EE2S31 Signal Processing — Stochastic Processes

Lecture 2: Random vectors & conditional probability
models — Chs. 8 & 7
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Today

e Extension of last week’s multiple variables: random vectors
¢ Conditional probability models:
® Conditioning a random variable by an event

¢ Conditioning two random variables by an event

® Conditioning by another random variable
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(Ch. 8) Random vectors

Why random vectors?

More concise representations.
Allows to use principles from linear algebra.

Notation

5
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A random vector is the column vector
X1

X=1| : [ =[xy
Xn
Transpose operator: -’ or -/
Sample (realization) of random vector: x = [xi, -+, xy
CDF of a random vector X: Fx(x) = Fx, .. x,(x1, -+ ,xn)
PMF of a (discrete) random vector X:
Px(X) = PXL.A.’XN(Xl, s ,XN)
PDF of a (continuous) random vector X:
fx(X) = 7‘-)(17..‘7)(,\I(X17 ce ,XN)

]T
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Example

6e 2 X >0
fx(x)=1{ ¢ =0 with a=1[1 2 3]".
0 otherwise

What is the CDF Fx(x)?

() 6e=3' X x>0 fex1—2e-33 . >V
X) = —
X 0 otherwise 0 otherwise
E _ (;q OXZ 0X3 667u172u273u3dU1dU2dU3 x; >0V
x(x) .
0 otherwise
Ja—em)1-e?e) (1) x>0V
B 0 otherwise
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Pairs of random vectors
Joint CDF, PDF and PMF of two random vectors X and Y:

® CDF of random vectors X and Y:

Fxy(x,y) = Fx, . Xy Yo, vy (Xt s Xna Y1, 5 Yn)

* PMF of (discrete) random vectors X and Y:

Px.v(X,¥) = Pxqy o Xy Ve, v (X1, XN Y1, 0, YN)

* PDF of (continuous) random vectors X and Y:

fx.v(X,¥) = ;o Xy, Yo, Y (XTs o s XNs YL, -+ 5 YN)
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Independent random vectors

Two random vectors X and Y are independent if

* Discrete RVs: Px y(x,y) = Px(x)Py(y)
* Continuous RVs: fx y(x,y) = fx(x)fy(y)

Expected values for random vectors

For a random matrix A, with Aj; the (/,/)th element of A, E[A] is a
matrix with E[A;] as its (/,/)th element.

The expected value of the random vector X therefore equals
E[X1]
EX]= |
E[Xn]
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The correlation matrix

X1
Now consider the vector X = © |, shown for N = 3.
Xn
X1 X2 XiXo XiXs
XXT = | Xo | [X1, X0, X3] = | XoX1 X3 XoX3
X3 X3X1 X3X2 X:,?

E[X?] E[XiXo] E[XiX3]

E[XXT} = | EpeX]  EXZ] E[XeXs
EDGX] EXGaXa]  E[XZ

E[X]_z] X1 X 'x; X;

= | moxi EXZ] mox

L X IXsxe E[Xg]

Rx = E [XXT] is known as the correlation matrix and extends the
concept of the correlation E[XY] to vectors.
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The covariance matrix
Similarly, we can define the covariance matrix

Cx =E [(x — E[X])(X — EIX])T| = Rx — E[X]E[X].

For the vector X = [X1, X2, X3]" we get

var(Xy)  cov(Xy, X2) cov(Xi, X3)
Cx =E [xxT] —EIX]E[X]T = |cov(Xa, X1)  var(Xa)  cov(Xa, Xs)
cov(Xz, X1) cov(Xs3, X2)  var(X3)

If the X; are uncorrelated (cov(Xj, Xj) = 0), then Cx is diagonal.

