. The NMSE of OMP with IPC deteriorates as the
sparsity mismatch between the actual sparsity level and the
algorithm’s sparsity level increases. We can also observe that
the NMSEs of our PCMP and EPCMP algorithms decrease as
the SNR or the number of packets P increases; conversely,
their NMSEs increase as the sparsity level K increases,
regardless of whether K is known or unknown.

It can be observed from Figs. 8(a)-8(c) that EPCMP con-
sistently outperforms PCMP in terms of NMSE and achieves
comparable NMSE performance to the OMP with IPC algo-
rithm (which assumes perfect knowledge of the instantaneous
phase error for each measurement) when the sparsity level
K is known. This performance gain of EPCMP compared to
PCMP is attributed to its improved support recovery accuracy
during the support vector detection step, as illustrated in
Fig. 10, and this performance gain becomes more significant
as SNR increases until both algorithms reach their respective
performance ceilings. Conversely, it can be observed from
Figs. 8(d)-8(f) that when the sparsity level K is unknown,
PCMP outperforms EPCMP in terms of NMSE. This may be
attributed to overfitting to noisy observations during phase
compensation, or to a suboptimal tuning of the predefined
coefficient in the automatic stopping criterion for each pro-
posed algorithm. As shown in Fig. §(f), the NMSE of EPCMP
approaches that of PCMP when the upper bound on the
sparsity level becomes closer to the true sparsity level. This
observation further supports the previous conjecture that the
performance loss may be attributed to suboptimal tuning of
the predefined coefficient in the automatic stopping criterion,
leading to a mismatch between the actual sparsity level K
and the values used by the proposed EPCMP and PCMP
algorithms.

We also notice that the Sparse-Lift algorithm achieves a
relatively high achievable rate but exhibits poor NMSE per-
formance when the channel sparsity is unknown. This is likely
due to the strict rank-one constraint imposed in Sparse-Lift,
i.e., X = px', which may amplify noise and modeling errors
in the lifted domain. Although the dominant channel direction
can still be recovered reasonably well through the singular
value decomposition of X inaccuracies in the reconstructed
coefficients can result in larger estimation errors, thereby
degrading the NMSE performance.

In Fig. 11, we present the NMSE and achievable rate
performance of the estimated wideband channel using the
proposed algorithms and the benchmark algorithms under an
unknown sparsity level K. Here, the predefined coefficients
epomp and egpoyvp for the automatic stopping criterion are
set to epcmp = 0.78 and egpcvp = 0.85, respectively. It
can be observed that the proposed extended PCMP and ex-
tended EPCMP algorithms outperform the benchmark schemes
in terms of both achievable rate and NMSE. Moreover, it
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Fig. 10: Support vector recovery accuracy as a function of
SNR, evaluated for P = 8 packets with M = 12 measure-
ments per packet, and channel sparsity K =4, and N = 256
antennas.

can be observed that the extended PCMP exhibits superior
performance compared to the extended EPCMP, for reasons
similar to those previous conjecture.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we first introduced two greedy algorithms,
called PCMP and EPCMP, for mmWave narrowband channel
estimation under partially coherent phase noise for a known
channel sparsity. Our methods exploited the partially coherent
structure in the phase-perturbed measurements to estimate
sparse channels and phase errors via alternating minimization
with different support-detection strategies. We then relaxed
the assumption of known channel sparsity by considering
an upper bound on sparsity and incorporated an automatic
stopping criterion. Furthermore, we extended our algorithms to
a wideband system by employing perfect autocorrelation train-
ing sequences and matched filtering at the receiver. We also
derived performance guarantees, ensuring that our algorithms
correctly identify at least one element from the true support.
Simulation results demonstrated that our algorithms yield
higher achievable rates and lower NMSE than benchmarks.
Future work can extend our algorithms to handle off-grid
effects and the analysis to full support identification.

APPENDIX A
PROOF OF PROPOSITION 1

We extend the support identification guarantee in [44] to
the partially coherent case. Let A be the true support of the
sparse vector x. Our proof verifies that when (17) holds,

P
*k
max > A
p=1
and PCMP’s detection rule ensures the correct identification

of one support element in its first iteration. To this end, we
show that (27) holds under event D defined as

wy| < c}

P
i)yp| > rzr}zajcz |AZ(G i)y, @D
p=1

(28)

D =< max max \A (:
1<i<N 1<p<P

where ¢ = 0+/2(1+ )log NP controls the success proba-

bility of event D. Since w,, ~ CN(0,c2I), the inner product
A (:,i)wy, follows a complex Gaussmn distribution with mean
0 and variance 02||A,(:,7)||?) = o? as the columns of A,

have unit norm. So, we have A%(:,i)w, ~ CN(0,0?). Con-
sequently, both the real and imaginary parts, (A} (:,i)w))
and (A (:,7)wy,), are independent and identically distributed
as (0, 02/2 As {R(A )wp)}, is jointly Gaussian for
any specific index ¢, we get e

Pr{D}="Pr {nil%XA;(:,i)Wp < C}
> Pr {maxRA s w,)] < ¢ .

where the last step is based on Lemma 1 in [46]. Further, we
derive

Pr{D}>Pr{\§RA* Hw,)| < ¢,
- [R(ARG, N)we)| < C}
>HHPr{ya’e Jwp)|[<CH (29)
I

where Q(z) = (1/v2m) [ e *"/2dz is the Gaussian tail
probability. Here, (29) is based on Theorem 1 in [47] which
applies to jointly Gaussian random variables. Further, using
the Gaussian tail bound Q(z) < ﬁe’zz/ 2 we obtain the
new lower bound given in (16) for Pr{D}:

