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Abstract— This paper presents a highly efficient sensitivity-
based method for capacitance extraction, which models both sys-
tematic and random geometric variations. This method is ap-
plicable for BEM-based Layout Parasitic Extraction (LPE) tools.
It is shown that, with only one system solve, the nominal para-
sitic capacitances as well as its relative standard deviations caused
by both systematic and random geometric variations can be ob-
tained. The additional calculation for both variations can be done
at a very modest computational time, which is negligible com-
pared to that of the standard capacitance extraction without con-
sidering any variation. Specifically, using the proposed method,
experiments and a case study have been analyzed to show the im-
pact of the random variation on the capacitance for a real design.

I. INTRODUCTION

Manufacturing variability can be categorized into systematic
and random variations. Systematic variations are introduced by
predictable design or process procedures, and are often highly
layout-dependent. Contour variations, for instance, are induced
during the lithography step, while thickness variations in met-
als and interlevel dielectrics (ILD) can be caused by chemical
mechanical polishing (CMP). Although there are design rules
and compensation techniques, e.g. OPC for the lithography,
provided by the fab, small variations are still observed in the
deep sub-micron era. The study of modeling systematic vari-
ations started with the worst-case corner method, which was
acknowledged to be overly pessimistic. A statistical approach
using empirical capacitance expressions was then proposed to
overcome this problem [1]. An enhanced lookup method based
on analytical capacitance models was presented in [2], to ac-
count for systematic variations by computing the derivatives of
capacitances with respect to the thickness and the linewidth de-
viations. These derivatives were later referred to as sensitivities
and have been computed for the floating random walk (FRW)
method [3] and the boundary element method (BEM) [4] [5].

Random variations, on the other hand, are caused by var-
ious unpredictable fluctuations in the manufacturing environ-
ment. In most cases, random variations are not layout depen-
dent, but often a spatial correlation can be observed. One of
the most typical random geometric variations is the so-called
line-edge roughness (LER), which has been intensively studied
for the critical dimensions of MOSFETs since the technology
nodes reached deep sub-micron dimensions [6]. With technol-
ogy shrinking, the impact of LER on interconnects and some

novel designs of passive components with high-precision re-
quirements [7] demands to be understood and modeled.

Recently, several methods were proposed for modeling ran-
dom geometric variations of on-chip interconnects. A perturba-
tion based 3D BEM solver [8] and Hermite polynomial chaos
technique based approaches [9], [10] and [11] have assessed
the effects of variational surfaces on interconnect capacitances
by generating quadratic models.

Unfortunately, examples demonstrated in these papers are
general cases based on pure theoretical assumptions, which in-
deed is advantageous in indicating the robustness of the meth-
ods. The obtained results, however, are consequently with less
guidance for real circuit designs. The variational surfaces of
interconnects, for example, are modeled using spatially corre-
lated Gaussian distribution in 3-dimensions, while the irregu-
larity on different surfaces are usually considered independent
based on the measurement data [6] [12]. Researches from the
technology and the manufacturing part further indicate the na-
ture of striations on the sidewalls [13] [14]. Thus it is appro-
priate to use the LER to model the sidewall variation of metal
wires, as what will be done in this paper. Besides, since the
impact of random variations, such as LER, inherently differs
largely depending on various applications and technology as-
pects, parameters characterizing the process spreads need to be
selected carefully.

In this paper, an extremely fast sensitivity-based statistical
model is proposed to capture the effect of the LER. Although it
is less accurate than the quadratic models, its high efficiency
can be very useful for estimations and optimizations during
early design stages. Experiments with process spreads based
on measurement data, as well as a case study are demonstrated
to indicate the impact of LER on a real design. This is one of
the two main contributions of this work.

The other main contribution is that the nominal capacitance
extraction and the statistical modeling of both the systematic
and the random variations can be accomplished with only one
system solve. This can be done because the method is based
on panel sensitivities, which will be explained in the following
sections. These panel sensitivities can be calculated by manip-
ulating the intermediate data that is used for nominal capaci-
tance extraction, using the algorithm proposed in [4] and [5].
Thus the additional time complexity for modeling the varia-
tions is very low and negligible compared to that of the stan-
dard capacitance extraction without considering any variation.

The rest of this paper is organized as follows: Section II
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first gives an overview of the BEM-based sensitivity computa-
tion and defines the panel sensitivity. Section III presents the
modeling method for the LER, as well as simulation verifica-
tions and a real design case study. Section IV demonstrates
the sensitivity-based modeling method for both systematic and
random variabilities with one system solve of capacitance ex-
traction. Finally, Section V concludes the paper.

II. BACKGROUND

Capacitance sensitivity computation based on the BEM has
been introduced and proven in [4] and [5]. In fact, the concept
of panel sensitivity has been used during the algorithm devel-
opment but has not been well defined. Here, the sensitivity
computation will be briefly introduced and the panel sensitivity
will be defined more precisely.

