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A Theoretical Approach Based on Electromagnetic
Scattering for Analysing Dielectric Shimming in

High-Field MRI

Wyger M. Brink," Rob F. Remis,? and Andrew G. Webb'*

Purpose: In this study, we analyzed dielectric shimming by
formulating it as an electromagnetic scattering problem using
integral equations.

Methods: Three-dimensional simulations of the radiofrequency
field in two configurations using different materials were ana-
lyzed in terms of induced currents and secondary fields. A
two-dimensional integral equation method with different back-
grounds was used to identify the underlying physical mecha-
nisms. This framework was then used to develop an inversion
method for the design of dielectric pads.

Results: The effects of a dielectric pad can be attributed to
the interference of a secondary field that is produced by the
currents induced in the dielectric pad, radiating in an inhomo-
geneous background. The integral equation method with inho-
mogeneous background reduces the complexity of the
forward and inverse problem significantly and can be used to
optimize the permittivity distribution for a desired B] field.
Agreement with experimental B maps was obtained in a
cylindrical phantom, demonstrating the validity of the method.
Conclusions: The integral equation method with inhomogene-
ous background yields an efficient numerical framework for
the analysis and inverse design of dielectric shimming materi-
als. Magn Reson Med 000:000-000, 2015. © 2015 Wiley
Periodicals, Inc.
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INTRODUCTION

The use of high permittivity (e, > 100) dielectric materi-
als has been shown to be an effective method for
addressing transmit (Bf) inhomogeneities in various
applications of high-field MRI, such as body imaging at
3T (1-5) and neuroimaging at 7T (6—9). The term “high-
field” here denotes that the dimensions of the body part
being imaged are comparable to the radiofrequency (RF)
wavelength. The resulting standing wave patterns in the
subject decrease the B uniformity, leading to spatially
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variant contrast, or image shading, and a decreased diag-
nostic value. These patterns can be altered significantly
by introducing dielectric materials between the RF coil
and the subject, a technique sometimes referred to as
“dielectric shimming.” Various beneficial effects of this
approach have been evaluated in the literature, including
an improved B homogeneity, reduced specific absorp-
tion rate (SAR), and increased receive sensitivity (1-11).

Despite significant efforts to characterize and explain
the mechanisms underlying these improvements, the
existing literature remains limited to intuitive formula-
tions that can at most guide the operator during judi-
cious placement of a dielectric pad. The most general
zero-order formulation is that induced currents are pro-
duced in the dielectric material, which act as secondary
RF sources, effectively superimposing a secondary RF
field on the primary RF field produced without dielectric
material (1,3,10,12). This reasoning stems from the time-
harmonic form of Ampeére’s law, given by

VXB:““(Ii_‘_Is)v [1]

where B is the magnetic flux density, p =~ p, is the per-
meability of tissue, and J; and J, represent the induced
(passive) and source (active) current densities, respec-
tively. The induced current density, which reflects the
presence of a dielectric pad, is given by

Ii = (0' +j(1)808r)E7 [2]

where o represents electrical conductivity, j is the imagi-
nary unit, o represents the angular frequency, & and &,
represent the permittivity of free space and relative per-
mittivity of the dielectric pad, respectively, and E repre-
sents the electric field strength. This interpretation has
supported some empirical observations such as a dielec-
tric pad generally leading to a local increase in B,
which means that the material is best used as close to
the region of interest (ROI) as possible, and that higher
permittivity materials should be considered at lower
fields (2—4,10). Based on such a zero-order formulation,
a higher ¢ should always be desirable. However, previ-
ous studies have shown that this is not the case, and
areas of very low transmit efficiency can result from
using very high permittivity materials (8). The underly-
ing reason for this discrepancy is related to electrical
interactions, such as wavelength effects within the pad
and body, which are not taken into account in a zero-
order formulation. Moreover, because the equation is in
a differential form, it can at most relate to local quanti-
ties (i.e., at the interface of the high permittivity material



and the body). The description therefore remains limited
in terms of providing a quantitative prediction of the Bf
field within the body. The necessity of a more elaborate
understanding of the underlying mechanisms is further
emphasized by the continuous increase in high permittiv-
ity materials available, some with & >1000 (13), which
produce very strong effects that are likely to exceed the
mechanisms described by the zero-order formulation. A
better understanding of the underlying mechanisms is
therefore required to manage these effects.

