Delft University of Technology
Faculty of Electrical Engineering, Mathematics, and Computer Science
Section Circuits and Systems

Resit exam EE2S11 SIGNAL PROCESSING
July 21, 2020

Block 1 (13:30-15:00)

Open book, strictly timed take-home exam. (Electronic) copies of the book and the
course slides allowed. No other tools except a basic pocket calculator permitted.
Upload answers during 14:55-15:10

This block consists of three questions (30 points); more than usual, and this will be taken
into account during grading. Answer in Dutch or English. Make clear in your answer how
you reach the final result; the road to the answer is very important. Write your name and
student number on each sheet.

Question 1 (10 points)

Given a SISO system with input signal z(t) and output signal y(¢). For 77 > 0 and 75 > 0 and
Ty + T3 # 0, the output signal y(t) is related to the input signal z(t) by

1 t+T5
t) = x(7)drT.
(1) T1+TZ/T:tTI (7)

(a) The system is called a sliding window averager. Explain why.

(b) Is this system linear? Motivate your answer.

(c) Is this system time-invariant? Motivate your answer.

(d) Determine the transfer function of the system. What is its ROC?
(e) Determine the impulse response of the system.

(f) Is the system causal for 77 > 0 and 75 > 07 Motivate your answer.

(g) Is the system causal for 71 > 0 and T» = 07 Motivate your answer.

Solution

(a) For each time instant ¢ the output is the arithmetic average of the input signal taken over
the interval (t — Th,t + T»).

(b) Let y;(t) denote the output signals that correspond to the input signals z;(t), i = 1,2.
Given the input signal x(t) = ax(t) + Bxa(t), where o and (3 are constants, we have

1 t+To 1 t+T5
t) = x(7)dr = / azxi(t) + Bxo(t)| dT
() Tl%/ﬂ_ﬂ Pdr= gy [ @)+ Bas(e)

= ay1(t) + By2(t).

Linear combination of input signals leads to the same linear combination of the corre-
sponding output signals. System is linear.



()

(f)
(2)

Let w(t) be the output signal of the system that corresponds to the input signal v(¢). In

1 t+1o
t) = dr.
w(®) Tuﬂalﬁqf“)T

other words, we have

Now let z(t) =
output signal y(t) that corresponds to this input signal is

1 t+T5 1 t+T5
t) = z(r)dr = / v(T —a)dr
y(t) T+ 1> /rt_Tl ™) Ti+T> Jepomy ( )

p=r—a 1 t—a+Ts
= v(p)dp = w(t — a).
E+Bétﬁm(mp (t—a)

v(t —a) be a time-shifted version of the input signal with time shift a. The

A time shift in the input leads to a time-shifted output with the same time shift. System
is time-invariant.

System is LTI so we know that for an input signal z(t) = e the output signal will be
y(t) = H(s)e®, where H(s) is the transfer function. Substitution gives

1 t+T> 1 t+1> 1 T T .
t) = z(r)dr = / eTdr = ————— (%2 —e 1) e’
v =73, /T:t_Tl =570 | ST )

1 CST2 e—STl
H(s) = - :
(8) T, + T < S S )

The ROC = C, there is no pole at s = 0.

and we observe that

Inverse Laplace transform gives

h(t)

= g [+ T) —u(t = Ta)).

Can also be seen directly from the given input-output relation, of course.
No. h(t) # 0 for t < 0. Can also be seen from the given input-output relation, of course.

Yes. In this case h(t) = 0 for ¢t < 0. Can also be seen from the input-output relation.

Question 2 (10 points)

(a)

(b)

Determine the Laplace transform F'(s) of the signal

7(t) = sinh(tyu(t),
where u(t) is the Heaviside unit step function.

What is the ROC of F(s)?

For t > 0, the behavior of a system with input signal x(¢) and output signal y(t) is governed by

the differential equation

d*y

@—y:x(t).

At t =0, y and its first three derivatives vanish.



(c) Determine the impulse response h(t) of the system.

(d) True or false: the output signal y(¢) of the system for a given input signal z(¢) and with
vanishing initial conditions is given by

y(t) = / [sinh(t — 7) — sin(t — )] 2(r)dr, ¢ > 0.

Motivate your answer.

Solution
(a) We have
o) [e'¢) et _ e—t
F(s) = / sinh(t)e s dt = / e stdt
t=0 t=0 2
T T
= 1 /00 e~ (57Dt _ (st qp — 1 lim e~ (=t qp — 1 lim et gt
2 t=0 T—o00 t=0 2 T—oo +=0
For the first integral, we have
L T —(s—1)t 1
— lim e dt = = for Re(s) > 1.
2 T—oo t=0 2s—

For the second integral we have
1 T 11
- lim etV d = ————  for Re(s) > —1.
2 T—00 t=0 2 S + 1

Consequently,
1 1 1 1

F(s) == - - f 1
(s) 2(5—1 s—|—1> 2T or Re(s) >

(b) ROC = {s € C;Re(s) > 1}.

