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• Signal model

• Generalised eigenvalue decomposition (GEVD)

• GEVD-based optimal beamformers

• Clock-o↵set and gain invariance

• Experimental results
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Signal model
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We will consider the received signals y, x, v and s as realisations of zero
mean, wide-sense stationary processes Y,X, V , and S, respectively.
We have

Y = X + V.

Assuming the noise and target are uncorrelated, the cross-power spec-
tral density (CPSD) matrix of the received process Y is given by

RY = RX +RV ,

where RY = E(Y Y H) and RX and RV are defined similarly. The
operator E(·) denotes the expectation operator

<latexit sha1_base64="vSzi1rMYEmfYtYuscrAeuTuIBQg="></latexit>
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Signal model

With this we have

RX = E(XXH) = E(dSSHdH) = ddHE|S|2 = �2
S
ddH
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An estimate of RX can be obtained by truncating the last m � 1
eigenvalues of RY .
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Given the Hermitian matrices A,B 2 Cn⇥n
with B � 0, there exists

a non-singular U =(u1, . . . , un), ui 2 Cn
, such that

UHAU = diag(a1, . . . , an) and UHBU = diag(b1, . . . , bn).

Hence, we have BU = U�H⇤B so that

AU = U�H⇤A = U�H⇤B⇤
�1
B

⇤A = BU⇤

That is, Aui = �iBui for i = 1, . . . , n where �i = ai/bi.

This decomposition is known as the generalised eigenvalue decompo-
sition (GEVD).

<latexit sha1_base64="yeQjk7p4lLbOrCe/NDhdeMAY/8Y="></latexit>
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Note that since B � 0 (B is invertible), we have

B�1Aui = �iui

Hence, the generalised eigenvalues and eigenvectors of (A,B) are the

(ordinary) eigenvalues and eigenvectors of the matrix B�1A.

<latexit sha1_base64="AFvNUpmPGxT017FpwiObLmCcxfw="></latexit>

Application to RX and RV , and setting bi = 1 for all i, we have

UHRXU = ⇤ and UHRV U = IM ,

where ⇤ ⌫ 0. Hence, the pair (⇤, U) are the eigenvalues/vectors of

the matrix R�1
V

RX .
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Optimal beamformers
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We can compromise between signal distortion and noise reduction by
defining the constraint optimisation problem

minimise E|wHX �X1|2

subject to E|wHV |2  c,

where 0  c  �2
V1

and �2
V1

the noise variance at the reference micro-
phone before beamforming.
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Express the beamformer weights in terms of the generalised eigenvec-
tors:

w = Ua with a 2 Cm.

Let e1 = (1, 0, . . . , 0)T 2 Cm. With this we have x1 = eH1 x so that
we can express the objective function as

E|wHX �X1|2 = E|aHUHX � eH1 X|2

= aHUHRXUa+ �2
X1

� 2Re{aHUHRXe1}
= aH⇤a+ �2

X1
� 2Re{aHUHRXe1},

and the feasible set becomes {a 2 Cm : aHa  c}.
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Hence, the constraint optimisation problem can be expressed as

minimise aH⇤a� 2Re{aHUHRXe1}

subject to aHa  c.

The optimal solution, say a⇤, is given by

a⇤ = (⇤+ µIm)�1UHRXe1,

where µ � 0 is a Lagrange multiplier. As a consequence, we have

w⇤ = U(⇤+ µIm)�1UHRXe1.
<latexit sha1_base64="VMemb38m6lwMmAStWOd49kf/Tas="></latexit>
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Let U�H = Q = (q1, . . . , qm), qi 2 Cm. With this, we can express
RX as

RX = U�H⇤U�1 = Q⇤QH ,

so that
w⇤ = U(⇤+ µIm)�1⇤QHe1.

since UHQ = Im.