Optimizing the design of dielectric pads in terms of
their geometry, composition, and placement remains a
nontrivial task, because a closed-form solution of their
effect has not been demonstrated. The most pragmatic
approach so far has been to set up a series of electromag-
netic simulations using commercial software for a lim-
ited set of configurations, from which the optimal
solution is determined a posteriori based on a suitable
performance measure (2,3,8,9,14). This procedure can
lead to long computation times, especially when multi-
ple degrees of freedom (e.g., dimensions, position, mate-
rial properties, etc) need to be addressed simultaneously,
leading to a large set of configurations that need to be
evaluated. In some cases, subject specificity may further
increase the complexity of the design problem (9). Some
analytical formulations have been proposed that speed
up field computation and can be used to analyze funda-
mental limits (15-20), but they fail to capture these prac-
tical design considerations because they do not
incorporate a realistic body model. Accurate and effi-
cient modeling methods are therefore highly desirable to
improve the design procedure.

There is a vast literature on numerical techniques for
the computation of electromagnetic fields in inhomoge-
neous dielectrics such as the human body. Local meth-
ods based on the partial differential form of Maxwell’s
equations, such as the finite-difference time-domain
(FDTD) method, are known for their generality and ver-
satility in many application areas. On the other hand,
global methods that start from Maxwell’s equations in
integro-differential form, such as the integral equation
method, offer great flexibility in exploiting certain prob-
lem properties by customization of the method (e.g., by
reducing the problem to the relevant domain or by incor-
porating suitable approximations and a priori informa-
tion). Furthermore, inverse scattering methods from
remote sensing based on this formulation may provide a
framework for developing a numerical method that can
optimize the design of dielectric pads (21-23). Prelimi-
nary work based on the integral equation method has
been described for modeling the effect of a dielectric
pad, by formulating this as an electromagnetic scattering
problem in which the body model is used as a back-
ground model (24). Some approaches in inverse scatter-
ing incorporate a priori knowledge such as a background
model to formulate an initial estimate of the pertaining
fields, while performing subsequent iterations using the
free space Green’s function. The background model can
also be embedded into the Green’s function, thereby
directly accounting for its electromagnetic interactions at
the cost of a more involved numerical procedure for
evaluating the Green’s function, since a closed-form
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solution is not available in case of an inhomogeneous
background. Moreover, due to the loss of shift invari-
ance, the operator can no longer be evaluated using the
fast Fourier transform, which may reduce the speed of
the algorithm. This step, however, reduces the computa-
tional domain (i.e., in which the unknown induced cur-
rents need to be resolved) to that of the dielectric pad by
definition, which reduces the problem complexity.

The first goal of the current study was to explore the
physical mechanisms underlying dielectric shimming in
terms of secondary fields and displacement currents
when using two different high permittivity materials at
7T. These studies were performed using conventional
three-dimensional (3D) electromagnetic simulation soft-
ware. The second goal was to study the relevance of
electrical interactions within the pad and within the
body by comparing the zero-order approximation with
full-wave results using the integral equation method in a
two-dimensional (2D) configuration. Finally, this frame-
work was used to develop an optimization method for
the design of dielectric pads by solving the correspond-
ing inverse problem. The particular illustrative applica-
tion is neuroimaging at 7T, but the approach is
applicable to all field strengths and configurations.