If the random variables {X;} are independent, identically distributed
(i.i.d.), then Cx = o?I.
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Cross-covariance & cross-correlation matrix
For two random vectors, their cross-correlation matrix is defined as

Rxy = E [XYT}
and their cross-covariance matrix is

Cxy =E [XYT} —E[X]E[YT]

Linear transformations
If Y = AX + bis a linear transformation of a random vector X, then
E[Y] = AE[X]+b
Cy = ACxAT
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Exercise 8.5.2
X = [X1,Xo] " is the Gaussian random vector with E[X] = [0,0]” and
covariance matrix 1 1

S

What is the PDF of Y = [2,1]X?
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Exercise 8.5.2
X = [X1,Xo] " is the Gaussian random vector with E[X] = [0,0]” and
covariance matrix 1 1

S

What is the PDF of Y = [2,1]X?

Y is the sum of two Gaussians, is therefore Gaussian with mean
E[Y] = E[2X1 + X2] =0

and variance ) -
var[Y] = E[Y7]—-0=E[YY']

- efe | 2 mox| 7
IR ALEH

o3[} 1][1]-»
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Gaussian variables

In Ch. 5 we saw

(x—E[X])Z_2p(x—E[X1>(y—E[Y1)+(y—E[Y1)2
exp | — ox UXUY2 oy
2(1-p?)

fx,y(x,y) =
vixy) 2noxoy\/1 — p?

e Extending this to higher dimensions is rather impractical.

e Using vector notation a very concise and useful expression can be
obtained.
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Gaussian random vectors
Let X be a vector of correlated Gaussian RVs: X = [Xq, Xo, -, Xy] .

The PDF fx(x) is then given by

exp [~1 (x — EIX])T Cx* (x — E[X])

f: =
x(x) (27)N/2 det(Cx)1/2
Special case: N =2
Cx — [ o p0'X20'y }
pPOXOy Oy
_ 2 2 2
det(Cx) = oxoy(l—p)
c:l — 1 [ ff%x —pPoXoy ]
X ox0%(1—p?) | —poxoy o

Verify that this leads to the expression on the previous slide!
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Uncorrelated Gaussian random vectors
PDF of Gaussian random vector:

() = exp | =3 (x —E[X])" Cx* (x — E[X])
(2m)N/2 det(Cx)l/2
Let X be a vector of uncorrelated Gaussian RVs: X = [Xy, -, Xpy]T.
e Cx = diag(afﬁ,af@, e ,afw)
* det(Cx) = H,N1‘7§<
* (x—EIX])7 Cx" (x — EX]) = 1, Le-gXIE

i

The PDF fx(x) is then given by
—E[Xi])?/20%] |}

exp[—(
,1_11 \/2mo2 1}

Hence, the variables Xi,--- ., Xjy are independent.
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Linear transformation of random vectors

Let X be a continuous random vector and A an invertible matrix.
Then, Y = AX 4+ b has the PDF

1

fY(y) = ]det(A)]

fx (A~ (y — b))

Derivation:

Fy(y) = PIY <y]=P[AX +b<y]=P[X <A '(y - b)]
= Fx(A™(y — b))

Next, take derivatives to find fy(y).
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Transformation of Gaussian random vectors
Let X be a Gaussian random vector and A an invertible matrix.
What is the PDF of Y = AX + b?

1

fr(y) = det(A fx (A" (y — b))

)
exp[1 (A1 y )~ E1X)T G (A~ b) - X))
(2m)N/2| det(A)| det(Cx)!/2 .

Using some manipulations, this can be rewritten as

exp |3 (y — E[Y)T AT CM AL (y — E[Y))]

fr =
v(y) (27)N/2 det(ACx AT)L/2

Y is thus also Gaussian with E[Y] = AE[X]| + b and Cy = ACxA™

(But, we already knew this: sum of Gaussians is Gaussian.)
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Ch.7 Conditional probability models

Model: Y =X + N
Imagine we observe realizations of Y, while our interest is X.

¢ Derive Px(x)?

® Probability of X given an observation y: Py y(x|y)?
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Conditional probability

Sometimes the occurrence of one event influences the probability of
occurrence of other events.

¢ Plodd number] ?
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Conditional probability

Sometimes the occurrence of one event influences the probability of
occurrence of other events.

¢ Plodd number] ?

® Plodd number if we know that the outcome is in event B] ?
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Conditional probability

Interpretation: P[A|B] is the probability of A, given that the event B
has already occurred.