If rank(RX) = r < m (�r+1, . . . ,�m = 0), we can select the first r
vectors q1, . . . , qr. That is, RX = Qr⇤rQH

r
, and the optimal filters

become
w⇤ = Ur(⇤r + µIr)

�1⇤rQ
H

r
e1.
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Let ⌧i denote the clock o↵set of the ith microphone with respect to
the reference microphone, so that ⌧1 = 0. Moreover, let gi denote the
gain of microphone i and assume, without loss of generality, that the
gain of the reference microphone is g1 = 1.

With this, the received microphone signals can be expressed as ỹ = Ty
where

T = diag(1, g2e
j!⌧2 , · · · , gmej!⌧m).

As a consequence, since y = x+ v, we have ỹ = T (x+ v) = x̃+ ṽ.
<latexit sha1_base64="QTD9mZiZ4A2DyL4U2bvMOHtaeao="></latexit>
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We calculate the optimal beamformers based on unsynchronised data.
Application of Proposition 1 then yields

w̃⇤ = Ũr(⇤̃r + µIr)
�1⇤̃rQ̃

H

r
e1

= T�HUrBr(⇤r + µIr)
�1⇤rB

H

r
QH

r
THe1

(a)
= T�HUr(⇤r + µIr)

�1⇤rQ
H

r
e1

= T�Hw⇤,

where (a) follows from the fact that Br and (⇤r+µIr)�1⇤r commute
and THe1 = e1.
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The output of the beamformer, w̃⇤H ỹ, then becomes

w̃⇤H ỹ = w⇤HT�1Ty = w⇤Hy,

and we conclude that the GEVD-based beamformers are invariant to
clock o↵sets and gain variations and produce the same target estimate
as if the clocks were perfectly synchronised and gains were perfectly
equalised.

There is no need for clock-o↵set compensation and microphone gain
equalisation !!!

<latexit sha1_base64="R8f5Ds6zsFtiBgjFEAehxFjRcdc="></latexit>
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Figure 1: Experimental setup.

where (a) uses THe1 = e1 and (b) follows from (7). The output of
the beamformer, w̃⇤H ỹ, then becomes

w̃⇤H ỹ = w⇤HTHTy = w⇤Hy,

and we conclude that the GEVD-based beamformers are invariant
to clock offsets and produce the same target estimate as if the clocks
were perfectly synchronised.

Note that the clock-offset invariance property holds in general
for the variable-span linear filters given by (4) and does not require
the low-rank approximation of RX by means of the GEVD. Indeed,
we have

w̃⇤ = Ũp(⇤p + µIp)
�1ŨH

p R̃Xe1

= TUpBp(⇤p + µIp)
�1⇤pB

H

p RXTHe1
(a)
= TUpBp(⇤p + µIp)

�1⇤pRXe1

= Tw⇤,

where (a) follows from the fact that Bp and (⇤p+µIp)
�1⇤p com-

mute and THe1 = e1.

5. EXPERIMENTAL RESULTS

In this section we present experimental results obtained by com-
puter simulations to substantiate our claim that the proposed
GEVD-based beamformers are clock-offset invariant. To do so,
we considered a box-shaped room with dimensions 4 ⇥ 4 ⇥ 3 m,
as shown in Figure 1. The target source is centred in the room
(green dot) and an interfering noise source (red dot) and m = 7
microphones (blue crosses) are distributed uniformly at random in
the room. Room impulse responses (RIRs) were calculated using
[22] (T60 = 50 ms). The target and interferer (both speech) sig-
nals, sampled at a sampling frequency of 16 kHz, were taken form
the TIMIT database [23]. The signals had a duration of 5 seconds
and the signal-to-interferer ratio (SIR) at the reference microphone
(i = 1) was set to 0 dB. The microphone-self noise was white Gaus-
sian noise with 40 dB SNR. Processing of the signals was done on
a frame-by-frame basis using a 30 ms, 50% overlap, Hann window.
The covariance matrices RY and RV were estimated by their sam-
ple covariance matrix. Clock offsets were introduced in the system
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Figure 2: SNR/STOI scores vs. variance of the clock offset.

by shifting the received microphone signals yi, i = 2, . . . ,m, in
time. The beamformer parameters were set to p = r = 1 and
µ = 0 which corresponds to the MVDR beamformer which, in this
case, can be expressed as

wMVDR =
R�1

V
d

dHR�1
V

d
, (9)

where d is the (relative) acoustic transfer function from the target
source to the microphones.

