
Delft University of Technology

Faculty of Electrical Engineering, Mathematics, and Computer Science

Section Signal Processing Systems

Resit Exam EE3S1 SIGNAL PROCESSING
16 July 2026 13:30–16:30

Closed book; two sides of one A4 with handwritten notes permitted. No other tools

except a basic pocket calculator are permitted.

This exam consists of five questions (28 points). Answer in Dutch or English. Make clear

in your answer how you reach the final result; the road to the answer is very important.

Write your name and student number on each sheet.

Question 1 (7 points)

(a) Compute the cyclic convolution y[n] = x[n]⊛ h[n], for the N = 4-length sequences

x = [1, 3, 0, 2], h = [1, 2, 0, 1] .

(b) A signal x[n] has DFT X[k] = [1, 2, 3, 4, 5, 6]. Find Y [k], the DFT of y[n] = (−1)nx[n].

Now, consider the sequence g1[n] in figure (a), and the extended (duplicated) sequence g2[n] in

figure (b). Let G1(ω) be the DTFT of the sequence g1[n]; a sketch is shown in figure (c).
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(c) Determine the DTFT of the other sequence, g2[n], in terms of G1(ω).

(Note: do not evaluate G1(ω) explicitely!)

(d) Take N = 8. What is the DFT of g1[n] (n = 0, · · · , N − 1), expressed in terms of G1(ω)?

(e) How does the DFT of g1[n] change if we take N = 16 or N = 4? Explain using a drawing

of the spectrum.

(f) What changes if the DFT of g2[n] is taken (using N = 8)? Explain using a drawing.

Solution

1p (a) y[n] = x[n]⊛ h[n] =
4∑

k=0

h[k]x[n− kmodN ], or alternatively, you could write

y[n] =
4∑

k=0

x[k]h[n− kmodN ].

k = 0 : h[0]x[nmod4] = [1, 3, 0, 2]

k = 1 : h[1]x[n− 1mod 4] = [4, 2, 6, 0]

k = 3 : h[3]x[n− 3mod 4] = [3, 0, 2, 1]

y[n] = [8, 5, 8, 3]

or alt.

k = 0 : x[0]h[nmod4] = [1, 2, 0, 1]

k = 1 : x[1]h[n− 1mod 4] = [3, 3, 6, 0]

k = 3 : x[3]h[n− 3mod 4] = [4, 0, 2, 2]

y[n] = [8, 5, 8, 3]
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(1p) (b) The DFT length is N = 6. This is a modulation by w[n] = (−1)n = ejπn = ej
2π
6
3n.

The modulation property (DFT slide 34) says:

x[n] ej
2π
N k0n ⇔ X[k − k0 mod N ]

Here: k0 = 3. So

Y [k] = X[k − 3 mod 6] ⇒ Y [k] = [4, 5, 6, 1, 2, 3] .

Basically, the low and high frequencies are swapped.

(1p) (c)

g2[n] = g1[n] + g1[n− 4] ⇒ G2(ω) = G1(ω) + e−4jωG1(ω)

(1p) (d)

Gdft
1 [k] = G1(

2π

8
k) , k = 0, · · · , 7 .

These are samples of G1(ω) for multiples of ω = 2π/N , with N = 8. This is valid because

g1[n] is zero outside the DFT interval.

(1.5p) (e) Fewer, resp. more samples located on the same curve G1(ω) (zero-padding effect).

ω

0 π/2 π 3π/2 2π

|G
1
(ω

)|

0

5

10

DTFT

DFT(4)

DFT(8)

(Note that k = 0, · · · , N − 1 so 2π is not a sample point.)

(1.5p) (f) Referring to (c),

Gdft
2 [k] = G1(

2π

8
k) + e−4j 2π

8
kG1(

2π

8
k) = Gdft

1 [k] + (−1)kGdft
1 [k]

For k even, this is equal to twice Gdft
1 [k] for N = 8 samples. For k odd, this is equal to

zero.

