Delft University of Technology
Faculty of Electrical Engineering, Mathematics, and Computer Science
Section Signal Processing Systems

Exam EE3S1 SIGNAL PROCESSING
16 April 2026 09:00-12:00

Closed book; two sides of one A4 with handwritten notes permitted. No other tools
except a basic pocket calculator are permitted.

This exam consists of five questions (27 points). Answer in Dutch or English. Make clear
in your answer how you reach the final result; the road to the answer is very important.

Write your name and student number on each sheet.

Question 1 (6 points)
(a) Why would we ever want to use a cyclic convolution?

(b) Compute the cyclic convolution y[n| = z[n] ® h[n], for x = [1,2,3,4,5], h=1[0,0,1,2,0].

Now consider another signal x = [:v [0], z[1], - ,x[?]] of which the 8-point DFT X|[k] is given as
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For reference, the dashed line is the corresponding DTFT (shown as interpolating values—not

entirely correct but you may assume this for simplicity).
(¢) Plot the 16-point DFT of w = [«[0],--- ,z[7],0,---,0]. (Motivate your plot.)
(d) Plot the 16-point DFT of y = [#[0],0, z[1],0,-- -, z[7],0]. (Motivate your plot.)
(e) Plot the 16-point DFT of z = [«[0],--- ,z[7],z[0], - ,z[7]]. (Motivate your plot.)
Hint: First make a short derivation, and distinguish between even and odd k.
Question 2 (6 points)

We design an interpolation filter for upsampling by a factor U = 25;

x[n] —={1 25|—{ H(z)—y[n]

Here, z[n] is a bandlimited signal with useful frequencies until |w| = 0.957, corresponding to 3.8
kHz. The sample rate for z[n] is F,, = 8 kHz. H(z) is an FIR filter, with ripple tolerances of
61 = 0.01 in the passband and §o» = 0.002 in the stopband.



(a) What is the sample rate F, of the output signal?
(b) Specify the required passband and stopband frequencies of H(z).

(c) Estimate the required filter order N. You can use Kaiser’s approximation:

N _ —1010g(5152) —13 where Af _ stop Fpass )

14.6 Af ’ F

To reduce the complexity, we will implement the upsampling/interpolation in two steps:

v[n]
x[n]—® 15 [—®Hy(z)—® 15 B Ho (2)——® y[n]

(d) What is the sample rate F, of v[n]?
Specify Hi(z) and draw the amplitude spectrum of v[n].

(e) Specify Hy(z) and draw the amplitude spectrum of y[n].

(f) Determine the required filter orders N; and No.

Question 3 (8 points)

Let X be the height of a randomly chosen individual from a population, which is modeled as
a Gaussian random variable with mean p and variance 1, i.e., X ~ AN (u,1). To estimate the
mean of X, we observe a random sample X1, Xo, ..., X,, which are independent and identically
distributed (i.i.d.) random variables, having the same distribution as X, i.e., X; ~ N (u, 1).
(a) Write the joint probability density function (PDF) f(z1,z2,...,2,) of X1, Xo,..., X,.
(b) Compute the conditional expectation E[X? Xy | Xo = xs].
(c) Y1 = X1 + X5 and Ys = X1 — Xo, find their covariance Cov[Yy, Ya].

)

(d) Using the moment generating function, derive the fourth-order moment E[X%] of X.
Suppose we estimate p using the sample mean as X,, = Z X;.

(e) Classify the following quantities as random or deterministic: (i) the unknown mean y; (ii)
the estimate of the mean X,,; (iii) the bias E[X,, — u].

(f) Show that X,, is an unbiased estimator of .
(g) Compute the mean squared error of X,, as an estimator of p.

(h) Using the Chernoff bound, how large must n be for X,, to not exceed 0.1 of p with 95 %
confidence, i.e., P[X,, < pu+ 0.1] > 0.95? You may use In(0.05) ~ —3.

Hint: For X ~ N (u,0?), the PDF is f(x) = \/ﬁ exp <_%) and the moment generating

function is ¢x(s) = exp (us + %02> with derivative
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Question 4 (4 points)
For t € R, let X(t) be a random process with mean px (t) = 0 and autocorrelation function
Rx(ty,t2) =11+ 7T2(t1 — t2)2 .

Let Y (t) be a random process independent of X (), with mean py (t) and autocorrelation function

Ry (t1,t2). We define a new process
Zt)y=X@)Y(t), VteR.
(a) Compute the mean function pz(t) of Z(t).
(b) Prove that the autocorrelation function Rz(t1,t2) of Z(t) satisfies

Rz(tl,tQ) = Rx(tl,tg) Ry(tl,tg), th,tQ ceR.

(c) If Y(¢) is wide sense stationary (WSS), is Z(t) WSS? Explain your answer.

(d) If Y(t) is WSS, are X (¢) and Z(t) jointly WSS? Explain your answer.

Question 5 (3 points)

A zero-mean WSS Gaussian random process X (¢) with autocorrelation Rx (1) = e ™" is passed
3
through a linear time-invariant system with frequency response |H(f)| = e~ 2"/ ®. Let the output

process be W (t).