The beamformer performance is evaluated in terms of both
SNR and STOI [24] scores at the output of the beamformer as a
function of the variance of the clock offset, where the SNR is de-
fined as

SNR = 10 log

✓
kx1k22

kwHy � x1k22

◆
(dB).

Figure 2 shows the results (averaged over 100 runs) for SNR scores
(top subplot) and STOI scores (bottom subplot). The blue curves
(triangles) represent the performance of the MVDR beamformer
implemented as (9), while the red curves (squares) represent the
proposed GEVD implementation. We estimated RV from the re-
ceived interfering signal and calculated d based on the complete
RIRs (of which the lengths exceed the analysis frame length). Note
that in practical situations both interferers and d are not available
and need to be estimated from the noisy data or need to be known
a priori. As such this experiment represents an idealised situation
in order to minimise the effect of imperfections in the estimation of
these parameters. By inspection of Figure 2 we conclude that, in-
dependent of the clock offset, the performance of the GEVD-based
beamformer is constant, whereas the performance of the MVDR be-
mformer as implemented by (9) degrades substantially when clock
offsets are introduced, both in terms of SNR and STOI scores. Note
that when the clocks are perfectly synchronised, which corresponds
to the intersection points on the vertical axes at a clock offset of 0
ms, the performance of both methods differs. This difference is due
to the fact that with the MVDR implementation (9) the true acous-
tic transfer function is used, whereas the GEVD approach implicitly
estimates d by making a rank r = 1 approximation of RX .
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• Target and interferer (both speech) signals, sampled at a sam-

pling frequency of 16 kHz, were taken form the TIMIT database.

• The signals had a duration of 5 seconds and the signal-to-interferer
ratio (SIR) at the reference microphone (i = 1) was set to 0 dB.

• The microphone-self noise was white Gaussian noise with 40 dB

SNR.

• Processing of the signals was done on a frame-by-frame basis

using a 30 ms, 50% overlap, Hann window.

• The covariance matrices RY and RV were estimated by their

sample covariance matrix.
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• The beamformer parameters were set to r = 1 and µ = 0 which

corresponds to the MVDR beamformer:

wMVDR =
R�1

V
d

dHR�1
V

d
.

• The beamformer performance is evaluated in terms of both SNR

and STOI scores as a function of the variance of the clock o↵set,

where the SNR is defined as

SNR = 10 log

✓
kx1k22

kwHy � x1k22

◆
(dB).
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identities (with scaling factors �i/(�i+µ)), they commute and
(7) reduces to

w̃⇤ (a)
= T�HUr(⇤r + µIr)

�1⇤rQ
H

r
e1

(b)
= T�Hw⇤,

where (a) uses THe1 = e1 and (b) follows from (6). The
output of the beamformer, w̃⇤H ỹ, then becomes

w̃⇤H ỹ = w⇤HT�1Ty = w⇤Hy,

and we conclude that the GEVD-based beamformers are
invariant to clock offsets and gain variations and produce
the same target estimate as if the clocks were perfectly
synchronised and gains were perfectly equalised.