P[ANB]  P[A,B]
P[B] ~ P[B]
P[A,B] = P[A|B]P[B]

P[A|B] (Bayes' theorem)
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Example (1)

Event B: “Even outcome” when rolling the dice
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Example (2)

B

Event A: “3 or more” when rolling the dice.
How large is P[A|B]?
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Example (3)

B

Different B! How large is P[A|B] now?

P
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Ch.7 Conditional probability models
Starting from the conditional probability, we can also define the

conditional CDF:

¢ Conditional probability (Bayes' theorem)

P[A,B] _ P[B|A]JP[A]
P[B]  P[B]

P[A|B] =

¢ Conditional CDF
Let event A= {X < x}. Then

P[A|B] = P[X < x|B].
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Conditioning the CDF, PMF and PDF by an event

CDF, PMF and PDF conditioned by an event:

¢ Conditional CDF: Fy z(x) = P[X < x|B]
¢ Conditional PMF: Py z(x) = P[X = x|B]|

* Conditional PDF: fy5(x) = dF%f(X)

Conditioning by an event changes the probabilities:

Px (x) x(x)
x € B eB
Px|s(x) = ¢ PI[B] fxi(x) = { PIBI
0 otherwise 0 otherwise

Those outcomes x where x ¢ B will get zero probability, while those
outcomes x where x € B will get proportionally higher.
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Example: calculating the conditional PMF

Let X be the time in integer minutes one waits for a bus:

L =1,2,...20
P X — 20 X ) ) )
x(x) {0 otherwise.

Suppose the bus has not arrived by the 6th minute. What is the
conditional PMF of the waiting time?

Let A be the event that the bus has not yet arrived after 6 minutes:
P[A] = 14/20.

L2001 7.8 .20
Pxx=6(x) = Pxja(x) = { 1#/20 14 .
0 otherwise.
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Exercise 7.1.1
Discrete random variable X has CDF |0 x < =3,
04 -3<x<b5
Fx(x) = - '
x) =108 5 <x<7,
1 x>T.

Find the conditional CDF Fx|x~o(x) and PMF Px|x-o(x).
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Exercise 7.1.1
Discrete random variable X has CDF |0 x < =3,
04 -3<x<b5
Fx(x) = - '
x) =108 5 <x<7,
1 x>T.

Find the conditional CDF Fx|x~o(x) and PMF Px|x-o(x).

0.4 x = —3,
0.4 X =5, 0.4 04
Px(x) = 05 o 02
) . 3 5 7 X
0 otherwise

Event B = {X > 0} has probability P[X > 0] = Px(5) + Px(7) = 0.6.

Px(x) 2/3 X = 5,

Paxsolx) = PO X5 sy
0 otherwise 0 otherwise

WI
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PDF & PMF with a partition

Let By, By, -+, By be M different (non-overlapping) events, together
covering all possible outcomes Sx: a partition.

The law of total probability says

M
(discrete) Px(x) = Z Px|5,(x)P(B))
i=1

M
(continuous) fx(x) = Z fx|8,(x)P(Bi)
i=1

M

E[X] =) EIX|B]P[B]

i=1
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PDF & PMF with a partition

Example The height H of a Male is Gaussian(180,10). The height H of
a Female is Gaussian(170,10). There are 4 times more Males than
Females in class.

P(M)=4/5, P(F)=1/5

1 —(h-180p2/200 ¢ 1 (1702200

e

Then

fu(h) = fym(h)P(M) + fy e (h)P(F)

)
o e w oa

50 160 17 80 190 200

0 1
hfem]

E[H] = E[H|M]P[M] + E[H|FIP[F] = 180 - - +170- %
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Conditioning multiple RVs by an event

For RVs X and Y and event B, the joint conditional PMF and PDF are
given by

PX Y(Xay)
’ x,y) €B
PX,Y|B(X,)/) - P[X:X,Y:y|B] B P[B] ( ) -
0 otherwise

x,v(x.y)
fx,vig(x,y) = FlB] (oy) e B
' 0 otherwise

Those outcomes x and y where (x,y) ¢ B will get zero probability,
while those outcomes x and y where (x, y) € B will get proportionally
higher.
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Exercise — Conditional PDF

X and Y are RVs with joint PDF

1 =
1 0<x<5,0<y<3
f X, — o

Calculate the conditional PDF fx yg(x,y) with B = {X + Y > 4}
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Exercise — Conditional PDF

X and Y are RVs with joint PDF

1
fvlry) =418 0 =X = MRS
’ 0 otherwise.