(a) Find the power spectral density Sx(f).
(b) Find the output autocorrelation Ry (7).

(c) Find the variance Var[W (¢)].

T _x2
Hint: The Fourier transform of the Gaussian function e s \/7€_af2, for any a > 0.
a






Tables from Digital Signal processing (Th. Holton):

DTFT:

Property Time domain Frequency domain
Transform A= 4 T X(@)e ™ de X(w)=Y7__ x[nleon
Linearity y[n]=ayx,[n] + axxa[n] Y(o)=a Xi(w) + a, Xs5(w)
Time shift y[nl = x[n = no] Y(@)= X(w)e 7"

[ Y(w) = | X(w)]
AY(m)= £ X(w)— wny

Complex modulation
(Frequency shift)

3] = e

Y(w) = X(o — wo)

Modulation y[n] = x[n] cos won Y(w)=1X(w— w)+ 3 X(w+ wy)
¥ = x{n] sin con Y (@)= 3 X (@ — ) — 3, X (0 + @)
y[n] = x{n] cos(won + ) Y(w)= %e’“’X{w —wp) + —ée‘f*"X(w + wp)
Convolution y[n] = x[n] * h[n] Y(w)= X(w)H(w)
Multiplication y[n] = x[n]wln] Y(w)= ﬁX(W) * W(w)
(Windowing)
DFT:
Property I XIK]
Linearity ax,[n] + bx,[n] aX\[k] + bX-[k]
Complex ”
conjugation %{n) X =mn]
Circular _ P2k N
time shift X =noa] Al
Time reversal x*[(—=n)al X*[k]
Circular 2zelnIN
" o — D
frequency shifting Hinle X[t =Dl
Circul =
c;;i‘;ftftion X[n)@h[n) = mgo X[mlh{(n — m)y] X[k HIK]

o 1 1 3=
Multiplication x{n]wln] XK@ WIK]= + é X[NIW[(k — Dy]
Parseval’s = 2 I = 2

x[n = 2
theorem ,,;0 Il v r; | XTIk
XK= X*[(=k)a]
1l real | XK= X (k)N
Symmetry x[n] rea AX[K]= — &X[(=hk)y]

(] = x*[a))

Re{X[k]} = Re{ X[(-K)y]}
Im{X[k]} = — Im{X[(—k)x]}




Tables from Stochastic Processes (R.D. Yates and D.J. Goodman):

continuous time fourier transforms

Time function Fourier Transform

4(7) 1
1 o(f)
o(T — 1) eI2mfn0
() L+ -1
2 j2nf
eJ2mfor 5(}" — fn)
cos 27 foT l5(f*f0)+ %5(f+f0)
sin 27 for Z&f — fo) — %5(]0 + fo)
ae™u(T) —a
a+j2rf
—~alr] 2a”
ae a? + (2m f)?
ae—Ta*T? emf?/a®
rect(r/T) T'sine(fT)
sine(2Wr) 2% rect(%)

Note that a is a positive constant and that the rectangle and sinc functions
are defined as

rect(x) = 1 |z < 1/2,
0 otherwise,
sinc(z) = w
-

Table 1 Fourier transform pairs of common signals.

Time function Fourier Transform

o(r—m) G(f)emim
g(T)E?ﬂ"fOT G(f _ fo)

o(~7) G*(f)

) JRFG)

[$g<z>d Soad + 50

[ h(w)g(r — v) do GUNH()

a(0)h(1) I HPGS — ) df

Table 2 Properties of the Fourier transform.

discrete time fourier transforms

Discrete Time function

Discrete Time Fourier Transform

[n] =4, 1
o(4)

— =

5[71 - 710] = du—m]

e—i2méno

1 1 &,
ed2mdon > o6 —go—k)
k=—oc0
. 1 , 1.
cos 2T don 55@’ — ¢o) + 55(0 + ¢o)

1 1
sin 2mpon Q_j(S(q‘o — ¢o) — 2_j§(¢ + ¢o)
n 1
b I
! 1—a?
ol
1+ a? —2acos2m¢
Gn—ng G((‘;)e*ﬂwmo
Gne? 2 oom G(¢ — o)
J—n G*(¢)
[o<]
> higur G()H (9)
k=—occ
72
Gnhn H($"G(p—¢')dd’
J-1/2

Note that d[n] is the discrete impulse, u[n] is the discrete unit step, and a is

a constant with magnitude |a| < 1.

Table 3 Discrete-Time Fourier transform pairs and properties.

Exponential (1)
For A > 0,
x () Ae™>* >0 (s) A
() = ox(s) =
X 0 otherwise X A—3s
E[X] =1/A
Var[X] = 1/A%

Gaussian (¢, o)
For constants o > 0, —o0 < y < 0,

s 242 /2
ox(s) =e¥te /2

Uniform (a, b)

For constants a < b,

! <zx<b
fx(z)=<Sb—-a e

0 otherwise
S a+b
E[X]= .
b—a)?
Var[X] = { 1_)“)

Laplace (a, b)
For constants a > 0 and - < b < o,

@ —alz—b|

ox(s) =



