Signals and Systems

Fourier Series Part 2
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Reflection and even and odd periodic signals
Real-valued periodic signals

Time and frequency shifting

Sum and multiplication of periodic signals
Derivatives and integrals of periodic signals

Amplitude and time scaling of periodic signals
Book: Chapter 4

Sections/subsections: 4.3.4, 4.3.6, 4.5
Exercises: 4.2, 4.3, 4.4, 4.5, 4.7, 4.11
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® Reflection and even and odd periodic signals
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2 Reflection and even and odd periodic signals 1

> Reflection:

> Let z(t) be a periodic signal with a fundamental period Ty and a
Fourier expansion

z(t) = Z X ekt

k=—o00

» What is the Fourier expansion of z(—t)?

o0 o0
x(—t) = Z X e Ikt — Z X _ ikt

k=—o0 k=—o0

» Conclusion: if the Fourier coefficients of z(t) are given by X}, then
the Fourier coefficients of z(—t) are given by X_j
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2 Reflection and even and odd periodic signals
» Even periodic signals:
> An even signal x(t) is characterized by
x(—t) =x(t) forallteR
» Using the result of the previous slide we find that for an even signal
X_r =Xk (even signal)

» For the expansion coeffcients of the trigonometric Fourier series we
have
_Xk—FX_k X — X g

5 =X, and dy=j—— =0

Ck B

» The trigonometric Fourier series of an even signal has cosine
expansion functions (even functions) only
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2 Reflection and even and odd periodic signals
» Odd periodic signals:
> An odd signal x(t) is characterized by
x(—t) = —x(t) forallteR
» For an odd signal we have
X_p =—X; (odd signal)
» The expansion coeffcients of the trigonometric Fourier series are

X+ X g X — X &

Ck B) =0 and dk:_] 5 — :JXk

» The trigonometric Fourier series of an odd signal has sine
expansion functions (odd functions) only
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® Real-valued periodic signals
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3 Real-valued periodic signals

> Let z(t) be a periodic signal with a fundamental period Ty and a
Fourier expansion

o0
x(t) = Z X, elkot
k=—o00
» Taking the complex conjugate, we find

oo

oo
l‘*(t): Z X;Ckefjkﬂot: Z thejkﬂot

k=—o0 k=—o0

» Conclusion: if the Fourier coefficients of z(t) are given by X}, then
the Fourier coefficients of 2*(t) are given by X*,
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3 Real-valued periodic signals

> If the signal z(t) is real-valued then z*(t) = z(¢). Consequently, for
a real-valued signal we have

X*, =X, or X_p=X; (real-valued signal)
> If the signal z(t) is even and real-valued, we have
Xp=X_p =X}

showing that the Fourier coefficients X}, are real. Note that the
coefficients ¢y, are real as well.
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3 Real-valued periodic signals 10
le)

> If the signal x(t) is odd and real-valued, we have
Xp=—X_p=-X;]

showing that the Fourier coefficients X}, are imaginary. Note that
the coefficients dj, are real in this case.
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O Time- and frequency shifting
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4 Time and frequency shifting 12

> Let z(t) be a periodic signal with a fundamental period Ty and a
Fourier expansion

z(t) = Z X ikt
k=—o00

» What are the Fourier coefficients of (¢t — 7), where 7 € R is a time
shift?

]
TUDelft



4 Time and frequency shifting 13

» From the Fourier expansion

o0
t _ 7_ E X eJk‘Qo (t—7) _ E Xkefjk‘QoTeij()t

k=—oc0 k=—o00

» Conclusion: if the Fourier coefficients of x(t) are given by X}, then
the Fourier coefficients of x(t — 7) are given by Xe ko7,
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4 Time and frequency shifting

> We are given a periodic signal x(¢) with fundamental period Tp.
We consider the modulated signal

y(t) = a(t)e™!