Apart from the factor 2, we obtain the same spectrum as for the DFT of g1[n] with N = 4,

and with intermittent samples 0.
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Question 2 (6 points)

We are given a real analog signal xa(t) with spectrum given as follows:

|Xa(F )|

−800 MHz 800 MHz

1 MHz

0 F

Think e.g. of a GSM signal at a carrier frequency slightly below 800 MHz.

(a) For this case, what is the Nyquist rate?

(b) What sample rate do you need at least to describe the signal?

We consider three techniques to demodulate and sample the signal.

cos(2πFct)

2 GHz
xa(t) ↓ 1000

x[n]
y1[n]

2 MHz

y2[n]

2 MHz

y3[n]
z(t)

Fc = 800 MHz

LPF

(c) For signal y1[n], we sample the signal xa(t) at a rate of 2 GHz, and subsequently decimate

by a factor 1000.

Draw the resulting spectrum Y1(F ). On the frequency axis, specify both ω [rad] and the

corresponding physical frequencies F [Hz].

(d) For signal y2[n], we sample xa(t) at a rate of 2 MHz. Draw the resulting spectrum Y2(F ).

(e) For signal y3[n], we first apply a demodulation with Fc = 800 MHz, i.e., we multiply xa(t)

by cos(2πFct), next we apply a suitable low pass filter (LPF), and sample at 2 MHz.

– Draw the spectrum Z(F ). (Hint: split cos into the sum of two complex exponentials.)

– What are suitable parameters for the LPF to prevent aliasing?

– Draw the resulting spectrum Y3(F ).

Solution

(0.5p) (a) 1600 MHz

(0.5p) (b) 2 MHz (Alternatively: 1 MHz, but using complex samples.)

(1p) (c) First plot the spectrum of the sampled signal, |X[F ]|. It is the same as Xa[F ] from −1

GHz till 1 GHz (corresponding to ω = −π till π), and periodic elsewhere.
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|X(F )|
1 MHz

π

1200−1200

−π 0

0−800 800 F [MHz]

ω [rad]

Because of downsampling, we obtain X(F ) at all integer multiples of the new sample rate

(2 MHz), so the interval 799–800 MHz is copied to −1–0 MHz and −800–−799 MHz is

copied to 0–1 MHz. Note that the bandwidth in Hz is not scaled and stays 1 MHz; the

bandwidth in ω is expanded by a factor 1000, so that π corresponds to 1 MHz, half the

new sample rate.

-1 0

|Y1(F )|

1 MHz
π0−π

F

ω

(In the figures, amplitude effects have been ignored.)

(1p) (d) y2[n] is identical to y1[n]. For y1[n], we sampled faster, but then throw away most samples.

Also here, the signal between 799 and 800 MHz returns at multiples of 2 MHz, i.e. also at

the interval −1 until 0 MHz. The signal between −800 and −799 MHz returns at multiples

of 2 MHz, i.e. also at the interval 0 until 1 MHz.

(3p) (e) cos(2πFct) =
1
2(e

j2πFct + e−j2πFct).

The first term shifts the spectrum to the right by Fc; the component at −800 MHz shifts

to 0, and the component at 800 MHz shifts to 1600 MHz.

The second term shifts the spectrum to the left by Fc; the component at 800 MHz shifts

to 0, and the component at −800 MHz shifts to −1600 MHz.

0

|Z(F )|

1600 MHz−1600 MHz
F

The lowpass filter should retain only the component around 0 MHz. Specs: passband from

0 to 1 MHz, stop band from 1599 MHz.

After that, sampling at 2 MHz results in the same spectrum as we had for y1[n] and y2[n].

Question 3 (8 points)

Let X and Y be two jointly distributed continuous random variables with joint probability

density function

fX,Y (x, y) =

{
1 + c(2x− 1)(2y − 1), 0 < x < 1, 0 < y < 1

0, otherwise,

where c ≥ 0.
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(a) Derive the marginal PDFs fX(x) and fY (y).