2 NP 2
Pr{D} > (1 - \Faef2> >1 —NP\/TUef%
¢ m¢

(31)

where (31) follows from the inequality (1 — z)Y > 1 —zN,

valid for any ¢ < 1 and N > 1. In words, the lower

bound obtained in (31) shows the minimum probability of

the occurrence of the event D. Once the event D holds for

p=1,2,..., P, we can simplify the right-hand side of (27)
using (4) and triangle inequality as

fg;%z A5G i)y |
< maxz ’A wp| + maXZZ‘A* k):ck’
A p=1keA
< P+ Kzup |Tmax] » (32)
p=1
where |Zmax| = rne%€(|xl| and p, = mjx|Ap(:,i)TAp(:,j)|
i i#£]

denotes the mutual coherence. The last step follows from (28)
and the definition of yi, and Ty ax.
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Fig. 11: Comparison of extended PCMP and EPCMP against existing benchmarks, with N = 256 antennas at the TX, L = 8
delay taps, M = 12 measurements per packet and upper bound on channel sparsity level Ky,.x = 8. (a) Achievable rates vs.
SNR for P = 8 packets and channel sparsity level K = 4. (b) Achievable rates vs. number of packets P for SNR = 15 dB
and K = 4. (c) NMSE vs. SNR for P = 8 packets and channel sparsity level K = 4. (d) NMSE vs. number of packets P for

SNR =15 dB and K = 4.

Further, to bound the left-hand side of (27) for sparsity level
K > 1, we use (4) and column normalization assumption on
A, and arrive at

|A;(:ai)yp‘

An(i) | DAL k)T + Wy,
keA

x; + Z ej¢PA;(:,i)Ap(:,k)xk—|—A;(:,i)wp

keA\{i}

> || — Z ej%A;(:,i)Ap(:,k)a:k+A;(:7i)wp
keA\{i}

> ol = Y A DAL R)zk] — | A G i)W,
keA\{i}

> |ai| = (K = 1) ptp|Zmax| = ¢,

where the first inequality is due to the inequality |z + y| >

|z| — |y|. So, we can bound the left-hand side of (27) as

P
> max > [ — (K = 1)tp|@max| — ¢]

P
—(K-1) Zﬂp|xma><| - PC.

p=1

(34)

In the first iteration of PCMP, support identification is suc-
cessful when (27) holds. Also, (27) holds if the lower bound in
(34) exceeds the upper bound in (32), which simplifies to (17).

APPENDIX B
PROOF OF PROPOSITION 2

Similar to the proof of Proposition 1, we extend the support
identification guarantee in [44] to EPCMP. Let A be the true
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support of the sparse vector x. We verify that when (18) holds,

max - max AL(:0)ype —3%
€A {0» } —2€[ap,bp] Z ?
P
> max - max AX(:,i)yp,e %], (35)
€A {0,}1_5Clap by) p; o7

with #; = 0, EPCMP’s detection rule ensures correct iden-
tification of one support element in its first iteration. The
inequality in (35) can be rewritten as

P
9 i 9 k3
max };AP,( i)ype 7" >11n£i( ZA Dype 70|,
(36)
where we define
P

0,; = argmax ZA;(:,i)ype_jep ,

{‘gp}f::ze[ambp] p=1

which can be interpreted as the phase error estimate under the
assumption that z[i] # 0. Note that if the actual value of the
phase error 0, is known in (35), we have
e*jepyp — ej(¢p79p)ApX + efjepwp — ej¢1 APX + W;,
where w;) =e IO w,, and the phase alignment across packets
is perfect. However, in practice, only the estimate, i.e., 0, ;, of
the true phase ¢, is available for each index 7. Thus, we define
A, i = 0,; — 0, to capture the phase offset due to imperfect
estimation of #,. We then have for a given index ¢,
e*jep,iyp = efj(epJFAp-,i) (€j¢pApX + Wp)
= ej(¢p_9p_Ap,i)Apx + e_j(‘gfﬁ‘Ap,i)w

= ej(‘bl*AP’i)Apx + e*jéw'wp. 37)
From (37) and the definitions of Tmax and g, in (32), we

simplify the right-hand side of (35) as

P
* (0, —50,.;
max E AL (:d)ype
igEA
p=1
P ~
*(. s —30p,i
< max E AZ(:, i) wype™
igA 1
=

+ max el Z e IBpi Z HpTl

keA
P
<maxZ|A* wp‘+K|xmaX\ Ze ]Awup
1
R p=
< P+ Kmax] D 1), (38)
p=1

under event D defined in (28).

For a sparsity level K > 1, using (37) and column
normalization assumption on A, we can bound the left-hand
side of (35) using the following bound,

ZA
ZA*

ype Jep i

)63(¢1 pi)x

Z Z eI OrBei) Th AL (D) wpe 30,

p=1keA\{:i}

P P
DI R S D
p=1 p=1keA\{i}

Z A* Wp@ ]Gp i

P

> |ay| Y eI A

p=1

P
—(K=1) |Zmax| Z byl = PG,
p=1
under event D. Further, we bound the first term in the above
inequality as

P P
St 2 P - 3 et
p=1 p=1

P
zP—ZAm|2P[1—

p=1

- (3)]
()]
o (3]

P
— (K = 1) [#max| Z |ptp| — PC.

p=1

because as discussed in (13),

_ r
A@p S |:_ tan 1 (p)

So, under event D, we have

)

max

P
i€EA ZA;)(:J)Ypeijep’i Z|xmax|P|:1_

p=1

In the first iteration of EPCMP, support identification is
successful when (36) holds. We observe that it holds if the
above lower bound exceeds the upper bound in (38), i.e.,

P
|Amam|) |xmaX‘_2PC - (2K —1) Zﬂp |xmaX| >0,
p=1

P-

(39)
which reduces to the condition in (18). Thus, the proof is

complete.
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