» The frequency 2 is called the modulation frequency
» For this frequency we take: 7 = Mg, with M an integer, M > 1
> The signal y(¢) is periodic with a fundamental period Tg
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4 Time and frequency shifting 15

> For the signals z(t) and y(t) we have the Fourier expansions
oo o0
z(t) = Z Xpel# ot and y(t) = Z Y, el 2ot
k=—oc0 k=—oc0

» How are the Fourier coefficients of y(¢) related to the Fourier
coeffcients of z(t)?

(oo}
y(t) = z(t)e’ht = Z X el (R0t

k=—o0

o0 o0
— § Xkej(k+M)Qot — § kaMeijOt

k=—o0 k=—o0
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4 Time and frequency shifting 16
» Conclusion: if the Fourier coefficients of z(t) are given by X}, then

the Fourier coefficients of x(t)el™*%? are given by Xj,_ ;.
> The spectrum of z(t) is shifted in frequency by Q1 = MQg rad/s
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® Sum and multiplication of periodic signals
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5 Sum and multiplication of periodic signals 18

> Let z(t) be a periodic signal with fundamental period T;. Its
fundamental frequency is

2

Q==
1 T

> Let y(t) be a periodic signal with fundamental period T5. Its
fundamental frequency is
_ 2m

0y = ——
2=

» Consider the signal z(t), which is a linear combination of x(t) and
y(2):
2(t) = ax(t) + By(t)

« and B are constants.
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5 Sum and multiplication of periodic signals 19

> As we have seen, if
>, N

T M
with NV and M integers > 1 with no common factor then

> z(t) is periodic with fundamental period and frequency

2
Ty = MTy = NTy, and Q= -
To
respectively
» Note that
2 27

O =—=NQ d Q== =MQ
L= T 0 an 2= 7 0
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5 Sum and multiplication of periodic signals 20

» Remark: when N and M have no common factor, then N and M
are said to be relatively prime or coprime

» Example: N =4 and M = 6 are not relatively prime. Common
factor is 2.
4 2.2 2
6 2-3 3
» Example: N =2 and N = 3 are relatively prime. These numbers
do not have a common factor.
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5 Sum and multiplication of periodic signals 21

> Since z(t) is periodic with fundamental frequency ; = N it has
a Fourier expansion of the form

o0 oo
E Xkejkﬁlt: }: XkejkNQot

k=—o00 k=—o00

> Since y(t) is periodic with fundamental frequency Qo = MQ it has
a Fourier expansion of the form

2 Yke‘]kQ2t § Yke]kMﬂot

k=—o0 k=—o00
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5 Sum and multiplication of periodic signals

> Since z(t) is periodic with fundamental frequency €2y it has a
Fourier expansion of the form

z(t) = Z Z RSt

k=—o0

» How are the coeflcients Z;, related to the coeffcients X, and Y7
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5 Sum and multiplication of periodic signals 23

» Using the Fourier expansions of z(t) and y(t), we find

2(t) = ax(t) + By(t)

) )
_ 2 aneJkNQOt_'_ 2 6Yk€JkM90t
k=—o0 k=—o0
[
— Z Zkejkﬂgt
k=—o0

» The integers: Z
» Given an integer N > 1

» We say that an integer k € Z is an integer multiple of N if there
exists an integer p € Z such that k = pN
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5 Sum and multiplication of periodic signals 24

» Example: N =3

> k =0 is an integer multiple of N, since for p = 0 € Z, we have
k=0-N=0.

> k=0 is an integer multiple of any N

> k =1 1is not an integer multiple of 3
> k = —1 is not an integer multiple of 3

> k = 3 is an integer multiple of N =3 (p = 1)
> k= —3 is an integer multiple of N =3 (p = —1)
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5 Sum and multiplication of periodic signals 25

» If k£ is an integer multiple of N and k is an integer multiple of M:
Z = aXy/N + BYim

» If k£ is not an integer multiple of NV and k is not an integer
multiple of M:
Zk =0
» If k£ is an integer multiple of N and k is not an integer multiple of
M:
Zk = OéXk/N

» If k£ is not an integer multiple of IV and k is an integer multiple of
M:
Zy = BYim
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5 Sum and multiplication of periodic signals | 26

