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Closed book; two sides of one A4 with handwritten notes permitted. No other tools

except a basic pocket calculator are permitted.

This exam consists of five questions (27 points). Answer in Dutch or English. Make clear

in your answer how you reach the final result; the road to the answer is very important.

Write your name and student number on each sheet.

Question 1 (6 points)

(a) Why would we ever want to use a cyclic convolution?

(b) Compute the cyclic convolution y[n] = x[n]⊛h[n], for x = [1, 2, 3, 4, 5], h = [0, 0, 1, 2, 0] .

Now consider another signal x =
[
x[0], x[1], · · · , x[7]

]
of which the 8-point DFT X[k] is given as

dft index k
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X
[k

]

0

4
dft spectrum, N=8

For reference, the dashed line is the corresponding DTFT (shown as interpolating values—not

entirely correct but you may assume this for simplicity).

(c) Plot the 16-point DFT of w =
[
x[0], · · · , x[7], 0, · · · , 0

]
. (Motivate your plot.)

(d) Plot the 16-point DFT of y =
[
x[0], 0, x[1], 0, · · · , x[7], 0

]
. (Motivate your plot.)

(e) Plot the 16-point DFT of z =
[
x[0], · · · , x[7], x[0], · · · , x[7]

]
. (Motivate your plot.)

Hint: First make a short derivation, and distinguish between even and odd k.

Question 2 (6 points)

We design an interpolation filter for upsampling by a factor U = 25;

H(z)↑ 25x[n] y[n]

Here, x[n] is a bandlimited signal with useful frequencies until |ω| = 0.95π, corresponding to 3.8

kHz. The sample rate for x[n] is Fx = 8 kHz. H(z) is an FIR filter, with ripple tolerances of

δ1 = 0.01 in the passband and δ2 = 0.002 in the stopband.
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(a) What is the sample rate Fy of the output signal?

(b) Specify the required passband and stopband frequencies of H(z).

(c) Estimate the required filter order N . You can use Kaiser’s approximation:

N̂ =
−10 log(δ1δ2)− 13

14.6 ∆f
, where ∆f =

Fstop − Fpass

Fs
.

To reduce the complexity, we will implement the upsampling/interpolation in two steps:

H1(z)↑ 5x[n] ↑ 5 H2(z) y[n]
v[n]

(d) What is the sample rate Fv of v[n]?

Specify H1(z) and draw the amplitude spectrum of v[n].

(e) Specify H2(z) and draw the amplitude spectrum of y[n].

(f) Determine the required filter orders N1 and N2.

Question 3 (8 points)

Let X be the height of a randomly chosen individual from a population, which is modeled as

a Gaussian random variable with mean µ and variance 1, i.e., X ∼ N (µ, 1). To estimate the

mean of X, we observe a random sample X1, X2, . . . , Xn which are independent and identically

distributed (i.i.d.) random variables, having the same distribution as X, i.e., Xi ∼ N (µ, 1).

(a) Write the joint probability density function (PDF) f(x1, x2, . . . , xn) of X1, X2, . . . , Xn.

(b) Compute the conditional expectation E[X2
1X2 |X2 = x2].

(c) If Y1 = X1 +X2 and Y2 = X1 −X2, find their covariance Cov[Y1,Y2].

(d) Using the moment generating function, derive the fourth-order moment E[X4] of X.

Suppose we estimate µ using the sample mean as X̄n =
1

n

n∑
i=1

Xi.

(e) Classify the following quantities as random or deterministic: (i) the unknown mean µ; (ii)

the estimate of the mean X̄n; (iii) the bias E[X̄n − µ].

(f) Show that X̄n is an unbiased estimator of µ.

(g) Compute the mean squared error of X̄n as an estimator of µ.

(h) Using the Chernoff bound, how large must n be for X̄n to not exceed 0.1 of µ with 95 %

confidence, i.e., P[X̄n ≤ µ+ 0.1] ≥ 0.95? You may use ln(0.05) ≈ −3.

Hint: For X ∼ N (µ, σ2), the PDF is f(x) = 1√
2πσ2

exp
(
− (x−µ)2

2σ2

)
and the moment generating

function is ϕX(s) = exp
(
µs+ s2

2 σ
2
)
with derivative

dmϕX(s)

dsm
=

⌊m/2⌋∑
k=0

m!

(m− 2k)! k! 2k
(σ2)k(µ+ σ2s)m−2kϕX(s)
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Question 4 (4 points)

For t ∈ R, let X(t) be a random process with mean µX(t) = 0 and autocorrelation function

RX(t1, t2) = 11 + π2(t1 − t2)
2 .

Let Y (t) be a random process independent ofX(t), with mean µY (t) and autocorrelation function

RY (t1, t2). We define a new process

Z(t) = X(t)Y (t), ∀t ∈ R .

(a) Compute the mean function µZ(t) of Z(t).

(b) Prove that the autocorrelation function RZ(t1, t2) of Z(t) satisfies

RZ(t1, t2) = RX(t1, t2)RY (t1, t2), ∀t1, t2 ∈ R .

(c) If Y (t) is wide sense stationary (WSS), is Z(t) WSS? Explain your answer.

(d) If Y (t) is WSS, are X(t) and Z(t) jointly WSS? Explain your answer.

Question 5 (3 points)

A zero-mean WSS Gaussian random process X(t) with autocorrelation RX(τ) = e−πτ2 is passed

through a linear time-invariant system with frequency response |H(f)| = e−
3
2
πf2

. Let the output

process be W (t).

(a) Find the power spectral density SX(f).

(b) Find the output autocorrelation RW (τ).

(c) Find the variance Var[W (t)].

Hint: The Fourier transform of the Gaussian function e−at2 is

√
π

a
e−

π2

a
f2
, for any a > 0.
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Tables from Digital Signal processing (Th. Holton):

DTFT:

DFT:



Tables from Stochastic Processes (R.D. Yates and D.J. Goodman):

continuous time fourier transforms discrete time fourier transforms