(¢) Impulse response h(t) is the response of the system to a delta input only (initial conditions
vanish). In other words, h satisfies
d*h

with vanishing initial conditions. Applying the one-sided Laplace transform to this equa-
tion and taking the initial conditions into account, we obtain

1 1 1/ 1 1
(' =DH(s) =1 or H(s)= 5 = (2 —1)(s2+1) :2<s2—1_s2+1>

for Re(s) > 0. An inverse Laplace transform now gives

h(t) = % (sinh(£) — sin(t)] u(t).

(d) Output signal for an arbitrary input signal is

y(t) = / T bt = Pa(r) dr = % / [sinh(t — 7) — sin(t — 7)] 2(r) dr.

=0 =0

Statement is true.



Question 3 (10 points)

Let z(t) be a periodic signal with fundamental period Ty = 4. On the interval (—2,2), x(¢) is
given by
z(t) =13, te€(-2,2).

(a) What can you say about the decay of the Fourier coefficients as |k| — oo without computing
these coefficients explicitly?

(b) Determine Xy, the dec-component of the signal z(t).
(¢) Determine the Fourier coefficients Xy, for k # 0.
(d) Determine the power P, of the signal.

(e) Use Parseval’s power relation to show that
Kt 90"
k=1
Solution

(a) x(t) is continuous, but its first derivative is not. Coefficients decay as 1/k? as |k| — oo.

(b) , ,
1 1 4
on/ tht:/ 2dt = =
4 Ji=—2 2 Ji=o 3
(c) For k #0
Xy = 1/2 t2 cos(kQot) dt = 1/2 t cos(kQot) dt = i(—l)k
"7y t=—2 ’ 2 im0 ° - m2k? '
(d)

(e) Parseval’s power relation:

o0 [ee]
Po= Y X =1XP+ D |1Xi]
k=—00 k=—00,k#0
16 . 64
=— 42
9 ;77%4
16 12895 1
9 gt kA
k=1

from which it follows that
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This block consists of four questions (27 points); more than usual, and this will be taken
into account during grading. Answer in Dutch or English. Make clear in your answer how
you reach the final result; the road to the answer is very important. Write your name and
student number on each sheet.

Question 4 (10 points)

(a) Given the signals z[n] = [ -- ,0,1,,3,0,---] and h[n] = [--- ,@,1,2,0,---].
Determine y[n] = hln| * z[n]| using the convolution sum.

(b) Given an input signal z[n] = (%)n u[n], and a system described by the difference equation

yin] = 22{n] — Zyln —1].

Determine the output signal y[n].

(c) Consider

22 -1
X() =",
(2) 2244
Make a pole-zero plot, and compute z[n] for two cases: (i) ROC: |z| < 2, and (ii) ROC:

|z| > 2.
(d) Given z[n] = 2a" cos(won), with |a| < 1. Determine the DTFT X (w).

Solution

(a) 1 pnt y[n] = S, hlklz[n — k|

k=1:xzn—1]: 2 30 -
k=2:2z[n—2]: [0] 2 4 6 0-
y[n] : m 4 76 0-
(b) 3 pnt
1
X(z) = ROC: -
(2) e 21>



Yiz) = 1+ 3271
B 2
(-1 + i
2/3 4/3

yin] = gcsnmm+§<—%yﬁmy

(c) 4 pnt Poles at z = +2j, zeros at z = +1.

22—1_ 1— 22

X — —
(2) 244 1+de2
1 5/4
= st
4 1+4z72
1 5/8 5/8 1 15/16 z 15/16 z
_ b /'_IJr /._1 :___1_‘7/1'_]/1.
4 14252 1—-2j5z 4 1-35j2z 14352

(7) ROC |z| < 2: anticausal (but stable) response:

ol = = galnl+ o i) =5l

(77) ROC |z| > 2: causal (but unstable) response:

x[n] = —ié[n] + g [(29)" + (—27)"] u[n] = —ié[n] + 22" cos (%ﬂ'ﬂ) uln].

Many different (but equivalent) expressions are possible here. Check the solution using
lim, o X (2) =1 = z[0].

(d) 2 pnt
1

1—aqe v

2 cos(won) = eI 4 emIwn o In[§(w — wp) + 6(w + wp)] -

a"uln]  —

Using z[n] - y[n] < =X (w)*Y (w):

1 1

X(w) - 1— ae—j(W—WO) + 1— ae—j(w+W0) '

This expression could be rewritten as

X (w) 2 — 2acos(w — wp)
w) = . .
1+ a2?e 729 + 2a cos(w — wy)



Question 5 (4 points)

Consider the following system realization:

x[n] ’
2 3
Y
D2 [ - 271
1 1
) 3
. = y[n]

(a) Determine the transfer function H(z).
(b) Is this a minimal realization? (Why?)