» Example: N=2and M =3, a=0=1

Zo=Xo+ Yo
Z1=0
Zy = X1
Z3 =Y
Zy = Xo
Z5=0
Zeg=X3+Ys
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5 Sum and multiplication of periodic signals

[v)
~

> Book:

o0

Z(t) = Z (OéXk/N + ﬂYk/M)eijOt

k=—o00

with k/N and k/M integers
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5 Sum and multiplication of periodic signals 28

> Let z(t) and y(t) be periodic signals with fundamental period Tp
» Fourier expansions of these signals

x(t) = Z Xt and y(t) = Z Y, elm ot

k=—oc0 m=—0o0

» We multiply the signals z(¢) and y(t) to obtain

z(t) = z(t)y(?)

» The signal z(t) is also periodic with fundamental period Tp
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5 Sum and multiplication of periodic signals 29

» Fourier expansion of z(t):

z(t) = Z Z,eimot

n=—oo

» How are the Fourier coefficients of x(¢) and y(t) related to the
Fourier coefficients of z(t)?
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5 Sum and multiplication of periodic signals 30

» We compute
2(t) = x(t)y(t)
(oo} oo
Z Xkejkﬂot Z Ymejmflot

k=—o0 m=—00

= i i X, Y, el(ktm)Qot

k=—00 m=—00

0o 00
—k4 .
n=gkrm E E Xkynike_]nﬂot

k=—o00 n=—o00

oo oo

— Z Z XkYn—keanOt: i ZneanOt

n=-—oo0 k=—oo n=-—o00
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5 Sum and multiplication of periodic signals 31

» We conclude that the Fourier coefficients of z(t) are given by

Ly = i XYk

k=—o00

» 7, is equal to the convolution of the discrete sequences X and Y3

» Compare with
o0
z(t) = / x(r)y(t —7)dr
T=—00
» Discrete convolutions will be discussed extensively further on in
the course
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@ Derivatives and integrals of periodic signals
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6 Derivatives and integrals of periodic signals 33

> Periodic signal z(t) with a Fourier expansion

x(t) = Z X elkot

k=—o00
> Let y(t) be the derivative of this signal. We have
dz c- . ikQot = ikQot
y(t)zaz Z X - jkQg - 7500 = Z Y el

k=—o0 k=—o00

» We conclude
Y, = X - jkSo
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6 Derivatives and integrals of periodic signals 34

> Periodic signal y(t) with a Fourier expansion

s = 3 Tk

k=—o00

» Signal has no dc component: Yy =0

s = 3 Tk

k=—o00
k#0
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6 Derivatives and integrals of periodic signals 35

> Integral of y(t):

z(t) = /Tt y(r)dr

=—00

» With MT, <t and M an integer, we have
t
A= [ undr
&TTO t
— [ wmars [ ymar

=—00 T=MTy

=0

t
[ o
T=MTy
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6 Derivatives and integrals of periodic signals 36

» Substitute the Fourier series of y(¢) to obtain

t oo
z(t)z/ Z YipeH T dr
T=MTy k= — 00
k#0
o0 t
= Z Yk/ eF T qr
k=—00 T:MTO
k0
(o] 1 o0
_ - = jkQot
2 Vi, + 2 Yigg,©
=— k=—o0
k#0 k#£0

o0
fr— ZO + Z Zkejkgot

k=—o00
k0
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6 Derivatives and integrals of periodic signals |37

> with
= 1
Zy = — Y,
0 X:km%
k=—o00
k#0
and

1
Zn = Yi——
TN k#0
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@ Amplitude and time scaling of periodic signals 1’-‘U Delft



7 Amplitude and time scaling of periodic signals 39

> Periodic signal z(t) with a Fourier expansion

oo
§ Xkejkﬂot

k=—o00

» What are the Fourier coefficients of y(t) = Az(at), o > 07

» From the Fourier expansion of z(t):

y(t) = Az(at) Z AXeikostot

k=—o0

» We observe:
> y(t) is a periodic signal with fundamental frequency oo
> and Fourier coefficients Y, = AX}
> Note that time scaling with an « > 0 does not affect the Fourier
coeffcients
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