A. BEM-based Capacitance Extraction

Capacitances used in SPICE netlists are in fact called net-
work capacitances (C), defined as

Cij =
Qij

Vi − Vj

(1)

where Cij is the coupling capacitance between conductor i and
j; Qij is the charge incident to Cij and Vi is the potential of
conductor i. The relation between charges and potentials can
alternatively be written as

Q = CsV (2)

where Q and V are N × 1 vectors , representing the charges
and the potentials on N conductors. Cs is an N × N matrix,
known as the short-circuit capacitance matrix [15]. Its entry
Csij is equal to the charge on conductor i when conductor j
is held at a unit potential and all other conductors are short-
circuited to the ground. Network capacitances Cij and short-
circuit capacitances Csij follow a simple relation:

Cij = −Csij ∀ i �= j. (3)

When the BEM is applied for capacitance extraction, sur-
faces of conductors are discretized into panels. The short-
circuit capacitances associated to the discretized panels before
their association to conductors are called partial short-circuit
capacitances, denoted C̄s in this paper. An incidence matrix
B is then used to associate Cs and C̄s:

Cs = BT C̄sB (4)

where C̄s is an m×m matrix and B is an m×N matrix, with
m being the number of panels.

B. Panel Sensitivity

As presented in [5], the sensitivity of the coupling capaci-
tance between two conductors i and j, w.r.t. a small displace-
ment dk of a panel k can be written as

∂Cij

∂dk

= −
1

εAk

∑
a∈Ni

∑
b∈Nj

C̄sk,aC̄sk,b (5)

where Ak is the area of panel k and ε is the material permittivity
surrounding the panel. Again C̄sk,a is an entry in the partial
short-circuit capacitance matrix (C̄s), representing the short-
circuit capacitance between panel k and a.

For ease of discussion, the following short-hand notation is
introduced:

C∗

ki =
∑

a∈Ni

C̄sk,a, (6)

where C∗

ki expresses the short-circuit capacitance between a
panel k and a conductor i. With (5) and (6), the panel sen-
sitivity of the coupling capacitance is defined as follows

Sk,ij = −
1

εAk

C∗

kiC
∗

kj (7)

which expresses the capacitance sensitivity w.r.t. a small fluc-
tuation of a panel k from its nominal position.

C. Sensitivity Based Modeling for Systematic Variability

Systematic variability often appears in the form of variations
in the structural dimensions of interconnects or passive struc-
tures. Thus when using sensitivity based modeling to capture
this variability, the sensitivity is defined to be w.r.t. a geomet-
ric parameter (p), for instance the width of a conductor, the
thickness of each metal layer or the height of dielectrics. This
dimensional sensitivity can be computed by assembling the as-
sociated panel sensitivities:

∂Cij

∂p
=

∑
k∈Sp

Sk,ij (8)

where Sp is the set of panels incident to the geometric param-
eter p. In other words, these are the panels that show displace-
ments according to the parameter variation. Dimensional sen-
sitivities w.r.t. different geometric parameters are simply com-
puted from different sets of corresponding panel sensitivities.
Using the computed sensitivities, the variance of the capaci-
tance due to the dimensional variation can be obtained easily:

var(Cij)sys = (
∂Cij

∂p
)2σ2

p = (
∑
k∈Sp

Sk,ij)
2σ2

p (9)

where σp is the standard deviation of parameter p. Details of
the sensitivity modeling for systematic variability can be found
in [4] and [5].

III. PANEL SENSITIVITY BASED MODELING FOR LER

In this section, a statistical modeling method of capacitances
based on the panel sensitivities is proposed to capture the im-
pact of the random geometric variation LER.

A. Statistical Model of LER

The LER can be modeled with a sequence of random vari-
ables ρ, representing the fluctuation behavior along the line,
which in this paper, is defined as y-direction (see Fig. 1). The
fluctuation itself is in the direction orthogonal to y-direction,
defined as x-direction. The LER thus can be characterized with
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Fig. 1. Two parallel conductors with LER.

two parameters, namely the standard deviation (σLER), rep-
resenting the absolute roughness amplitude orthogonal to the
line-edge, i.e. in x-direction, and the correlation length (ηLER)
along the line-edge, i.e. in y-direction, as shown in Fig. 1. The
random variables are often assumed to be Gaussian spatially
correlated along y-direction, described as

cov(ρi, ρj) = σ2

LERexp(−
|ri,y − rj,y|

2

η2
LER

) (10)

where ri,y and rj,y are the y-coordinates of the positions asso-
ciated with ρi and ρj respectively. One can see that the closer
two variables are located, the stronger they are correlated. The
correlation length is a parameter that measures the strength of
the correlation between two variables: if the distance (in y-
direction) between them is much larger than ηLER, they can be
considered independent.

B. Physical Model of LER

Although the physical model of LER is not needed for the
modeling method of capacitances to be presented in the next
section, it is necessary for conducting Monte Carlo simulations
for verification purposes. In this paper, the same approach as
presented in [6] is used to physically capture the LER. This is
done by producing random line patterns generated from the in-
verse Fourier transform of the power spectrum of the Gaussian
autocorrelation function. Then these random line patterns can
be used for approximating the LER when MC simulations are
performed as a comparison with the proposed method.