THEORY

The starting point for the integral equation method is to
decompose the relevant components of the total field
{E,Bf} into a primary field {E*, B} and a secondary
field {E*°, B{**°}, as follows:

E(r) = E°(r) + E*(r) (3]
B (r) = B{"(r) + B{*“(r). [4]

Here, r = (x,y,z) denotes the position vector. This
decomposition is schematically illustrated in Figure 1.
The primary field is the field produced in the background
configuration, which consists of a body model and possi-
bly also a coil model, without any dielectric pads in
place. The secondary field represents the field generated
in the background configuration by the currents induced
within the dielectric pad. We denote the spatial domain
that encompasses the dielectric pad by D,. Using integral
equations, one can then write the total electric field E as

E(r) = E’(r) + /Eb(r,r’)xe(r’)E(r')dv, [5]

r'eD,

where G" denotes the Green’s tensor relating the electric
current to electric field in the background configuration
and x,(r) = (&(r) — €2(r))/e?(r) denotes the electric sus-
ceptibility of the total configuration, characterized by
&(r), with respect to the inhomogeneous background
configuration, characterized by £2(r). The Green’s tensor

G" represents the electric field radiated in the background
configuration by an electric point source located in the
pad domain Dy, which can be evaluated numerically as
an off-line procedure. It should be noted that Equation [5]
needs to be treated as an integral equation, which after
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FIG. 1. Decomposition of a dielectric shimming configuration. The total field {E, Bi} (left) is decomposed into a primary field produced

in the background configuration {Eb,Bf‘b} (without pad; center) and a secondary field {E®°,B{**°} (right) produced by the currents

induced in the dielectric pad radiating in the background configuration. This splits the full problem into a stationary part, which can be
evaluated off-line, and a reduced problem confined to the dielectric pad domain Dp.

discretization can be written as a system of linear equa-
tions and solved using iterative numerical methods.
Obtaining a solution to Equation [5] for a given EP and ¥,
is commonly referred to as the “forward problem.”

Once the electrical interactions within the dielectric
pad are solved for, the total B field follows from the
integral expression

Bf(r) :Bf‘b(r)+ / i”’(r,r/))(e(r’)E(r’)dV7 [6]

r'eDy

in which G denotes the Green’s tensor relating the
electric current to the B field in the background config-
uration. This means that propagation of B)*° in the

background configuration is accounted for via G™°. We
note that, once the total electric field E is known, Equa-
tion [6] can be directly evaluated with the minor compu-
tational cost of evaluating the associated matrix-vector
product.

Zero-Order Approximation

Approaches to solving Equation [5], and subsequently
Equation [6], include the Neumann series expansion and
the Born approximation (25). Previous studies have indi-
cated that these methods can model moderate field per-
turbations but diverge for higher permittivities (24). In
this study, we evaluated a modification of the Born
approximation by neglecting the electrical interactions
within the pad domain, which corresponds to the zero-
order approximation as discussed in the Introduction.
This amounts to setting E ~ E® in Equation [6] as follows:

B (r) ~ B (r) + /Eﬁb&,r')xe(r’)Eb(r')dv [7]

r'eD,

which is only strictly valid in the limit x, — 0 but allows
us to set apart the role of electrical interactions within
the pad. We can also neglect the propagation in the back-
ground model by using the Green’s tensor of free space,
denoted by G, for which an expression can be obtained

using closed form analytical solutions (26). This is then
written as

B (r) ~ B (1) + /53(F7P/)Xe(r')Eb(F/)dV- 8]

r'eD,

Inverse Problem Framework

In contrast to the forward problem in which a solution to
the field is sought for a given pad, the inverse problem
is posed in the opposite direction; for a given field, a
solution is sought in terms of the dielectric pad. The
method is formulated by minimizing a cost function that
measures the difference between a desired B] field and
the actual B field, which is referred to as the “target
field error,” by iteratively updating the permittivity dis-
tribution in the pad domain D,. This cost function F is
formulated as

F =B} = By I3, [9]
where Dror denotes the ROI (i.e., the spatial domain for
which the target field is specified) and Bj depends on
the product of x, and E as given by Equation [6]. For
fixed values of the electric field E, this function is mini-
mized by updating the permittivity distribution via x,.
The electric field, however, changes in tandem with
updated values of x, as shown in Equation [5], which
means that its values need to be updated as well. The
expressions involved in updating x, are given in the
Appendix.

