3rd ed: chapter 10

Chaptel‘ 10 4th ed: chapter 8

The Z-transform

10.1 Basic Problems

10.1

(3rd ed) 10.1
(4th ed) 8.1

(a) For Ty = 1 the transformation from the s-plane to the Z—plane z = e” is such that for s = o + 52
z=ee%
For s = —1 &£ j1, the poles of the analog system, the corresponding singularities in the Z—plane are
given by
219 = e letil

which are inside the unit disk as e~! < 1 with a radian frequency of +1.

The pole s = 0 is mapped into z = € = 1, and the poles s = +;1 are mapped into z = le*/! with
unit magnitude and radian frequencies +1.

(b) By expressing z = re/” = e%e®! for Ty = 1, the radius is given by 7 = € so that if ¢ < 0 the
singularities are inside the unit circle, if ¢ = 0 they are on the unit circle, and if ¢ > 0 they are outside
the unit circle.
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10.2 (a) We have s[n] = u[n] — u[—n], the Z-transform of s [n] = u[n] is

(3rd ed) --
(4th ed) 8.2

00 . 1
Sl(z):Zz =1
n=0

provided that |z7!| < 1, thus |z| > 1 is the region of convergence for S;(z). The Z-transform of

s2[n] = —u[—n] is given by
2 - -1
Sa(z) = —n;oo,f” = —mzz:ozm =1
where the last sum converges for |z| < 1.
(b) The condition for
1 1 14271

S(z) = S1(2) + Sa2(2)

121 1—z 1-—21

to converge is that |z| > 1 and that |z| < 1 simultaneously, which is not possible. Since there is no
region of convergence for S(z), the Z-transform of s[n] does not exist.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.3

(3rd ed) 10.2
(4th ed) 8.3

(a) The signal z[n| can be written as

zln] = —dn]—aon+1]—a*fn+2] -
= fé[n]féé[n+l]f%5[n+2]f~~~

So that its Z-transform is given by

Xz = -1—-=———=—---

1 az™ !

I
\
[]¢

/N
Ol
N—
3

\

= — = <

l-z/a 1—az! 2 <o
If o = 0.5, the ROC is the interior of a circle of radius 0.5, which does not include the unit circle. The
ROC in this case indicates that the signal is non-causal. If & = 2, the ROC is the interior of a circle
of radius 2, including the unit circle, and indicating the signal is non-causal. In this case X (e/%) is
defined, but it is not when oo = 0.5.

(b) Computing the derivative of X (z) with respect to z gives

d X(z) 1 2z 322 i P
dz a o2 o "

by letting m = —n in the last sum. Letting now £ = m + 1 in the final sum we have

0

dX(z) _ Z (k — Dalk=D -+

dz
k=—o00

We thus have the pair

dX

dz(Z) & (n—1)a " Yy[—n)].
Writing X (z) in positive powers of z, i.e., X (z) = a/(z — «) its derivative with respect to z is
dX(z)  —a
dz (2 —a)?
so that we have
—Q —Qz 2

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.5 (a)(b) The given signal can also be written
(3rd ed) 10.3

(4th ed) 8.5 2[n] = 1 n >0andeven
0 otherwise
Using the above expression for x[n], we have
o0 o0 1
NEEED VIEELE DL E T SN
n=0, even m=0

where we let n = 2m to find the final expression.

The z-transform of x[n] is also obtained by using its linearity

X(z) = 052Z[uln] +0.52[(—1)"uln]]

1 G —1\n
- RTT;§+052;}2)
1 1

21—=1) T2+

= |27 <1 or |2|>1

the poles are z = £1, and the zeros z = 0, double.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.7 (a) Writing X (2) as

(3rd ed) --
(4th ed) 8.7

1 2710
1111

since the inverse Z-transform of the first term is u[n], then the inverse of the second is —u[n — 10] given

X(z)

that 2~ 10 indicates a delay of 10 samples. Thus,

1 0<n<9

0 otherwise

z[n] = uln] — u[n — 10] = {

(b) Although X (z) has been shown as a ratio of two polynomials, using the above representation of
x[n] its Z-transform is
X(z)=1+z14 4279

i.e., a 9" —order polynomial in 2~ *.

(c) We can rewrite X (z) as

X(Z) _ 210 -1 _ (Z — 1) szl(’z — ejﬂ—k/5) _ HZ:l(z — ejﬂ—k/s)
29z —-1) 29(z—1) B 29
which is obtained by finding that the zeros of X (z) are values z;° = 1 or 2, = eI2mk/10 for | =

0,---,9. For k£ = 0 the zero is zy = 1, which cancels the pole at 1.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.10 (a) Poleis z = 0.5 and zero z = —1. ROC is (iii), |z| > 0.5 because of causality.