(b) Determine whether the marginal distributions are sufficient to uniquely determine the joint

distribution. Explain your answer.

(c) Determine whether X and Y are independent. Discuss the role of c in your conclusion.

(d) Derive the conditional probability density functions fX|Y (x|y) and fY |X(y|x).

(e) For the given joint PDF, show that when y = 1
2 , we have fX|Y

(
x | y = 1

2

)
= fX(x). Does

this imply that X and Y are independent? Justify your answer.

(f) Calculate the conditional probability P
[
X < 1

2 | Y = y
]
for 0 < y < 1.

(g) Let W = X + Y . Using Markov’s inequality, find a bound for P[W ≥ a], where a > 0.

What can you conclude about P[W ≥ a] when a ≤ 0?

(h) Derive the maximum likelihood estimate of X based on the observation Y = y where

0 < y < 1
2 .

(i) Derive the minimum mean square error estimate X̂MMSE of X based on the observation

Y = y where 0 < y < 1
2 .

Solution:

(a) (1p) The marginal PDF for 0 < x < 1 is

fX(x) =

∫ 1

0
fX,Y (x, y)dy = 1 + c(2x− 1)

∫ 1

0
(2y − 1)dy = 1.

By symmetry of the joint PDF with respect to x and y, the marginal PDF of Y is also

uniform, and we get

fX(x) =

{
1 0 < x < 1

0 otherwise,
and fY (y) =

{
1 0 < y < 1

0 otherwise.

So in both cases, c drops out. Further, you could try to obtain c in the usual way, via∫ ∫
fX,Y (x, y)dxdy =

∫ 1

y=0

∫ 1

x=0
(1 + c(2x− 1)(2y − 1)) dxdy = · · · = 1

so also here c drops out: it is a free (undefined) parameter.

(b) (0.5p) The statement is false. The marginals describe the distributions of X and Y , but

they do not provide information about their dependence. For example, in this problem,

the marginal PDFs are independent of c, while different values of c produce different

joint PDFs with the same marginals. Therefore, the marginals alone are not sufficient to

determine the joint distribution.

(c) (0.5p) Independence requires fX,Y (x, y) = fX(x)fY (y) = 1 for every value of x and y.

Therefore, X and Y are independent only when c = 0.
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(d) (1p) Conditional PDF of X for 0 < x < 1 is

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
=

{
1 + c(2x− 1)(2y − 1) 0 < x < 1

0 otherwise.

Similarly,

fY |X(y|x)

{
1 + c(2x− 1)(2y − 1) 0 < y < 1

0 otherwise.

(e) (1p) When y = 1/2, we get fX|Y (x|y) = 1 = fX(x) for 0 < x < 1. However, this does not

imply that X and Y are independent. Independence requires fX|Y (x|y) = 1 = fX(x) for

every possible value of y, not just for one particular value. Since fX|Y (x|y) ̸= fX(x) for

y ̸= 1/2, in our case, X and Y are independent only if c = 0.

(f) (1p) The conditional probability is

P

[
X <

1

2
| Y = y

]
=

∫ 1/2

0
[1 + c(2x− 1)(2y − 1)] dx

=
1

2
+ c(2y − 1)

∫ 1/2

0
(2x− 1) dx =

1

2
− c

4
(2y − 1).

(g) (1p) Since E[W ] = E[X] + E[Y ] = 1
2 + 1

2 = 1, the Markov inequality gives

P[W ≥ a] ≤ E[W ]

a
=

1

a
.

Since W > 0, we get P[W ≥ a] = 1, for a < 0

(h) (1p) The maximum likelihood estimate is

X̂ML = argmax0<x<1 fX|Y (x|y) = argmax0<x<1 1 + c(2x− 1)(2y − 1)

= argmax0<x<1 (2x− 1)(2y − 1) = argmin
x

2x− 1 = 0.