METHODS
3D Bj; Characterization Using FDTD

3D field simulations of a 7T neuroimaging setup were
performed using a commercial software package (xFDTD
7.2, Remcom Inc., State College, Pennsylvania, USA).
The transmit coil was modeled as a 16-rung high-pass
birdcage (inner diameter 30 cm; rung length 18 cm) with
unit voltage sources with an impedance of 50 (,



sinusoidal excitation at 300 MHz, and a 2w phase evolu-
tion along its circumference to simulate quadrature exci-
tation in its homogeneous mode. The male body model
“Duke” from the Virtual Family dataset was used (27).

A single dielectric pad was introduced on the left side of
the head model with dielectric properties of either a cal-
cium titanate (CaTiOj) or a barium titanate (BaTiO;) sus-
pension. These suspensions have relative permittivity
values of 110 and 286 and conductivity values of 0.11 S/m
and 0.44 S/m, respectively, and have been used in previ-
ous neuroimaging studies at 7T (6—8,11). The dimensions
of the pad were 18 x 18 cm with a thickness of 8 mm. All
simulations were performed on a 4-mm isotropic grid.

2D Electromagnetic Modeling Using the Integral
Equation Method

The integral equation method was implemented for a 2D
TM-polarized configuration (electric field vector parallel
to the invariance direction) of the neuroimaging setup
with dielectric pad. A 2D approach was chosen to reduce
the bookkeeping and computational complexity. This
leads to an approximation of the fields that is reasonable
in the central transverse plane of the coil (28), which is
where the effects were analyzed. The inhomogeneous
body model was incorporated into the background (here-
inafter referred to as the “inhomogeneous background”) as
opposed to using a free space background. Interactions
between the pad and the RF coil are assumed to be negli-
gible (as described in more detail in the Discussion). The
primary field (i.e., the field that is present in the back-
ground configuration without any pads in place) was gen-
erated by simulating a 30-cm-diameter circular array of 16
electric current line-sources, driven at a frequency of 300
MHz with a 2w phase evolution along its circumference,
surrounding the transverse cross-section of the “Duke”
head model (27). The Green’s tensors were constructed by
computing the field response of the inhomogeneous back-
ground for all source locations within the pad domain.
All computations using the 2D method were performed
on a 4-mm isotropic grid using the iterative conjugate gra-
dient method (26). All customized software code was
developed in MATLAB 8.0 (MathWorks, Natick, Massa-
chusetts, USA) and run on a desktop computer: computa-
tions took less than 30 s, including all off-line procedures.

To illustrate the relevance of body propagation effects,
the zero-order approximation was evaluated in the 2D
configuration using either the Green’s tensor of free
space (Eq. [8]) or the Green’s tensor of the inhomogene-
ous background (Eq. [7]) which accounts for the interac-
tions with the body. In both cases, values for the electric
field were taken from the primary field. As mentioned in
the theory section, the zero-order approximation neglects
electrical interactions within the dielectric pad; the rele-
vance of these interactions is illustrated by comparison
with full-wave results (Eq. [6]).

Development of a 2D Inverse Design Method

The full-wave 2D integral equation method with inhomo-
geneous background was used to develop an inversion
method in which the algorithm optimizes the design of a
dielectric pad by iteratively updating the permittivity
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within the pad domain through the real part of x, via
minimization of the target field error. Mathematical
details on the update procedure are outlined in the
Appendix. To avoid spurious results, we applied a posi-
tivity constraint by enforcing negative values of x, to
zero after each update.

