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MAP Estimators for Speech Enhancement Under
Normal and Rayleigh Inverse Gaussian Distributions
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Abstract—This paper presents a new class of estimators for
speech enhancement in the discrete Fourier transform (DFT)
domain, where we consider a multidimensional normal inverse
Gaussian (MNIG) distribution for the speech DFT coefficients.
The MNIG distribution can model a wide range of processes,
from heavy-tailed to less heavy-tailed processes. Under the MNIG
distribution complex DFT and amplitude estimators are derived.
In contrast to other estimators, the suppression characteristics of
the MNIG-based estimators can be adapted online to the under-
lying distribution of the speech DFT coefficients. Compared to
noise suppression algorithms based on preselected super-Gaussian
distributions, the MNIG-based complex DFT and amplitude esti-
mators lead to a performance improvement in terms of segmental
signal-to-noise ratio (SNR) in the order of 0.3 to 0.6 dB and 0.2 to
0.6 dB, respectively.

Index Terms—Maximum a posteriori (MAP) estimation, multi-
dimensional normal inverse Gaussian (MNIG) distribution, speech
enhancement.

I. INTRODUCTION

THE recent increased use of mobile speech processing ap-
plications, like cellular phones and hearing aids, led to an

increased interest for speech enhancement algorithms as well.
Often, mobile speech processors are used in an environment
with a high level of ambient noise, leading to degraded speech
quality. Speech enhancement methods, like single-microphone
algorithms, can be used as a preprocessor to reduce the noise
level before being further processed.

Single-microphone speech enhancement algorithms are often
implemented in the spectral domain, e.g., using the discrete
Fourier transform (DFT). Clean speech DFT coefficients are es-
timated by applying a gain function to the noisy DFT coeffi-
cients. The gain function is often derived by assuming a certain
distribution for the speech and noise DFT coefficients while op-
timizing for a certain criterium like minimum mean square error
(MMSE) or maximum a posteriori (MAP) applied on the com-
plex or magnitude DFT coefficients.

Often, those distributions are assumed to be Gaussian,
which is supported by the central limit theorem as each DFT
coefficient is computed as a sum of time samples. However,
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the central limit theorem is not applicable under the relatively
short frame sizes used in practice. Several studies indicated that
super-Gaussian distributions that are more heavy-tailed, like
the Laplace or Gamma distribution, give a better description of
the distribution of speech DFT coefficients. Therefore, more
recently, clean speech estimators have been derived under
super-Gaussian distributions. In [1]–[3], MMSE estimators
for clean speech DFT coefficients were presented under both
a Gamma and a Laplace distribution. In [4], MAP ampli-
tude estimators were presented under an approximation of
super-Gaussian densities by parametric probability density
functions.

Although super-Gaussian distributions give clearly a better
description of the speech DFT distribution than a Gaussian dis-
tribution, the shape of the distributions in the aforementioned
methods is always chosen fixed over time and frequency. It
could be advantageous to derive clean speech estimators under
a distribution that can be adapted over time and frequency. At
first, in [5], [6], it was experimentally shown that the type of
distribution that is most appropriate is speech sound and frame
size dependent. Second, the aforementioned methods all implic-
itly assume the clean speech variance to be known and typically
apply the decision-directed approach [7] for speech variance es-
timation. However, speech data in a certain frame is to some de-
gree nonstationary due to the fact that the variance is not entirely
fixed. Such a variation on the variance gives rise to variations in
the shape of the observed distribution.