V. EXPERIMENTAL RESULTS

In this section we present experimental results obtained
by computer simulations to substantiate our claim that the
proposed GEVD-based beamformers are clock-offset and gain
mismatch invariant. To do so, we considered a box-shaped
room with dimensions 4 ⇥ 4 ⇥ 3 m. The target source is
centred in the room and an interfering noise source and
m = 7 microphones (blue crosses) are distributed uniformly
at random in the room. Room impulse responses (RIRs) were
calculated using [26] (T60 = 50 ms). The target and interferer
(both speech) signals, sampled at a sampling frequency of 16
kHz, were taken form the TIMIT database [27]. The signals
had a duration of 5 seconds and the signal-to-interferer ratio
(SIR) at the reference microphone (i = 1) was set to 0 dB.
The microphone-self noise was white Gaussian noise with 40
dB SNR. Processing of the signals was done on a frame-
by-frame basis using a 30 ms, 50% overlap, Hann window.
The covariance matrices RY and RV were estimated by their
sample covariance matrix. The beamformer parameters were
set to r = 1 and µ = 0 which corresponds to the MVDR
beamformer which, in this case, can be expressed as

wMVDR =
R�1

V
d

dHR�1
V

d
, (8)

where d is the (relative) acoustic transfer function from the
target source to the microphones.

The beamformer performance is evaluated in terms of both
SNR and STOI [28] scores at the output of the beamformer as
a function of the variance of the clock offset, where the SNR
is defined as

SNR = 10 log

✓
kx1k22

kwHy � x1k22

◆
(dB).

Figure 1 shows the results (averaged over 100 runs) for SNR
scores (top subplot) and STOI scores (bottom subplot) as a
function of clock offset in the absence of a gain mismatch.
Figure 2, on the other hand, shows results as a function of
gain mismatch in the absence of clock offset. We estimated
RV from the received interfering signal and calculated d
based on the complete RIRs (of which the lengths exceed the
analysis frame length). Note that in practical situations both
interferers and d are not available and need to be estimated
from the noisy data or need to be known a priori. As such
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Fig. 1. SNR/STOI scores vs. variance of the clock offset.

0 0.5 1 1.5 2
Variance microphine gain

0

10

20

SN
R 

(d
B)

Simulation results, SIR = 0 dB at reference microphone

MVDR
GEVD

0 0.5 1 1.5 2
Variance microphine gain

0.8

0.9

1

1.1

ST
O

I

MVDR
GEVD

Fig. 2. SNR/STOI scores vs. variance of the gain.

this experiment represents an idealised situation in order to
minimise the effect of imperfections in the estimation of these
parameters. By inspection of Figure 1 and 2 we conclude that,
independent of the clock offset or gain mismatch, the perfor-
mance of the GEVD-based beamformer is constant, whereas
the performance of the MVDR bemformer as implemented
by (8) degrades substantially. The bottom plot of Figure 2,
however, shows that a gain mismatch itself has little effect
on the STOI scores of the MVDR beamformer, even though
the SNR scores drop significantly. The reason for this is
that, in the absence of phase errors, the beam is steered in
the direction of the target source, while the gain mismatch
mainly effects the null-steering of the beamformer [29]. Hence,
there is little target signal distortion introduces and as such
the intelligibility is not severely degraded. In addition, in
the absence of both clock offset and gain mismatch, which
corresponds to the intersection points on the vertical axes, the
performance of both methods differs. This difference is due
to the fact that with the MVDR implementation (8) the true
acoustic transfer function is used, whereas the GEVD approach
implicitly estimates d by making a rank r = 1 approximation
of RX .



Experimental results

32
June 15, 2020
Netherlands Defence Academy

IEEE SIGNAL PROCESSING LETTERS, VOL. X, NO. Y, MONTH 2019 4

identities (with scaling factors �i/(�i+µ)), they commute and
(7) reduces to

w̃⇤ (a)
= T�HUr(⇤r + µIr)

�1⇤rQ
H

r
e1

(b)
= T�Hw⇤,

where (a) uses THe1 = e1 and (b) follows from (6). The
output of the beamformer, w̃⇤H ỹ, then becomes

w̃⇤H ỹ = w⇤HT�1Ty = w⇤Hy,

and we conclude that the GEVD-based beamformers are
invariant to clock offsets and gain variations and produce
the same target estimate as if the clocks were perfectly
synchronised and gains were perfectly equalised.

