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Contents
Today: more on multirate systems!

Polyphase systems are multirate systems (= containing filters running
at different rates) where filter impulse responses are split into several
“phases”. E.g., the odd and even indexed samples are processed
separately.

Upsampling and downsampling, revisited

Polyphase implementations:

• Polyphase downsampling [Ch. 13.1]
• Polyphase upsampling [Ch. 13.2]

Transform analysis; polyphase resampling [Ch. 13.4]

Multistage Interpolated FIR filter [Ch. 13.6]

(The discussions in the book are lengthy and not always insightful.)
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Upsampling and downsampling, revisited

Before downsampling, a lowpass filter is needed. The filter runs at the
high rate. Next, we drop many of the output samples! Could we just
not compute them?

y [n] = x [nD]↓ Dx [n] HD(z)

low ratehigh rate

For upsampling, the interpolation filter runs at high rate but many of
its input samples are zero. Can we exploit this?

x [n] ↑ U HI (z) y [n]

high ratelow rate

8. poly 3 / 27



Downsampling implementation

Before downsampling, a lowpass filter is needed. Suppose it is an FIR
filter (e.g., firwin):

x [n]

+

b0 b1 b2 b3

z−1 z−1 z−1

↓ 2 y [n]

1/T1

1/T2
(T2 = 2T1)

The filter runs at high rate 1/T1. Next, we drop half the output
samples! Can we avoid computing them?

Try to move the downsampling operator to before the multipliers!
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The rules of the game

We can move upsampling / downsampling beyond adders and
multipliers:

x[n] y1[n]

y2[n]

↓ D

↓ D

x1[n]

x2[n]

y [n]↓ D y [n]x1[n]

x2[n]

↓ D

↓ Dx[n] y1[n]

y2[n]

↓ D

We can swap two downsamplers or two upsamplers:

↓ D1 ↓ D2 ↓ D1x[n] x[n] y [n]y [n]↓ D2
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The rules of the game (cont’d)

We can swap upsampling and downsampling only if U and D are
relatively prime (no common divisors):

↑ Ux[n] ↓ D y [n] ↓ D ↑ U y [n]x[n]

We cannot swap a delay z−1 and upsampling / downsampling: it is a
time-varying operation.

z−1x[n] ↓ D ↓ D z−1 y [n]x[n]y [n]

Thus, we cannot swap a filter and upsampling / downsampling
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Efficient downsampling implementation

x[n]

x[n]

+

b0 b1 b2 b3

y [n]

+

b0 b1 b2 b3

↓ 2 y [n]

↓ 2 ↓ 2↓ 2 ↓ 2

1/T1

1/T2
(T2 = 2T1)

1/T2

z−1

1/T1

z−1 z−1

z−1 z−1 z−1

The multipliers run at half the clock rate in the second implementation!
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Efficient upsampling implementation

For upsampling, the interpolation filter runs at high rate but half its
input samples are zero. Can we exploit this?

+

b0 b1 b2 b3

x[n]

1/T1

↑ 2

y [n]
1/T2

z−1

(T2 = T1/2)

z−1 z−1
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Efficient Upsampling implementation
First implement the FIR filter as a “transposed” network:

z−1 z−1 z−1

x[n]

1/T1

↑ 2

y [n]

b3

1/T2

b2 b1 b0

Next, we can move the upsampler:

z−1 z−1

x[n]
1/T1

↑ 2 ↑ 2↑ 2 ↑ 2

y [n]

b3

1/T2

b2 b1 b0

z−1

Again, the multipliers now run at the low clock rate8. poly 9 / 27



Implementation of sampling rate conversion

Let’s see if we can view this swapping a bit more general.

Two ingredients:

Noble identities

Polyphase filter structures
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Noble identities

y [n]↓D H(z)↓DH(zD) x[n]y [n]x[n]

hD [n]

H(zD) = b0 + b1z
−D + b2z

−2D+ b3z
−3D + · · ·

hD [n] = [b0 0 0 b1 0 0 b2 0 0 b3 0 0 · · · ]

Likewise:

y [n]H(z)x[n] ↑U H(zU) x[n]y [n] ↑U
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Polyphase filter structure – Downsampling

↓2H0(z2)

↓2

↓2

x[n]
1/T1

H0(z) = b0 + b2z−1

H1(z) = b1 + b3z−1

x[n] y [n]
1/T21/T1

H(z)

z−1

z−1

z−1 z−1

x[n]
1/T1

H0(z)

H1(z)

y [n]
1/T2

z−1

+

b0

b1

b2

b3 y [n]

1/T2

↓2

H1(z2)

H(z) = b0 + b1z
−1 + b2z

−2 + b3z
−3 =

= (b0 + b2z
−2) + z−1(b1 + b3z

−2) =

= H0(z2) + z−1H1(z2)
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Polyphase filter structures
In general: create D groups (“phases”):

H(z) = (b0 + bDz
−D + · · · )

+z−1 (b1 + bD+1z
−D + · · · ) + · · ·

+z−D+1 (bD−1 + b2D−1z
−D + · · · )

This can be expressed using the D-component polyphase representation,
with polyphase components Hi (z):

H(z) =
D−1∑
i=0

z−iHi (z
D) , where

Hi (z) =
∞∑
n=0

bnD+iz
−n

If N is the original filter length, then each subfilter Hi (z) is of reduced
length, L = dN/De.
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Polyphase filter structure – Downsampling

H0(z) y [n]
1/T2

H2(z)

H1(z)

H0(z) = b0 + b3z
−1

H1(z) = b1 + b4z
−1

H2(z) = b2 + b5z
−1

x0[n] = [x[0], x[3], · · · ]
x1[n] = [x[1], x[4], · · · ]
x2[n] = [x[2], x[5], · · · ]

x[n]
1/T1

↓3H0(z3) y [n]
1/T2

z−1

z−1

x[n]
1/T1

↓3

x1[n]

x2[n]

x0[n]

x[n − 1]

x[n − 2]

z−1

z−1

H2(z3)

H1(z3)

↓3

↓3

Why more efficient?

