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Fourier series

@ Book: Chapter 4
@ Sections/subsections: 4.3.4, 4.3.6, 4.5

@ Exercises: 4.2, 4.3, 4.4, 45, 4.7, 411 (3rd Ed.)
@ Exercises: 4.2, 4.4, 4.6, 4.7, 410, 418 (2nd Ed.)



Reflection and even and odd periodic signals

@ Reflection:

@ Let x(7) be a periodic signal with a fundamental period Ty
and a Fourier expansion

o
_ 2 : XkeJonf
Kk=—o0

@ What is the Fourier expansion of x(—7)?

Z Xkt — Z X_ ekt

k=—o0 k=—00

@ Conclusion: if the Fourier coefficients of x(f) are given by
Xk then the Fourier coefficients of x(—t) are given by X_x



Reflection and even and odd periodic signals

@ Even periodic signals:
@ An even signal x(f) is characterized by

x(—=1t)=x(t) foralteR

@ Using the result of the previous slide we find that for an
even signal
X_x =X, (even signal)

@ For the expansion coeffcients of the trigonometric Fourier
series we have

X+ X_ X — X_
XXk and =

Ck 0

@ The trigonometric Fourier series of an even signal has
cosine expansion functions (even functions) only



Reflection and even and odd periodic signals

@ 0dd periodic signals:
@ An odd signal x(t) is characterized by

x(—=1)=—x(t) foralteR
@ For an odd signal we have
X_x = =X, (odd signal)
@ The expansion coeffcients of the trigonometric Fourier

series are

Xk + X_ X — X_
:M:O and dy = joK 2K

= jX
> > JXk

Ck

@ The trigonometric Fourier series of an odd signal has sine
expansion functions (odd functions) only



Real-valued periodic signals

@ Let x(7) be a periodic signal with a fundamental period Ty
and a Fourier expansion

o
_ Z X, ekt
k=—00
@ Taking the complex conjugate, we find
Z X* —JonT Z X* eJKQoT
k=—o00 k=—o00

@ Conclusion: if the Fourier coefficients of x(f) are given by
Xy then the Fourier coefficients of x*(f) are given by X*



Real-valued periodic signals

@ If the signal x(7) is real-valued then x*(t) = x(t).
Consequently, for a real-valued signal we have

X* =Xk or X_x=X; (real-valued signal)
@ If the signal x(7) is even and real-valued, we have
Xe=X_y=X;

showing that the Fourier coefficients X are real. Note that
the coefficients ¢, are real as well.



Real-valued periodic signals

@ If the signal x(1) is odd and real-valued, we have
Xe=—X_=—X;

showing that the Fourier coefficients X are imaginary.
Note that the coefficients dk are real in this case.



Time and frequency shifting

@ Let x(7) be a periodic signal with a fundamental period Ty
and a Fourier expansion

oo
x(t)= Y X!
Kk=—o0

@ What are the Fourier coefficients of x(t — 7), where 7 € R
is a fime shift?



Time and frequency shifting

@ From the Fourier expansion

(1-_7_ Z X eJon(T T) _ Z Xke JonTeJonT

Kk=—o0 k=—o00

@ Conclusion: if the Fourier coefficients of x(t) are given by
Xk then the Fourier coefficients of x(f — 7) are given by
XkeijQoT_



Time and frequency shifting

@ We are given a periodic signal x(t) with fundamental period
To. We consider the modulated signal

V() = X!

@ The frequency Q; is called the modulation frequency

@ For this frequency we take: Q; = MQq, with M an integer,
M>1

@ The signal y(t) is periodic with a fundamental period To



Time and frequency shifting

@ For the signals x(*) and y(t) we have the Fourier
expansions

x(t) = Z X et and  y(t Z Yy edko?

k=—o0 k=—o0

@ How are the Fourier coefficients of y(t) related to the
Fourier coeffcients of x(7)?

y(1) = X(T)eJQ1T — Z X el Ko+ )t

k=—o0

_ Z XkeJ(K+M QoT Z XK MeJkﬂof

k=—00 k=—o0



Time and frequency shifting

@ Conclusion: if the Fourier coefficients of x(t) are given by
Xk then the Fourier coefficients of x(#)e/S%" are given by
XK—/VI-

@ The spectrum of x(7) is shifted in frequency by
Q1 = MQO rad/s



Sum and multiplication of periodic signals

@ Let x(7) be a periodic signal with fundamental period T;. Its
fundamental frequency is

2T

Q==
1= 7

@ Let y(t) be a periodic signal with fundamental period T,. Its
fundamental frequency is

2T

Q="
2 7-2

@ Consider the signal z(t), which is a linear combination of
x(1) and y(t):
z(t) = ax(f) + By(7)

« and 8 are constants.
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Sum and multiplication of periodic signals

@ As we have seen, if
P N

LM
with N and M integers > 1 with nho common factor then
@ z(1) is periodic with fundamental period and frequency

2
To=MT, =NT;, and Qo= &

- T T2

To
respectively
@ Note that
2 2
Q=L =NQ and Q= S5 = MQo



Sum and multiplication of periodic signals

@ Remark: when N and M have no common factor, then N
and M are said to be relatively prime or coprime

@ Example: N = 4 and M = 6 are not relatively prime.
Common factor is 2.

4 2.2 2
6 2-3 3
@ Example: N =2 and N = 3 are relatively prime. These
numbers do not have a common factor.