V. EXPERIMENTAL RESULTS

In this section we present experimental results obtained
by computer simulations to substantiate our claim that the
proposed GEVD-based beamformers are clock-offset and gain
mismatch invariant. To do so, we considered a box-shaped
room with dimensions 4 ⇥ 4 ⇥ 3 m. The target source is
centred in the room and an interfering noise source and
m = 7 microphones (blue crosses) are distributed uniformly
at random in the room. Room impulse responses (RIRs) were
calculated using [26] (T60 = 50 ms). The target and interferer
(both speech) signals, sampled at a sampling frequency of 16
kHz, were taken form the TIMIT database [27]. The signals
had a duration of 5 seconds and the signal-to-interferer ratio
(SIR) at the reference microphone (i = 1) was set to 0 dB.
The microphone-self noise was white Gaussian noise with 40
dB SNR. Processing of the signals was done on a frame-
by-frame basis using a 30 ms, 50% overlap, Hann window.
The covariance matrices RY and RV were estimated by their
sample covariance matrix. The beamformer parameters were
set to r = 1 and µ = 0 which corresponds to the MVDR
beamformer which, in this case, can be expressed as

wMVDR =
R�1

V
d

dHR�1
V

d
, (8)

where d is the (relative) acoustic transfer function from the
target source to the microphones.

The beamformer performance is evaluated in terms of both
SNR and STOI [28] scores at the output of the beamformer as
a function of the variance of the clock offset, where the SNR
is defined as

SNR = 10 log

✓
kx1k22

kwHy � x1k22

◆
(dB).

Figure 1 shows the results (averaged over 100 runs) for SNR
scores (top subplot) and STOI scores (bottom subplot) as a
function of clock offset in the absence of a gain mismatch.
Figure 2, on the other hand, shows results as a function of
gain mismatch in the absence of clock offset. We estimated
RV from the received interfering signal and calculated d
based on the complete RIRs (of which the lengths exceed the
analysis frame length). Note that in practical situations both
interferers and d are not available and need to be estimated
from the noisy data or need to be known a priori. As such
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Fig. 1. SNR/STOI scores vs. variance of the clock offset.
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Fig. 2. SNR/STOI scores vs. variance of the gain.

this experiment represents an idealised situation in order to
minimise the effect of imperfections in the estimation of these
parameters. By inspection of Figure 1 and 2 we conclude that,
independent of the clock offset or gain mismatch, the perfor-
mance of the GEVD-based beamformer is constant, whereas
the performance of the MVDR bemformer as implemented
by (8) degrades substantially. The bottom plot of Figure 2,
however, shows that a gain mismatch itself has little effect
on the STOI scores of the MVDR beamformer, even though
the SNR scores drop significantly. The reason for this is
that, in the absence of phase errors, the beam is steered in
the direction of the target source, while the gain mismatch
mainly effects the null-steering of the beamformer [29]. Hence,
there is little target signal distortion introduces and as such
the intelligibility is not severely degraded. In addition, in
the absence of both clock offset and gain mismatch, which
corresponds to the intersection points on the vertical axes, the
performance of both methods differs. This difference is due
to the fact that with the MVDR implementation (8) the true
acoustic transfer function is used, whereas the GEVD approach
implicitly estimates d by making a rank r = 1 approximation
of RX .
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• GEVD-based beamformers are invariant to clock o↵set and gain
mismatch

• There is no need to calibrate the microphones

• The steering vector is implicitly estimated!

• Don’t need to know the sensor nor target locations!

• Seems to be a good tool for ad-hoc networks
<latexit sha1_base64="D/yE81SD2KFW/mLT+if3ew6HbKg="></latexit>