Calculate the conditional PDF fx vy g(x,y) with B = {X + Y > 4}.

r+y>4

P[B] =1/2
2 0<x<50<y<3,x+y>4y

fx,vig(x,y) = {(?

otherwise

0
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Conditional expectations

For RVs X and Y and event B, the conditional expected value of
g(X,Y) given event B is given by

Elg(X,V)IBl=Y_ > &lxy)Px.yis(xy)

x€Sx yGSy

Elg(x. )/ = [ h / " gy ey p(x)dxdy
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Exercise — Conditional PDF
X and Y are RVs with joint PDF

1
1 0<x<50<y<3
Ry =30 e
x,v(x,y) {0 otherwise.
T+y>4

The conditional PDF fx y|g(x, y) with ,
B={X+Y>4}is

0
2
5 0<x<50<y<3 x+ty=>4
fvis(x.y) = {15

0 otherwise

Calculate E[XY|B]
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Exercise — Conditional PDF
X and Y are RVs with joint PDF

1
1 0<x<50<y<3
Ry =30 e
x,v(x,y) {0 otherwise.
T+y>4

The conditional PDF fx y|g(x, y) with
B={X+Y>4}is

0
2
5 0<x<50<y<3 x+ty=>4
fvis(x.y) = {15

0 otherwise

Calculate E[XY|B]

E[XY|B] = / /4 xy—dxdy—
y
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Conditioning by a random variable

So far we conditioned on an event (x,y) € B.

Special case: conditioning on partial knowledge on one of the variables:
B={X=x}orB={Y =y}

For example: knowing Y = y completely determines RV Y/, and
changes the knowledge we have about X (assuming Y and X are not
independent).

P
Conditional PMF: Py (x]y) — v {%:Y)

f
Conditional PDF: fyy(x|y) = va((x)y)
Y\
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Exercise 7.4.4

Z is a Gaussian(0,1) noise random variable that is independent of X,
and Y = X + Z is a noisy observation of X. What is the conditional
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Exercise 7.4.4

Z is a Gaussian(0,1) noise random variable that is independent of X,
and Y = X + Z is a noisy observation of X. What is the conditional

Given X = x, we know that Y = x + Z.
Z is Gaussian(0,1). Adding x will shift the mean to x.
Thus, Y is Gaussian(x,1):

o (y—x)/2

fyix(y[x) = .
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Exercise 7.4.4

Z is a Gaussian(0,1) noise random variable that is independent of X,
and Y = X + Z is a noisy observation of X. What is the conditional

More “systematic” approach:
Fyix(ylx) = P[Y <y|[X=Xx]

Plx+Z < y|X =x]
Plx + Z <y] (Z independent of X)

= PlZ<y—x]
= Fz(y —x)
) = YR = I gy )
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Conditional expectation
Discrete random variables:
ElgX. Y =yl = Y glxy)Pxy(xly)
XESx
If X and Y are independent, then

Pxv(xly) = Px(x),and Py x(y|x) = Py(y)
EX|Y =y] = ZX'DX\Y(XD’): ZXPX(X):E[X]
x€Sx XESx

Continuous random variables: similarly,

E[g(X. Y)|Y =] =(/”a&n&ywnw

—00

If X and Y are independent, then

exy =y = |

[e.e] o

x fxy (x|y)dx = / x fx(x)dx = E[X]

o —0o0
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Example — conditional PDF

2 0<y<x<l1

0 otherwise

fx y(x,y) = {

0 1
Find the conditional PDFs fyx |y (x|y) and fy|x(y|x).