In this paper, we present a new class of speech estimators
that take variations of the speech distributions over time and
frequency into account and incorporate the uncertainty on the
speech variance. More specifically, we present a class of clean
speech estimators based on scale mixtures of normals [8], [9].
Scale mixtures of the normal distribution assume that the vari-
ance is not fixed, but take the distribution of the variance into
account. In [10], Barndorff–Nielsen presented the normal in-
verse Gaussian distribution (NIG) to model stochastic volatility
of heavy-tailed data for financial data modelling applications.
More recently, the NIG distribution and its multivariate exten-
sion, known as the multidimensional NIG (MNIG) [11], have
shown to be very suitable to model a large class of heavy-tailed
processes [11]. We assume that speech DFT coefficients follow
an MNIG distribution, motivated by the fact that speech is a
heavy-tailed process as well. Under this assumption, the speech
DFT amplitudes can be shown to be Rayleigh inverse Gaussian
(RIG) distributed. Under the MNIG and RIG distribution, we
derive clean speech MAP estimators for the complex DFT co-
efficients and speech amplitudes, respectively. The MNIG and
RIG distribution parameters of the resulting gain functions are
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adapted to the speech signal using the expectation-maximiza-
tion procedure presented in [11]. As such, the suppression char-
acteristics are adapted to the observed distribution of the speech
DFT coefficients.

The remaining sections of this paper are organized as fol-
lows. In Section II, the MNIG distribution and its most rele-
vant properties are presented. In Section III, we present the as-
sumed speech model and derive MAP estimators for complex
DFT coefficients and amplitudes. Further, in Section IV, exper-
imental results are presented. Finally, in Section V, conclusions
are drawn.

II. NORMAL AND RAYLEIGH INVERSE GAUSSIAN DISTRIBUTION

In order to facilitate our discussion on the clean speech esti-
mators, we summarize in this section the relevant properties of
the MNIG and derive the RIG distribution. For more detailed in-
formation, we refer the reader to [10], [11]. Our notation in this
article is such that capitals and small symbols indicate random
variables and realizations, respectively. Bold symbols indicate
the use of matrices.

A -dimensional MNIG distributed random variable is de-
fined as

(1)

where and where given has a Gaussian
distribution, i.e., , with

. IG denotes the inverse Gaussian distribu-
tion with scalar parameters and , vector parameters

and , and a correlation matrix , which
is assumed to be positive definite. The IG distribution is defined
for as

(2)

The name inverse Gaussian was introduced by Tweedie [12]
who noted the inverse relationship between cumulant gener-
ating functions of IG distributions and those of Gaussian dis-
tributions.

The MNIG distribution of is given by

(3)

(4)

with

(5)

and

(6)

where denotes the modified Bessel function of the
second kind with order . Notice that when is even,

Fig. 1. IG distribution for (�; �) = (1; 10) (solid), (�; �) = (1;5) (dotted),
and (�; �) = (1;2:5) (dashed).

can be written with a closed-form expression, which
enables computationally more efficient implementations.

The density is parameterized by , , , and . The
shape of the density is determined by such that the smaller

is, the heavier the tails become. Parameter determines the
skewness of the density, which means that for , the den-
sity will be asymmetrical. Further, is the scale parameter and
a translation parameter. Using the MNIG distribution to model
the clean speech, DFT coefficients leads to a very flexible frame-
work where the distribution can be adapted to the speech signal
by estimation of the parameters, e.g., using the expectation-
maximization algorithm as presented in [11]. In this paper, we
assume the distribution of is symmetrical with zero mean,
this means that and . Those choices for and
will be used in the remainder of this paper.

Although the MNIG probability density function (3) appears
to be rather complex, its cumulant generating function has a
relatively simple form, that is

(7)

From the cumulant generating function, it follows that the
Gaussian distribution is a limiting distribution of when

, what also becomes clear from (3) when observing
the shape of the IG distribution for increasing in Fig. 1. In
Fig. 1, it is shown for that when becomes larger, the IG
distribution becomes more and more peaked and will become
a delta impulse for . Therefore, (3) becomes in the
limit equivalent to a Gaussian distribution. Furthermore, from
the cumulant generating function, it follows that the covariance
matrix of the MNIG distribution is given by [10], [11] (with

and )

(8)

In Fig. 2, we show some examples of an NIG probability den-
sity function for , , and sev-
eral combinations of and . Comparing this with a zero-mean
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Fig. 2. Normal inverse Gaussian distribution for several values of � and �, and the Gaussian distribution, all with E[X ] = 1. Notice that the NIG converges
towards a Gaussian distribution as � increases. The abbreviations NIG and N in the legend indicate the normal inverse Gaussian and the Gaussian distribution,
respectively.