D filters, each shorter by a factor D, running at a lower rate (factor
D) → factor D fewer computations

Alternatively: use factor D fewer physical multipliers running at the
high rate (operate each phase sequentially)
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Polyphase filter structure – Upsampling

Likewise:

H2(z)

H1(z)

H2(z3)

H1(z3)

↑3x[n]
1/T1

y [n]
1/T2

H0(z) = b0 + b3z
−1

H1(z) = b1 + b4z
−1

H2(z) = b2 + b5z
−1

z−1

z−1

H0(z)H0(z3)

z−1

H(z) = (b0 + b3z
−3) + z−1(b1 + b4z

−3) + z−2(b2 + b5z
−3)

z−1

x[n]
1/T1

y [n]
1/T2

↑3

↑3

↑3

U filters, each shorter by a factor U, running at the (lower) input rate
→ factor U fewer computations
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Efficient structure for fractional decimation

More general: let’s scale the input rate by a rational fraction U
D .

Example: How to efficiently implement the following system:

↓ DH(z) y [n]x [n]

2.67 kHz4 kHz

↑ U

U = 2,D = 3

The filter H(z) combines the interpolation filter (for upsampling) and
the anti-aliasing filter (for downsampling), or it could do other things.

Note that it runs at the highest rate in the system!
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Fractional decimation - example

Step 1 (2 options):

Which one is more efficient (in terms of the rate at which the filters
operate)?

First one is more efficient (output rate is lower)
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Fractional decimation - example
Step 2 (let us work further on option 2):

Write z−1 = z2z−3:
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Fractional decimation - example

Swap the downsample operator and each filter (polyphase structure
for each filter):

Now the filters run at 4/3 kHz (the lowest rate in the system, lower than
the input or output rate). This is the most efficient implementation.

The “advance” z is removed by introducing a bulk delay z−1 at the
input of the system.
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Fractional decimation - example

The trick was that we wrote z−1 = z2z−3. This allowed us to
propagate the upsampling operator and swap it with the
downsampling.

In general, we need z−1 = z−rUz−sD or

r U + s D = 1

This is a Bezout identity. The integer coefficients (r , s) are found
using Euclid’s algorithm (related to finding the gcd) in number theory.

We could also have explored option 1, with similar results
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Application to lowpass filter design - Ch. 13.6
Let’s upsample the impulse response g [n] of an FIR filter! Recall the
effect of upsampling on the spectrum: Ge(ω) = G (ωU)

2π

0 π−π−2π 2π

0 1 42

3 · · ·1

0 2

3 · · ·

0 π−π 2π−2π

ge [n] = g [n/U]↑ Ug [n]

ω

ω

after image-reject filtering:
0

ω

π−π−2π

In this way, we can turn a lowpass into a very lowpass filter.
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Application to lowpass filter design

Suppose we need to design a filter with very low passband frequency ωp

and small transition bandwidth ∆ω = ωs − ωp.

The required filter order N is a function of ∆ω, as

N ≈ K

∆ω

for some K (see heuristic formula in DSP Lecture 3). So for small ∆ω
it could be very big!
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Application to lowpass filter design
Idea: (Interpolated FIR filter)

Design first a lowpass “model” filter G (ω) with passband ω̄p = ωpU
and transition bandwidth ∆ω1 = ∆ωU

The required filter order will be more relaxed:

N1 ≈
N

U
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Application to lowpass filter design

Upsample the impulse response;
in frequency domain we have
G (ωU).

This will result in a filter of
length N but only N1 samples are
nonzero: same low complexity

We need to follow with an
interpolation filter I (ω) to remove
the unwanted spectral copies

Its specs are: passband ωp,
transition bandwidth
∆ω2 = ( 2π

U − ωs)− ωp.

Resulting filter length is
N2 = K

∆ω2
.
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Application to lowpass filter design

The overall complexity (sum of filter lengths) is

O =
K

∆ω1
+

K

∆ω2
=

K

U∆ω
+

K

2(π/U − ωp)−∆ω

Complexity (tradeoff) as function of U:
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Application to lowpass filter design

Multirate implementation:

y [n]I (z)

I (z)

↓ U

↓ U

↑ UG(z)

x[n] y [n]

x[n]

x[n] ↑ U G(zU) I (z) y [n]

G(zU) I (z)

I (z)

An initial anti-aliasing filter I (z) is introduced; this might affect the
complexity tradeoff
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To do:

Study the covered parts of chapter 13 (but browse over the elaborate
discussions)

Try to make exercise 13-(1), 8.

(Sorry, again no nice problems in the book)

This wraps up the theory of the DSP part of the course.

Next lecture, we’ll go over some exercises / old exam questions.
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