As a proof-of-concept, we evaluated the inversion
method both with the free-space as well as the inhomo-
geneous background for a synthetic target field dataset.
The target field was generated by simulating the 2D con-
figuration with a lossless barium titanate pad of homoge-
neous permittivity (g, =286). The resulting Bf data in
the body was then provided to the algorithm as a target
field in complex form (i.e., magnitude and phase). The
pad geometry was assumed to be known in advance, and
the reconstructed permittivity was allowed to vary
within this domain. The accuracy of the reconstruction
result was evaluated by measuring the global error in the
reconstructed permittivity as follows:

_ true
Je — £,

ERR: = e,
,)

[10]

Experimental validation of the 2D inverse design
method was performed in a cylindrical phantom. The
phantom was 12 cm in diameter and 24 cm in length
and had a measured relative permittivity of 78 and elec-
trical conductivity of 0.9 S/m. The inversion method
was set up to aim for a uniform B magnitude of 1 pT,
which is equal to the peak magnitude of the primary B}
field, within a manually drawn ROI The algorithm was
adapted to handle the target Bf field in magnitude form
by transferring the Bf phase of the previous iteration to
the target field, which is a common procedure in RF
shimming and RF pulse design (29). Furthermore, the
pad domain was defined as a layer of 6-mm thickness
surrounding the phantom, in which the permittivity was
allowed to vary. Because an inhomogeneous permittivity
distribution is currently challenging to implement, a
simplified version of the resulting profile was imple-
mented using a homogeneous barium titanate suspension
(e, =286) to form a rectangular pad with a length equal
to that of the phantom. The required width and position
were determined by measuring the extent across which
the optimized permittivity distribution was higher than a
relative permittivity of 200. Although this approach is
somewhat ad hoc, it allows for comparing simulated and
experimental data. B maps were acquired using the
dual refocused echo acquisition mode sequence (30).
The spatial resolution was 2.5 x 2.5 x 5.0 mm®, the Bf
encoding tip angle 50° and the imaging tip angle 10°.

RESULTS
3D B; Characterization

Figure 2 shows the simulated (xFDTD) B; field distribu-
tions in a transverse cross-section through the head. The
calcium titanate pad gives rise to a uniform increase of
the Bf in the vicinity of the pad, which is consistent
with the zero-order formulation. On the other hand, the
barium titanate pad, which has a much higher
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FIG. 2. Effect of two different dielectric
pads on the B;" field. Shown are the
3D simulated transverse cross-sections
of the total B1" field (top) and the sec-
ondary B4" field in magnitude (middle)
and relative phase (bottom). The cal-
cium titanate (CaTiOs) pad induces a
uniform increase of the B;{" close to
the pad. Moving to barium titanate
(BaTiOg) introduces a strong anterior/
posterior asymmetry in the total B’
field (arrows), which is related to both
the magnitude as well as the relative
phase of the secondary B;" field. The
dielectric pads are shown in white.

permittivity, leads to a much stronger but also asymmet-
ric Bf distribution in the anterior/posterior direction.
This behavior clearly does not follow the zero-order for-
mulation, which would suggest constructive B; elevation
along the entire extent of the pad. From the magnitude
of the secondary field, which is obtained as a complex
subtraction of the primary B field (without pad) from
the total Bf field with the dielectric pad, it can be seen
that the calcium titanate pad introduces an evenly dis-
tributed secondary field. In addition, the phase differ-
ence with respect to the primary Bf field is relatively
small (<70°) and, more importantly, rather uniform along
the extent of the dielectric. This explains the uniform
Bf elevation in the vicinity of the pad. In contrast, the
barium titanate pad introduces a secondary B; field that
is asymmetric in magnitude but also features an asym-
metric and larger phase difference with respect to the
primary B] field, reaching almost 160° on the posterior
side of the brain. Both terms account for the resulting
anterior/posterior asymmetry observed in the total B
field distribution, with constructive interference on the
anterior side and destructive interference at the posterior
side.

Figure 3 illustrates the magnitude of the induced cur-
rent density J; in the transverse plane for the three con-
figurations. As can be seen, the induced current density
in the barium titanate pad is much stronger than in the
calcium titanate pad. Furthermore, the calcium titanate
pad supports a rather uniform current density, whereas
the induced current density in the barium titanate pad is
highly nonuniform. The asymmetric Bj induced by the

+sec
B

CaTio,

BaTiO,
1.0 uT

0.8

Ad

barium titanate pad also corresponds to the asymmetric
induced current density with a strong intensity in the
anterior part of the pad.