Gaussian distribution, we see that the NIG distribution approx-
imates the Gaussian distribution as gets larger. Further, the
NIG distributions become more peaked and heavy-tailed as
becomes smaller.

The RIG distribution can be derived from the 2-D MNIG dis-
tribution by a transformation of (3) into polar coordinates [13].
Consider a 2-D vector , e.g., , with

and . Then, the
distribution of the amplitude of can be
shown to be a scale mixture of Rayleigh distributions.

Consider therefore the 2-D case of (3), that is

(9)

Transformation of (3) into polar coordinates with
and , Jacobian and integration over

then gives

(10)

which, in analogy to (3), can be written as

(11)

with the Rayleigh
distribution and as in (2).

III. SPEECH MODELS AND DISTRIBUTIONS

In the remaining part of this paper, we consider DFT domain
speech enhancement where we assume an additive noise model,
i.e., , where is a noisy speech
DFT coefficient, a clean speech DFT coefficient, a noise
DFT coefficient, the frequency index, and the time frame
index. The DFT coefficients , , and are assumed to be
complex zero-mean random variables with and uncorre-
lated, e.g., . We assume the noise DFT
coefficients to be Gaussian distributed, which can be justified by
the central limit theorem and the fact that for many noise sources
the span of correlation is short compared to the frame size [14].

A. Complex DFT MAP Estimator

The complex DFT MAP estimator that we present is rather
general and allows to model speech vector processes and incor-
poration of correlation between the vector elements. Let

, , and , whose elements can for example be
the real or imaginary part of a DFT coefficient or , re-
spectively, at a frequency bin , both the real and imag-
inary DFT coefficients at a frequency bin or even at a
series of frequency bins .

The MAP estimate of is then found by computation of

(12)

Because is independent of and the natural logarithm is
a monotonic function, it is sufficient to maximize

(13)
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Fig. 3. Histogram of speech DFT coefficients and fitted distributions.

1) A Posteriori Distributions for Complex DFT Coefficients:
Under the assumption that , we can write the
distribution of conditioned on as

(14)

We assume that is a -dimensional scale mixture of normals
with an MNIG distribution, with , which means that
(1) is simplified as with distribution

(15)

where

(16)
and with the mixing distribution as in (2), where
is the covariance matrix of vector .

2) Experimental Data: In [2], [3], it was reported that the
Laplace distribution provides a much better fit to the histogram
of speech DFT coefficients than the Gaussian density. In Fig. 3,
we show histograms of the real and imaginary part of speech
DFT coefficients that are obtained by selecting only those DFT
coefficients that have an estimated a priori signal-to-noise ratio
(SNR) between 28 and 31 dB. To do so, signal frames of 512
samples where taken with 50% overlap and with a sample fre-
quency of 16 kHz. For all frequency bins, separate histograms
were measured, normalized such that and averaged
over frequencies. To the histogram, the Laplace and NIG distri-
bution are fitted. Fig. 3 demonstrates that the Laplace and NIG
distribution have similar fit around the tails, but that the NIG
has a better fit in between the top and the tail of the histogram.
Moreover, for the NIG distributions, it is possible to adapt the
parameter to the underlying speech density.

The better fit is also reflected by the estimated Kull-
back–Leibler discrimination information [15]

(17)

of the histogram and one of the densities depicted in
Fig. 3. It turns out that the Kullback–Leibler discrimination
measure is about 4.4 times smaller for an NIG distribution with

than for the Laplace distribution.
3) Map Estimator: After substitution of (2) and (14)–(16) in

(13) followed by taking the derivative of (13) with respect to
using rules for matrix calculation and using [16, Th. 3.471,9],
we get the derivative (see Appendix I)

(18)

(19)

which needs to be solved for . Unfortunately, it is, by our
knowledge, not possible to solve (19) analytically. However,
we can use an intermediate step to find an analytic solution.
Namely, the ratio of integrals in (18) constitutes an MMSE es-
timate of the inverse first moment of , that is