(8rded) 10.6 () From H(z) = Y(2)/X(z) we have Y(z) — 0.5Y (2)z~! = X(2) + X(z)2~! the difference

(4th ed) 8.9 equation is

y[n] — 0.5y[n — 1] = z[n] + z[n — 1]

(c) We can write
1 271

H =
R - S

so that

h[n] 0.5"un] + 0.5" tu[n — 1] = 6[n] + (0.5" + 0.5 Hu[n — 1]

d[n] + 3 x 0.5"uln — 1]

(d) The system is a low-pass filter. Drawing vectors from the pole and the zero to a point in the unit

circle gives

N =

which gives H(e’%) = 2/0.5 = 4, H(e’™) = 0 and decreases as w increases form 0 to 7.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.13 For a = b = 2 the denominator of the transfer function is

(3rd ed) 10.8
(4th ed) 8.12

D(z)=22+22+2=(2+1)>+1

so the poles are p; o = —1+ 51 which have |p; 2| = v/2 > 1, outside the unit circle and as such system
is unstable.
For a = 1 and b = 1/2 the denominator is

D(z)=2*+2405=(2+05)>+0.25

so the poles are p; o = —0.5 & j0.5 which have |p172\ = \@/2 < 1, inside the unit circle and as such
system is stable.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.14 Impulse response

(3rd ed) --
(4th ed) 8.13 yln] = eln—-1=zln-1]-y[n -1
Y(z) 271
H(z) = X(z) 1+4z71
hln] = (=1)""tu[n—1]

System is unstable, h[n] is not absolutely summable:

> o

1

Moreover, the pole z = 1 is on the unit disc and as such the system is not BIBO stable.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.17

10.15 (a) We have
(3rd ed) 10.9

(4th ed) 8.14 Y(z) = 14921 49,724,73
X(z) = 142"
v(2) L
H = — 1
(2) X(2) +z T +z

after division.
(b) 1. Yes, because of the ROC.

ii. There is a pole-zero cancellation

1—-0.5z"1
(1-0.5z"1)(1+0.5271)

H(z) =

so that h[n] = (—0.5)"u[n].

(c) By long division in negative powers of z

H(z) = 2l 4927210 9,73 1.9, 10000

so that 2[0] = 0, h[1] = 1 and A[10000] = 2.
Another way is

H =
(2) 1—2*1—’—1—2*1

so that h[n] = u[n — 1] + u[n — 2] giving the same values as above.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.16 (a) The output can be written

(3rd ed) --

(4th ed) 8.15 y[n] = 0[n] + 26[n — 1] 4+ 36[n — 2] + 3(—1)"uln — 3]

where the last term can be expressed as 3(—1)"u[n — 3] = —3(—1)""3u[n — 3] so that we can

find its Z-transform by using the shift property, thus:

1
X&) =
273
Y(2) = 1—1—22*1—4—32*2—3@
H(z) = Y(Z)_(1+22_1+3z_2)(1+2_1)—32_3—1+3z_1+52_2
o X(2) B

so h[0] = 1, h[1] = 3, h[2] = 5 and the others are zero.
(b) i. The transfer function is
(z+1)*
z
where at dc H(e?%) = H(1) = 4K = 2,50 K = 2/4 = 0.5. As an FIR its ROC is the whole

Z—plane except for z = 0.

H(z)=K

ii. x[n] = [cos(0n) + cos(mn/2) + cos(mn)|uln] the steady state response is

yss[n] = H(e?) + |H(e7™/?)| cos(mn/2 4+ LH(e7™/?)) + |H(e’™)| cos(mn + LH(e’T))
where
H(%) =2,
: 2
H(ej‘n-/2) - 05 (.7 J'_‘ 1) _ 1€j07
J
H(e'™) =0
and the steady-state is then
Yss|n] = 2 + cos(mn/2).
(c) i. Thezerois z = 0 and the poles are z = 0.5 and z = —2, if h[n] is non-causal then the region
of convergence is ROC:1/2 < |z| < 2.
ii. If hln] is causal, then the ROC is |z| > 2 and
-1 A B
H(z) = - — +
(1-05z"1H)(1+2z71) 1-05z"1 142271
where
271 2
A = —— |, ,==
T2 1275
z71 -2

To05 1 =2 = g

Copyright 2014, Elsevier, Inc. All rights reserved.

419


Alle-Jan van der Veen
Typewritten Text
(3rd ed) --
(4th ed) 8.15


Chaparro — Signals and Systems using MATLAB 10.19

so the impulse response is
hfn] = (2/5)(0.5" — (~2)")u[n]

iii. The ROC of convergence of the non-causal transfer function includes the unit circle, making
the system BIBO stable, that is not the case for the causal transfer function and as it can be
seen it is not BIBO stable.

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.18 (a) The output is

(3rd ed) --
(4th ed) 8.17 ylof=0 gl =1
y2l=3 w3l =4
y[dl=4  yln]=3n=5
(b) x[n] can be written as
z[n] = n(u[n] —uln—3]) +un—3]) =dn—1] + 26[n — 2] + uln — 3|
-3
X(z) = z7'4+2:72+ 151
H(z) = 14z 14272
thus
Y(2) = X(2)H(2) = X(2) + 27 ' X (2) + 272X (2)
so that

yln] = z[n|+zn-— 1]+ z[n — 2
8[n — 1]+ 38[n — 2] + 46[n — 3] + 46[n — 4] + 3u[n — 5]

Copyright 2014, Elsevier, Inc. All rights reserved.
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10.24 (a) From the block diagram

(3rd ed) 10.14

(4th ed) 8.21 Y(z) = X(2) +0.527 'Y (2) +0.2527°Y (2)

so that
Y(z) 1

X(z) 1-05z1—025z2
(b) For w[n] = z[n| then R(z)H(z) = 1 so that

H(z) =

R(z)=1-0.52""—025272

(©) Y(z2)=1+2"1 and

X(2) = Y(2)R(2)
= 1405271 —0.75272 - 0.25273
so that
z[n] = 0[n]+0.56[n — 1] — 0.758[n — 2] — 0.250[n — 3]

Copyright 2014, Elsevier, Inc. All rights reserved.
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