2D Electromagnetic Analysis Using the Integral Equation
Method

The 2D simulation results using the integral equation
method are shown in Figure 4, showing the secondary
B; field for different levels of model complexity. The
zero-order approximation, which does not account for
electrical interactions within the pad, is shown both for
the Green’s tensor of free-space (Eq. [8]) as well as the
Green’s tensor of the inhomogeneous background, which
accounts for the body model (Eg. [7]). Clearly, using the
Green’s tensor of free-space does not yield an accurate
representation of the physical case but shows that the
spatial structure of the secondary field is governed by
the background model, with an increased magnitude
close to the pad, and a decreased magnitude at further
distance. This is evident since the body is close to the
pad, and presents a substantial load to the secondary
field. Finally, the full-wave solution (Eq. [6]) shows the
relevance of electrical interactions within the dielectric
pad. In the calcium titanate pad, the zero-order approxi-
mation with inhomogeneous background was relatively
accurate with deviations in the order of ~10% in the
corresponding total B field (data not shown). In the bar-
ium titanate pad, however, the accuracy was insufficient
and only the full-wave method captured the asymmetric
magnitude profile as also shown in Figure 2. The added
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CaTiO, BaTiO,

benefit of using the inhomogeneous background in this
case was observed in the convergence rate of the solver,
which was improved approximately fivefold compared
with the conventional 2D full-wave method based on a
free-space background.

2D Inverse Design Method

Figure 5 shows the proof-of-concept inversion results
using either the free space or the inhomogeneous back-
ground model. When using the free space background,
the inversion method converged to the target field albeit
with substantial errors in the reconstructed permittivity,
which is reflected in a global permittivity error (Eq. [10])
of ERR, =12.5%. The accuracy of the reconstructed per-
mittivity is much improved in the method based on the
inhomogeneous background, with a global error of
ERR; =3.9%. The convergence of both inversion methods
(Eg. [9]) is shown in Figure 6, which also reflects a much
improved convergence rate of the latter method.

Figure 7 shows the inverse design results, in which the
inversion method with inhomogeneous background was
used together with the phase-updating scheme. The target
field was defined as a uniform B magnitude of 1 pT
within a manually drawn ROI and the pad domain was
defined as a continuous layer around the cylindrical phan-
tom. Convergence was obtained within five iterations. The
optimized dielectric was implemented as a homogeneous
pad as shown in Figure 8. The results indicate that the B}

Zero Order
Free Space

Zero Order
Inhomogeneous

CaTio,

BaTiO,

. . g
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i1

FIG. 3. Magnitude of the induced current
density J; in the transverse plane, eval-
uated in the 3D configuration. The calcium
titanate (CaTiOs) pad supports a rather
uniform induced current density, while the
induced current density in the barium tita-
nate (BaTiO3) pad features a strong ante-
rior/posterior asymmetry.

field can be tailored to an arbitrary ROI using the inver-
sion method. Qualitative agreement with experimental B;
maps demonstrates the validity of the method.

DISCUSSION

In this study, the effects of high permittivity materials
on the RF field were analyzed using concepts from elec-
tromagnetic scattering. Whereas a calcium titanate pad
gave a consistent elevation of the Bf in its vicinity, a
barium titanate pad with higher permittivity led to areas
of high as well as low Bf close to the pad. This effect
can be attributed to the interference of a secondary mag-
netic field that is produced in the body by the currents
induced in the dielectric pad, as embodied in the inte-
gral equation method with an inhomogeneous back-
ground. A full-wave model based on this formulation
provides an efficient method for modeling these effects
and improves the convergence of the inversion method
substantially. This framework provides a promising start-
ing point for tailored design of dielectric pads.

The scattering formalism applied here to dielectric
shimming provides fundamental insight into the physi-
cal interactions that take place when a dielectric pad is
inserted. Equation [6] states that a dielectric pad can be
seen as a collection of equivalent currents, which radiate
a secondary field into the background configuration. The
expression indicates that, for a given electric field, the

Full Wave
Inhomogeneous

+,sec
B

1.0 uT
FIG. 4. Approximations of the second-
ary B;" field evaluated in the 2D con-
figuration using the integral equation
method. The zero-order approximation
using either the free space (Eq. 8) or
inhomogeneous background model (Eqg.
7) shows the necessity of including
body propagation effects. The full-wave
method (Eq. 6) illustrates the relevance
of electrical interactions within the pad,
which become significant as the per-
mittivity of the pad increases.