(20)

Assuming that we are given a pre-estimate of , denoted by
and using (20) we can solve (18) leading to

(21)
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Fig. 4. Input versus output characteristics for a priori SNR values 10, 0, and�10 dB with � +� = 2 and � = 3 (dashed) and � = 1 (dotted) for (a) the
NIG-based estimator compared to the Wiener gain (solid) and (b) the RIG-based estimator compared to the Rayleigh-based amplitude estimator (solid).

with

(22)

For now, we assume to be known. In Section IV, we will
specify how can be obtained in practice. Notice, that when
we consider the case and assume no correlation be-
tween real and imaginary parts of DFT coefficients, that

and
. Further, notice that the Wiener filter is a special

case of (21), namely when there is no uncertainty on and
becomes a delta impulse.

For in (21) to constitute a local maximum, it is necessary
that the second derivative evaluated at is negative. Using
[16, Th. 8.486,11], the second derivative is given by

(23)

with . Unfortunately, the last term of
is positive, which means that for very low noise levels and

close to zero can become positive. For close to zero both
and should become close to zero. In practice this

will not frequently happen, since a very small means that the
distribution for the clean speech is very heavy-tailed and that
large values of are very likely. In order to overcome
this problem, we detect in practice whether is positive. When
this occasionally is the case, we assume that there is no uncer-
tainty on and replace (2) in (3) with a delta impulse and use
(8) for , that is .

Fig. 4(a) shows the input–output characteristics of (21) when
and applied on the real part of the noisy DFT coeffi-

cients for with for the a
priori SNR values of 10, 0, and 10 dB for various values of

. This is compared with the input–output characteristic of the
Wiener filter. Compared to the Wiener filter, the NIG-based esti-
mator shows similar characteristics for an a priori SNR of 10 dB
and high values, while for lower values the NIG-based esti-
mator leads to less suppression for the higher input values. For
an a priori SNR value of 0 dB, the NIG estimator shows a more
pronounced nonlinear characteristics. Compared to the Wiener
filter, there is more suppression for smaller input values and less
suppression for larger input values. For an a priori SNR of 10
dB, the NIG MAP estimator leads to more suppression. Notice
that the behavior of the NIG estimator is in principle similar to
the super-Gaussian distribution-based estimators as presented
in [3], but with the difference that the NIG-based estimator can
adapt its shape parameters and as a consequence, its suppression
characteristics as well.

B. Amplitude Map Estimator

For the amplitude MAP estimator, we consider 2-D MNIG
distributed vectors with . Here, and

denote the real and imaginary part of a DFT coefficient, re-
spectively, such that with .
Further, such that
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Fig. 5. Histogram of speech DFT amplitudes and fitted distributions.

and with . Further,
and .

An amplitude MAP estimator is found by computation of

(24)

Because of the monotonic property of the natural logarithm and
the independence of from , it is sufficient to compute

(25)

1) A Posteriori Distributions for Amplitudes of Complex
DFT Coefficients: The distribution of given is given
by transformation (14) into polar coordinates, substitution of

and , and integration over
phase

(26)

For , it is reasonable to approximate by
[17], such that

(27)

We assume that the speech amplitudes are RIG distributed
and its distribution is given by (10) and (11).

2) Experimental Data: In Fig. 5, a histogram measured over
amplitudes is depicted. The data for this histogram is obtained
similarly as for Fig. 3. To this histogram, the RIG distribution for
several values and the super-Gaussian approximations defined
in [4] as

(28)

are fitted, with parameters and
as given in [4], where the latter set was chosen

in [4] to optimize for the used dataset in [4]. Especially for

amplitudes in the range of , the RIG distribution
shows a better fit than the two super-Gaussian approximations.
Moreover, due to its flexibility, the RIG can be adapted to the
underlying speech distribution.

The Kullback–Leibler discrimination measure (17) is
about the same for the RIG distribution with
and the super-Gaussian distribution with parameter settings

. Compared to the super-Gaussian dis-
tribution with parameter settings , the RIG
distribution with has a Kullback–Leibler discrimina-
tion measure that is more than seven times smaller.