(¢) Draw the corresponding Direct Form no. 2 realization.

Solution

(a) 2 pnt Call the inputs of the two delay elements P(z) and Q(z).

P(z) = 3X(z (2)
2X(z (2) + 271P(2)
Y(2) = X(2)+271Y(2)

)+ 3Y
)+ 3Y

e
—
w
&
I

Y(z) = X(3) + 272+ 5¥ () + 723+ %X(z))

14227143278

Ty _1,-1_1,2
1 5% 32

H(z)

(b) 1 pnt Yes, H(z) is 2nd order and the realization uses 2 delay elements.

(c) 1 pnt

b~ y[n]

Question 6 (5 points)

A continuous-time signal z,(¢) has an amplitude spectrum X, (F') as shown below. The signal
is sampled with period T" so that we obtain a series z[n] = z,(nT).



[ Xa(F)]

]
~10 =5 0 5 10  F [kHy

For this question, draw the spectra at least for w running from —2mw until 2.

(a) What is the Nyquist frequency at which we would have to sample to avoid any aliasing?

e sample the signal at Z. ake a drawing ol the resulting amplitude spectrum
b) W le the signal 30 kHz. Mak drawi f th 1ti litud
| X (w)| of z[n]. Also mark the frequencies.

(¢) After sampling, we apply an ideal digital highpass filter, with cutoff frequency w, = %7?.
Make a drawing of the resulting amplitude spectrum |Y (w)|. Also mark the frequencies.
(d) After sampling, we invert every second sample of x[n], resulting in r[n] = (—1)"z[n].

Make a drawing of the resulting amplitude spectrum |R(w)|. Also mark the frequencies.

Solution

(a) 1 pnt 20 kHz.

—-30

15 20 30 F [kHz]
(b) 1 pnt —27 ™ 27 w [rad]
e
i | | |
—-30 -20 -15-10 =5 0 &5 10 15 20 30 F [kHz
(¢) 1 pnt —27 —T im0 im ™ 27 w [rad]

(d) 2 pnt The effect of this modulation by e/™ is a shift of the spectrum by 7, i.e. R(w) = X (w—).

,,,,,,,,,,,,, R@)
P | P |
-30 -20 -15-10 =5 0 &5 10 15 20 30 F [kHz
—27 -7 0 ™ 21 w [rad]



Question 7 (8 points)

In this question, we will design a Chebyshev type II lowpass filter G(£2) with the following

specifications:
Third order
Passband: F, =3 kHz
Stopband: F, =5 kHz

Minimal stopband damping: 20 dB

Recall that a template Chebyshev (type I) filter has amplitude response

1

|H(Q)|2:1+TT3(Q)'

A Chebyshev type II filter G(2) is derived from type I in two steps. First,

62 2
FEO =1 [HE@QP = HTi;f’()Q)

Next, apply a frequency transformation 2 — %:

E2 2
G2 = |F(Q/Q))? = 1T Z;nz(ﬂ;og{(?/)ﬁ) '

(a) Recall that the third order Chebyshev polynomial is given by
T3() = 403 — 3Q.
Give a plot of T53(€2). Determine Q for which T3(2) is 0, 1, co.

(b) Draw plots for |[H(Q)[?, |F(Q)* and |G(Q)|? (for n = 3 and Qg = 1).

Indicate values on the horizontal and vertical axes. Pay attention to accurately draw the
ripples.

(¢) Determine y and € such that G(2) satisfies the specifications listed at the beginning of
this question.

(d) How many dB is the maximal passband attenuation for this 3rd order Chebyshev II filter?

Solution
(a) 2 pnt

730Q) = 0 & QU2-3)=0 = QzOoeri?

TOQ) = 1 & (Q-1)A2+40+1)=0 = Q:1om:—%
T5(2) = o0 & Q=



-1 -05 0 05

(b) 2 pnt Use the plot of T5(2) to get the shape of the ripple right. E.g., |H(€2)| = 1, and there is
one other point (at Q = v/3/2) where |H(Q)| = 1.
The plot of |F(£2)] is a transformation of the vertical axis and results in a highpass filter.

The plot of |G(£2)] is found after a transformation of the horizontal axis, 2 — 1/, which
transforms a highpass into a lowpass.

1%243;
<z

= 0.5 |
T

(¢) 2 pnt Take Qp = 27 Fs = 107 - 1000 = 31.4 krad/s.
At Qo, Tg(Qo/Q) = 1, and

2 1 1
Q2= 5 —q_ — 10~20/10 — 0 ———1=01
’G( 0)’ 1o T e 0 & € 0.99 0.1005

(d) 2 put €, = 27 - 3000, T3(0/9,) = T5(5/3) = 13.519.

1G(0)[? = 0.6486 .

The maximal damping is —101og(0.6486) = 1.88 dB.