10.8
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ERR, = 12.5% ERR, = 3.9%

FIG. 5. Proof-of-concept reconstruction results of the inversion method based on the free space or inhomogeneous background. The
agreement between the reconstructed and true permittivity is much improved by using the inhomogeneous background, reducing the
global permittivity error (Eq. 10) from ERR, =12.5% down to ERR, =3.9%.

magnitude of the secondary B; field is related to both
the permittivity as well as the volume of the pad. This
relationship has been exploited previously to reduce the
thickness of the dielectric pad by using materials with a
higher permittivity (2,8) or by tailoring the geometry of
the pad for a given permittivity (3,9). However, a quanti-
tative description of the effects cannot be based solely

10°

107"
F 1072}

Sl
10 "t . Free Space
........ Inhomogeneous
107 ' ' '
0 50 100 150 200

Iteration number

FIG. 6. Convergence of the target field error in the proof-of-
concept inversion experiment. By using the inhomogeneous back-
ground model, the inversion method requires many fewer itera-
tions and reaches a lower target field error (Eq. 9).

on Equation [6] and requires the electric field to be solved
based on Equation [5]. This is further illustrated using the
zero-order approximation, which was shown to be reason-
ably accurate for low levels of electrical interactions, such
as with the calcium titanate pad, but does not account for
potential wavelength effects within the pad, as was the
case in the higher permittivity pad made of barium tita-
nate. Only the full-wave method could model such effects
accurately. This dependence can also be related to the
dimensions of the pad with respect to the RF wavelength
in the high permittivity material: in the calcium titanate
pad, this is about 9.5 cm, whereas for the barium titanate
pad it is 5.8 cm. In other words, a calcium titanate pad
would also exhibit similar wavelength effects if a much
larger pad size were to be considered.

The full-wave method based on the integral equations
with inhomogeneous background simplifies the forward
problem of computing the fields substantially, since the
problem is reduced to resolving only the unknown elec-
trical interactions within the dielectric pad itself, by
accounting for all other interactions in an off-line stage.
This was found to improve the convergence rate approxi-
mately fivefold in the 2D method and is expected to pro-
vide even greater improvements in a 3D method, since
the relative size of the pad domain is then even smaller.
An additional benefit of the approach is that the electric
field strength within the heterogeneous body model is
available at no additional computational cost. This
improves the relevance of the method when compared
with analytical methods, which do not allow for realistic
evaluation of local SAR because they do not support a
heterogeneous body model (31).
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FIG. 7. Experimental validation of the 2D Inverse design method in a cylindrical phantom. The method aims at obtaining a uniform B4*
magnitude of 1 wT within a manually drawn ROI (dashed line), by optimizing the permittivity distribution within a continuous layer sur-
rounding the phantom. The optimized permittivity distribution was implemented as a homogeneous pad using barium titanate (¢, = 286),
its dimensions were obtained by truncating the optimized profile at & =200. Agreement with experimental B;* maps demonstrates the

validity of the method.