3) MAP Estimator for Amplitudes: Substitution of (10) and
(27) in (25) and taking the derivative with respect to using [16,
Th. 3.471,9] gives the derivative (see Appendix II)

(29)

(30)

The amplitude MAP estimator is then given by solving (30) for
. Similar as for the complex DFT MAP estimator, it is not pos-

sible to solve this equation analytically for . Therefore, we use
the intermediate solution where the ratio of integrals in (29) con-
stitutes an MMSE estimate of the inverse first moment of ,
that is

(31)

Given a pre-estimate of , denoted by and using (31), we solve
(29) leading to

(32)

where the second solution of (29) is neglected, because that
leads to .
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Notice, that the MAP amplitude estimator proposed in [18] is
a special case of (32), namely, when there is no uncertainty on

, and becomes a delta impulse.
The second derivative of the amplitude estimator is using [16,

Th. 8.486,11], given by (33) at the bottom of the page, with
. Although unlikely to happen, in practice,

can become positive when is very small and the noise level
very high. When occasionally this is the case, we take the same
measures as mentioned in Section III-A3.

In Fig. 4(b), the input–output characteristics of the RIG am-
plitude estimator are shown and compared with the character-
istics of the MAP estimator under the Rayleigh distribution as
presented in [18]. The characteristics are normalized by

. The exact characteristics of the RIG-based estimator
depend on the parameter. When gets larger, the characteris-
tics are close to the Rayleigh distribution-based estimator, while
for smaller values, the characteristics show less suppression
for the larger input values, which will preserve speech compo-
nents, and more suppression to the lower input values which
leads to more noise reduction.

IV. EXPERIMENTAL RESULTS

The performance of the presented clean speech estimators is
evaluated in terms of segmental SNR defined as [19]

SNR (34)

where and are time-domain vectors and denote
frame of the clean speech signal and the enhanced speech
signal , respectively. is the number of frames within the
speech signal in question and
a function which limits the SNR to a perceptually meaningful
range.

In addition to SNR , we use intelligibility weighted seg-
mental SNR [20], defined as

IWSNR

(35)

where the weight emphasizes the importance of the
frequency band, and where is a time domain vector in
band .

To get an indication whether a difference in SNR is due
to more noise reduction or less speech distortion, we process
the clean signal and the noise signal with the same filters as

used to enhance the noisy signal and measure noise attenuation
NATT , defined as

NATT (36)

where is a vector and denotes frame of the noise sequence,
and is a filtering matrix. Speech attenuation is defined as

SATT (37)

For both NATT and SATT , only those frame are taken into
account where the SNR of the noisy frame is larger than 10
dB.

Experiments are done with speech signals degraded with
white noise, F16 noise, car noise, and Factory noise, at the
input SNR ratios of 5, 10, and 15 dB. The speech and noise
signals originate from the TIMIT database [21] and NOISEX
92 database [22], respectively. All results are averaged over 32
different speech signals all sampled at 16 kHz. We use a frame
size of 512 samples with 50% overlap of adjacent frames. Noise
statistics are measured using the minimum statistics approach
[23]. For all methods that we compare in this section, we set a
lower bound to the enhancement gain of 15 dB. To compute
(22) and (31), we make use of a preliminary estimate of the
clean signal by applying a Wiener filter to the noisy speech
signal. The parameters and in (22) and (31) are computed
per frame and per frequency bin using the expectation-maxi-
mization procedure presented in [11].

To evaluate the performance of the MNIG MAP estimator,
we compare (21) with with the Laplace-based MMSE
estimator [3] and the Wiener filter. The results in Table I show
that the improvement of the NIG MAP estimator compared to
the Laplace-based MMSE estimator varies, dependent on noise
source and noise level, from 0.3 to 0.6 dB. Compared to the
Wiener filter, the improvement varies from 0.6 to 1.4 dB.