[e'e) 1
fly) = / ey (x, y)dx — / 2dx = 2(1— y), for 0< y <1

—0 y

fx(x) = / fx7y(x,y)dy:/ 2dy = 2x, for 0 < x < 1.
0

—00
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Example — conditional PDF
2 0<y<x<l1

fxy(x,y) =
Xy (x.y) 0 otherwise ¥

fy(y) = 2(1—y),for0<y<1

fx(x) = 2x,for0<x<1 x

f. —
Y‘X(y|x) fx(x) otherwise

fev (%, y) {i 0<y<xs=T
0

fr(y)

fxx(ey) iy 9<y<x<1
fxy(xly) = ——~<—= g otherwise.

(uniform PDFs!)
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Example — conditional PDF

v (x.y) 2 0<y<x<l1 J
X, =

XYY 0 otherwise 1
1
= 0<y<x

f x) = X -7 -

Y‘X(y| ) {O otherwise
1 < x <

Bavbdy) = I V=Xt
0 otherwise. 0 1 z

Interpretation:

® x = 0.5. Most likely value? fy|x(y): any value 0 <y < 0.5
® x = 0.01. Most likely value? fy|x(y): any value 0 < y < 0.01

For dependent X and Y/, knowledge of X changes knowledge on Y.
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Example — conditional expected value

) 2 0<y<x<l1 (
X, =
X, Y\ X, ¥y 0 otherwise 1
1
1 0<y<x
f x) = {2 herwic
vix(y1x) {o otherwise
1 <x<1
fx v (x]y) {0 otherwise. !
0 1
- 1y x2 X:I
EIX|]Y =y] = / x x|y (x|y)dx :/ ﬂdx - 2(1—y)
e y o
Tty
o 2

3
TUDelft

2. random vectors and conditional probability 38 /43



Conditional expectation

Notice the difference between

1+
EIX|Y =y = —7

and 14y
E[X]Y]:JFT.

® E[X|Y = y| is written in terms of the realization y, as the
conditional information says Y = y.

® E[X]|Y] is still a RV because of the conditioning on Y: the PDF is
fr ().

Theorem (iterated expectation): E[E[X|Y]] = E[X].
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Example — iterated expectation
Using the previous example,
1+Y

EIX|Y] = —

fr(y)=2(1-y), 0<y<1

® lterated expectations gives

EX] = EEXIVI = [ EXIYIA Gy
1 1
= /01;}/2(1—y)dy=/0(1—y2)dy=§

¢ Direct: with fx(x) =2x (0 < x < 1)

00 1
E[X] = / x fx(x)dx = / 2x2dx = %
0

—0o0
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Bivariate Gaussian

2(1_p§(7y)

f; =
X,Y(Xay) —
2roxoy./1—px y

e~ (x—ux)?/o%  o—(y—iv)*/5%
oxV2r oyV2m

fx(x) fyix (y[x)

Shoro s / 2
with MY*MY"‘PX,Y%(X_,UJX)' Oy =0y 1—Px,y-

Given X = x, the conditional probability model of Y is Gaussian, with
E[Y|X = x] = fiy and var[Y|X = x] = 52..

o [— (o) <)]

= - eq.(5.69) - =
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Exercise 7.6.2

X and Y are jointly Gaussian random variables with E[X] = E[Y] =0
and var[X]| = var[Y] = 1. Furthermore, E[Y|X] = X /2. Find
fX,Y(X7y)'

From the problem statement, we learn that
2 2
px =py =0, ox =0y =1.

From Theorem 7.16, the conditional expectation of Y given X is
~ oy
BYIXT = fiy (X) = py +p (X = px) = pX

In the problem statement, we learn that E[Y|X] = X /2. Hence

p = 1/2. From the expression of the PDF of a bivariate Gaussian, the
joint PDF is

1 26 —xyty?)/3

372 '

fX,Y(Xay) =
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To do for this week:

® Read chapter 7, 8

* Make (some of) the indicated exercises:
7.1.1,723,729,731,733,735,739, 751,753,755
8.1.3,8.2.3,8.4.1, 8.4.3, 845
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