In addition to reducing the complexity of the forward
problem, introducing the inhomogeneous background also
reduces the ill-posedness of the associated inverse prob-
lem and provides additional insight into the nature of this
optimization problem. Equation [6] indicates that design-
ing dielectric pads can be thought of as designing an
induced current density within the pad domain such that
a desired secondary Bj field is generated. These induced
currents, however, are the result of passive electrical
interactions within the pad and within the inhomogene-
ous background, which need to satisfy Maxwell’s equa-
tions through Equation [5]. The proposed method reduces
the complexity of both steps significantly, since the field
decomposition (e.g., Egs. [4] and [6]) provides a direct
relationship between the secondary B field in the body
and the induced currents in the pad domain. Further-
more, because updates of the induced current density are
explicitly limited to the pad domain, the effective number
of unknowns associated with the inverse problem is
reduced significantly, thereby reducing its ill-posedness.
The framework also indicates that the optimization prob-
lem is nonlinear in the sense that the electric field E and
susceptibility x, are both unknown and occur as a prod-
uct in Equation [6]. This nonlinearity is illustrated in Fig-
ure 5, where both algorithms converge to the target field
even though not fully reconstructing the actual permittiv-
ity, reflecting the presence of local minima in the solution
space. It is interesting to note that this property is funda-
mentally different from RF shimming using multiple inde-
pendent sources (i.e., a transmit array), because in that
case superposition can be applied, representing in princi-
ple a linear optimization problem.

In the current implementation of the proposed integral
equation method, interactions between the dielectric pad
and the RF coil have been neglected (i.e., the inhomoge-

neous background did not include the RF coil). This
means that the Green’s tensor only accounts for interac-
tions between the dielectric pad and the body, which is
reasonable when the body dominates these coupling
effects, for instance in volume coils where the dielectric
pad is close to the body and relatively small with respect
to the size of the RF coil. This simplification could, how-
ever, pose limitations when the size or permittivity of
the dielectric pad increases, or when it is positioned
closer to the coils’ conductors (14,17). In such a case,
coupling between the dielectric pad and the coil may
become significant, which means that the coil would
need to be included in the background model in order to
account for these effects. We note that in a practical set-
ting, the coil would also be retuned, which effectively
compensates for some of these interactions. Other limita-
tions include the 2D approximation of the RF field. This
approximation works well for longitudinal configura-
tions, as shown in Figure 7, but loses accuracy when
considering for instance a dielectric pad with an axial
extent that is short with respect to the RF coil. The
method, however, can potentially be extended to 3D con-
figurations in a similar manner, although requiring sig-
nificant development due to the vectorial nature of the
related integral equation (26). Furthermore, in the inver-
sion method, the permittivity was allowed to vary within
the pad domain, which increases the degrees of freedom
and flexibility of the algorithm but results in an inhomo-
geneous permittivity distribution that is more difficult to
implement. In the current study, the optimized permit-
tivity distribution was implemented by constructing a
homogeneous pad instead; its geometry and position
were set to match the area in which the optimized rela-
tive permittivity was 200 or higher. This is a very simple
approach that is sufficient for the purpose of
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FIG. 8. Experimental setup used to evaluate the 2D inversion
method. The dielectric pad (shown in Fig. 7) is positioned on top
of the cylindrical phantom.

experimental validation, but the procedure can also be
integrated in the algorithm by incorporating appropriate
constraints on the permittivity (32,33).

Finally, we note that the proposed framework is appli-
cable to all field strengths and all dielectric shimming
configurations. The method allows for incorporating a
realistic body model and can account for dielectric pads
of arbitrary shape and composition. This paves the way
for exploiting the possibilities of dielectric shimming for
addressing B; inhomogeneity in high field MRL

APPENDIX A: UPDATING THE ELECTRIC
SUSCEPTIBILITY x,

The update process of x, aims to iteratively minimize
the target field error, which is measured through the cost
function as given by Equation [9], repeated here for
convenience:

Fy (Xe,n) = Hane,n "2DR01' [A1]

Here, p,(Xen) = Bf (Xon) — By ™®" denotes the target

field error and ., denotes the electric susceptibility at
iteration n. The target field error is minimized by
sequentially updating the electric susceptibility x,, and
updating the corresponding electric field E by solving a
forward problem. The updates for x,, are formulated
using a gradient descend approach by defining a
sequence of updates in ¥, as

Xeqn = Xen—1 T+ BnVFEn, [A2]
where VF, denotes the gradient of the cost function
with respect to x,, as follows:

VFa(r) = E(r) / G O(r, ) py ()Y, [A3]

r'eDy

where the overbar denotes a complex conjugate and the
scalar step size B, is obtained using line-minimization.
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