The performance of the RIG-based amplitude MAP estimator
in (32) is compared with the Rayleigh distribution-based MAP
amplitude estimator proposed in [18] and the super-Gaussian
MAP amplitude estimator and the joint MAP amplitude and
phase estimator as proposed in [4], with the distribution as in
(28) with and , abbre-
viated with supergauss and supergauss , respectively. Table I
shows that the RIG-based MAP estimator has an improvement
in terms of SNR of 0.2 to 0.6 dB compared to the supergauss
estimator and an improvement in terms of SNR of 0.2 to
0.4 dB compared to the supergauss estimator. Compared to the
estimator under the Rayleigh distribution, the improvement in
terms of SNR is in the order of 0.8 to 1.6 dB.

(33)
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TABLE I
IMPROVEMENT IN SNR (dB)

TABLE II
IMPROVEMENT IN IWSNR (dB)

TABLE III
SATT (dB)

In addition to segmental SNR, we show in Table II the per-
formance improvement in terms of intelligibility weighted seg-
mental SNR. The MNIG MAP estimator has an improvement in
terms of IWSNR of 0.3 to 0.5 dB compared to the Laplace-
based estimator and 0.6 to 1.2 dB compared to the Wiener filter.
The RIG based amplitude MAP estimator has an improvement
in terms of IWSNR of and 0.1 to 0.7 dB and 0.1 to 0.5 dB
compared to supergauss and supergauss , respectively, and an
improvement of 1.1 to 1.3 dB compared to the estimator under
the Rayleigh distribution.

In Tables III and IV, we show the SATT and NATT
scores, respectively. It reveals that the proposed NIG and RIG
MAP estimators in general have a better speech quality in terms
of SATT due to the adaptation of the distribution per fre-
quency bin, but a somewhat less noise reduction than the es-
timators based on preselected super-Gaussian densities.

Informal listening revealed that the proposed MNIG filter
has a tendency to produce slightly more musical tones than the
Wiener filter, but that speech sounds are better preserved and
sound less suppressed.
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TABLE IV
NATT (dB)

Notice that estimation of and for the presented algorithms
with the EM algorithm as presented in [11] is computationally
demanding. However, in more recent research, we developed
a more simplified way to estimate and without the use of
the EM algorithm. Preliminary experiments based on the same
data-set degraded with white noise at SNRs of 5, 10, and 15
dB showed similar performance as the results presented in this
paper.

V. CONCLUSION

In this paper, we presented a new class of complex DFT and
amplitude estimators for DFT domain-based speech enhance-
ment. The estimators are derived under a multidimensional
normal inverse Gaussian (MNIG) distribution for the DFT
coefficients. As a scale mixture, the MNIG distribution is
very flexible and can model a wide range of densities, from
heavy-tailed to less heavy-tailed. Under the MNIG distribution,
we derived complex DFT and amplitude estimators, where the
suppression characteristics of the estimators can be adapted
online to the distribution of the observed speech DFT coeffi-
cients. Measurements of speech histograms based on speech
DFT coefficients and DFT amplitudes showed a slightly better
fit for the MNIG and RIG distribution, respectively, than for
the preselected super-Gaussian distributions. Experimental
results demonstrated improvement in comparison to complex
DFT and amplitude estimators that are based on Gaussian and
preselected super-Gaussian distributions. Further, the derived
complex MNIG-based estimator allows for vector processing,

where correlation between vector elements can be taken into
account.

APPENDIX I

Here, we outline the steps to compute the MAP estimator
under the NIG distribution for the complex DFT coefficients.
The derivative of can be computed as

(38)

Solving

then leads to (21). Further, using [16, Th. 3.471,9], we show in
(39) at the bottom of the previous page how can be
computed, where denotes the modified Bessel function of
the second kind with order .

(39)
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APPENDIX II

Here, we outline the steps to compute the MAP estimator
under the RIG distribution for the DFT amplitudes coefficients.
The derivative of can be computed as

(40)

Solving

(41)

then leads to (32). Further, using [16, Th. 3.471,9], it can be
shown that

(42)

where denotes the modified Bessel function of the second
kind with order .
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