In the last step, it was used that 0 < y < 1
2 , so 2y − 1 < 0.

(i) (1p) The MMSE estimate is

X̂MMSE = E[X|Y = y] =

∫ 1

0
x[1 + c(2x− 1)(2y − 1)]dx

=
x2

2
+ c(2y − 1)

(
2x3

3
− x2

2

)∣∣∣∣1
x=0

=
1

2
+

c

6
(2y − 1).

Question 4 (4 points)

Let X(t) be a WSS continuous-time random process with mean µX(t) = µX and autocorrelation

function RX(t1, t2) = RX(t1 − t2). Define a new random process Y (t) = X(−t).

(a) Determine whether Y (t) is WSS.

(b) Determine whether X(t) and Y (t) are jointly WSS.

(c) Let Z(t) = X(t) + Y (t). Determine whether Z(t) is WSS.
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Solution

(a) (1p) The mean function of Y (t) is µY (t) = E[Y (t)] = E[X(−t)] = µX , which is a constant.

The autocorrelation function of Y (t) is

RY (t1, t2) = E[Y (t1)Y (t2)] = E[X(−t1)X(−t2)] = RX((−t1)− (−t2)) = RX(t2 − t1),

which depends only on the time difference (t2 − t1). Therefore, Y (t) is WSS.

(b) (1.5p) Since the mean µX(t) = µX is constant, and RX(t1, t2) = RX(t1− t2) depends only

on the time difference (t2 − t1), we conclude that X(t) is also WSS. The cross-correlation

between X(t) and Y (t) is

RXY (t1, t2) = E[X(t1)Y (t2)] = E[X(t1)X(−t2)] = RX(t1 + t2).

For joint WSS, the cross-correlation must depend only on (t1 − t2). Since it depends on

(t1 + t2), X(t) and Y (t) are generally not jointly WSS.

(c) (1.5p) The mean of Z(t) is µZ(t) = E[X(t)+X(−t)] = µX +µX = 2µX , which is constant.

The autocorrelation is

RZ(t1, t2) = E[(X(t1) +X(−t1))(X(t2) +X(−t2))]

= RX(t1 − t2) +RX(t1 + t2) +RX(−t1 − t2) +RX(−t1 + t2)

= 2RX(t1 − t2) + 2RX(t1 + t2).

The term RX(t1 + t2) depends on both t1 and t2 separately. Therefore, Z(t) is generally

not WSS.

Question 5 (3 points)

Let X(t) be an independent and identically distributed Gaussian noise with mean E[X(t)] =

µX = 1 and variance Var[X(t)] = σ2
X = 2. We pass X(t) through a linear time-invariant system

with impulse response h(t) = 2e−2tu(t), to get the output process W (t), where u(t) is the unit

step function.

(a) Find the power spectral density SX(f) of X(t).

(b) Find the output autocorrelation RW (τ).

(c) Is W (t) white? Explain.

Hint: The Fourier transform of e−atu(t) is
1

a+ j2πf
, for a > 0. The Fourier transform of e−a|t|

is
2a

a2 + 4π2f2
, for a > 0.

Solution

(a) (1p) Since X(t) is a white noise process, we have

RX(τ) = σ2
Xδ(τ) + µ2

X = 2δ(τ) + 1 =⇒ SX(f) = 2 + δ(f).
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(b) (1.5p) The output power spectral density is SW (τ) = |H(f)|2SX(f). Here,

H(f) =
2

2 + j2πf
=

1

1 + jπf
=⇒ |H(f)|2 = 1

1 + π2f2
.

So, we get

SW (τ) = |H(f)|2SX(f) =
2 + δ(f)

1 + π2f2
=

2

1 + π2f2
+ δ(f).

Hence, RW (τ) = 1 + 2e−2|τ |.

(c) (0.5p) The power spectral density of W (t) is not a constant over all frequencies. Therefore,

it is not white.
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