Sum and multiplication of periodic signals

@ Since x(t) is periodic with fundamental frequency
Qi = NQq it has a Fourier expansion of the form

Z X eJkQﬂ" Z X eJKNQoT

k=—o00 k=—00

@ Since y(t) is periodic with fundamental frequency
Q, = Mo it has a Fourier expansion of the form

y(./. Z y eJszT Z y eJkMQoT

k=—00 k=—o0



Sum and multiplication of periodic signals

@ Since z(t) is periodic with fundamental frequency Qo it has
a Fourier expansion of the form

oo
z(t) = Z Z ekt
Kk=—o00

@ How are the coeffcients Zx related to the coeffcients Xj
and Vk?



Sum and multiplication of periodic signals

@ Using the Fourier expansions of x(t) and y(t), we find
z(1) = ax(t) + By(¥)

o oo
_ Z Xkt o Z By, elMaot

k=—00 Kk=—00
[o.¢]
— E ZkeJonT
k=—o00

@ The infegers: Z
@ Given an infeger N > 1

@ We say that an integer k € Z is an integer multiple of N if
there exists an integer p € Z such that k = pN
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Sum and multiplication of periodic signals

@ Example: N =3
e k=0 is an infeger multiple of N, since for p =0 € Z, we
have k =0-N = 0.
k = 0O is an integer multiple of any N
k = 1is not an integer multiple of 3
k = —1is not an integer multiple of 3
k = 3 is an integer multiple of N =3 (p = 1)
k = —3 is an integer multiple of N =3 (p = —1)
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Sum and multiplication of periodic signals

@ If k is an infeger multiple of N and k is an integer multiple
of M:

Zk = aXin + BYk/m
@ If k is not an integer multiple of N and k is not an integer

multiple of M:
Zk=0
@ If k is an intfeger multiple of N and k is not an integer
multiple of M:
Zi = aXy/N
@ If k is not an integer multiple of N and k is an integer

multiple of M:
Zk = BYk/m
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Sum and multiplication of periodic signals

@ Example: N=2and M =3, a=p5=1

Zo = Xo + Yo
Z1=0
Zo = X1
Z3 =Y
Zy = X>o
Z5 =0

Ze =X3+Y>
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Sum and multiplication of periodic signals

@ Book:
o

z(t) = Z (aXin + BYiym)e

k=—o00

with k/N and k/M integers
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Sum and multiplication of periodic signals

@ Let x(f) and y(¥) be periodic signals with fundamental
period To

@ Fourier expansions of these signals

o0
x(t) = Z X e’ and y(t) = Z y,,elmsot

k=—o0 m=—oo

@ We multiply the signals x(t) and y(t) to obtain
Z(f) = x(1)y(7)

@ The signal z(t) is also periodic with fundamental period To
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Sum and multiplication of periodic signals

@ Fourier expansion of z(f):
e .
Z(t) = > Zel !
Nn=—oo

@ How are the Fourier coefficients of x(#) and y(t) related to
the Fourier coefficients of z(1)?
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Sum and multiplication of periodic signals

@ We compute
(1) = x()y(?)

o0 oo
— Z XkeJonT Z yme\jmﬂof

Kk=—00 m=—oo

o0 oo
= Z Z XY eltktmQot

K=—00 Mm=—00

X oo oo
Nn=~K+m j : 2 : i
:+ Xk ynikeJHQof

k=—00 N=—00

o o0 [o¢]
=3 Y = 3z

N=—00 K=—0o0 N=—00
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Sum and multiplication of periodic signals

@ We conclude that the Fourier coefficients of z(t) are given
by
oo
Zo= ) XiYnk
K=—o00

@ Z, is equal to the convolution of the discrete sequences Xk
and Y

@ Compare with
() = / <(W(F — 1) dr

@ Discrete convolutions will be discussed extensively further
on in the course
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Derivatives and integrals of periodic signals

@ Periodic signal x(t) with a Fourier expansion
o
_ Z X oot
k=—00
@ Let y(f) be the derivative of this signal. We have
y(t) = Z Xy - JkQg - ST = Z Vyedio?
k=— k=—00

@ We conclude
Yie = Xk - JkQo
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Derivatives and integrals of periodic signals

@ Periodic signhal y(1) with a Fourier expansion

y(t) = Z v ekt

k=—o0

@ Signal has no dc component: ¥ =0

W= 3 ek

k=—00
k0
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Derivatives and integrals of periodic signals

@ Integral of y(1):

() = / C s

T=—00

@ With MTo <t and M an integer, we have

,
2(f) = / y(r)dr

Mo '
= / y(7)dr + / y(7)dr
T=—00 T=MTo

=0

‘
= / y(r)dr
T=MTpo
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Derivatives and integrals of periodic signals

@ Substitute the Fourier series of y(t) to obtain

t e )
z(t) = / > Ve T dr

=MTo Kk=—o00
K50

1 )

— y - y - JonT
> Kk > Ko €
=—00 k=—00
K£0 K£0

(@)
“Zo+ Y Zek!

k=—c0
k£0
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Derivatives and integrals of periodic signals

@ with

and
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Amplitude and time scaling of periodic signals

@ Periodic signal x(t) with a Fourier expansion

o
x(t)= ) Xk

k=—o00

@ What is the Fourier transform of y(f) = Ax(at), a > 0?
@ From the Fourier expansion of x(7):

y(1) = Ax(at) = ) AXyeloo!

k=—o0

@ We observe:
e y(1) is a periodic signal with fundamental frequency afo
@ and Fourier coefficients ¥, = AX\

e Note that time scaling with an a > O does not affect the
Fourier coeffcients