C. Statistical Model of Capacitances Using Panel Sensitivities

The statistical model of LER can be naturally applied to the
BEM. The random variables can even be directly adopted as
the displacement of the corresponding BEM discretized panels.
These panels will be called deviation panels in the rest of the
paper. Each rough line corresponds to a set of deviation panels.
Different sets of deviation panels incident to different rough
lines are independent.

A linear model for BEM-based extraction tools is thus pro-
posed to capture the effect of LER on capacitances:

∆C =

L∑
l=1

nl∑
i=1

Siρi (11)

where ∆C is the capacitance variation induced by the LER; Si

is the panel sensitivity associated with the panel displacement
ρi; nl is the number of deviation panels for rough line l while
L is the number of rough lines.

Due to the linearity of (11), the variance of ∆C can be cal-
culated as

var(∆C)LER = var(

L∑
l=1

nl∑
i=1

Siρi)

=

L∑
l=1

⎡
⎣ nl∑

i=1

S2

i var(ρi)+2
∑

i,j:i<j

SiSjcov(ρi, ρj)

⎤
⎦

(12)

where var(ρi) is the squared standard deviation of ρi in x-
direction, i.e. σ2

LER , and the covariance cov(ρi, ρj) follows
from the correlation function (10). Note that this statistical
model of capacitances (12) can be easily adjusted or extended
if the model (10) of the geometric variations changes.

From the key equation (12), it follows that the statistical
property of the deviated capacitance due to the LER can be
easily obtained using the panel sensitivities introduced in Sec-
tion II.B. Also note that the computational burden of (12) in-
cludes two parts, namely the calculation of the panel sensitiv-
ity Sk and the calculation of the covariance cov(ρi, ρj). As
has been addressed in (7), the panel sensitivity Sk is computed
from C∗

k which is an accumulation of partial short-circuit ca-
pacitances incident to a conductor. These partial short-circuit
capacitances C̄s are the intermediate data for calculating the
nominal capacitance (4), thus they are already computed for
the standard capacitance extraction. The time cost for accumu-
lating C∗

k , i.e. the calculation of Sk is negligible compared to a
system solve for the nominal capacitance extraction.

As for cov(ρi, ρj), the computational complexity is related
to the correlation length. Within the distance of a correla-
tion length, a certain number of panels are required in order
to physically approximate the roughness, which can not be
avoided. However, since the correlation cov(ρi, ρj) decays
rapidly as the ratio of |ri,y − rj,y| and ηLER increases, the
computational complexity can be greatly reduced by calculat-
ing only the non-negligible elements in the double summation∑
i,j:i<j

SiSjcov(ρi, ρj). Meanwhile, the longer the interesting

structure is (in y-direction) compared to the correlation length,
the more panels are necessary and thus the longer computa-
tional time will be. However, as can be seen in Section III.E,
once the dependence of the statistical property of a capacitance
on the size of a structure is acquired, quick estimations can be
done without having to simulate the complete structure.

D. Verification and Experiment I

This section presents an experiment to verify the accuracy
and the efficiency of the proposed method for the LER ef-
fect. The method has been implemented in C/C++ language
and the experiment has been conducted on a 3.00GHz Intel 2
Core CPU.

As shown in Fig. 1, there are two parallel conductors with
the two sidewalls facing each other suffering from the LER. As
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TABLE I
SIMULATION RESULTS AND CPU TIME FOR MODELING LER

σC

C
Error CPU Time

Proposed model 0.603% 11.5% 50′′

MC simulation 0.681% 0 48653′′

addressed earlier, the impact of LER depends greatly on the
values of σLER and ηLER. These values are closely related
to the materials and the manufacturing process. Thus in this
experiment, the two parameters have been chosen according to
the measurement data of Cu wires in meander-fork structures,
provided by IMEC [12]:

σLER = 3.5nm

ηLER = 16nm (13)

The width/space of the conductors is 80nm/80nm. The thick-
ness is 100nm and the length is 200nm.

It is common to use the relative standard deviation σC

C
which

is always referred to as “mismatch” by designers, to model the
effect of LER on capacitances. Using the proposed method, we
can easily calculate σC(= σ∆C) from (12).

To verify the result of the modeling method, a Monte Carlo
(MC) simulation with 1000 samples on the physical LER
model is performed as a reference. For each sample, the ran-
dom line pattern for characterizing the LER is generated as de-
scribed in Section III.B. The simulation results and the CPU
time of the proposed method and the MC simulation are shown
in Table I.

The table shows that the error of σC

C
given by the proposed

model is around 10%. The error mainly comes from two parts.
One is the computational error of the sensitivities. The other
one is due to the fact that the presented model for the rough-
ness is based on the piecewise constant function, thus the varia-
tional surface is not smooth. This has been studied in [11]. The
proposed modeling method can be further improved to dimin-
ish the error by using the piecewise linear function, which is
beyond the scope of this paper. However, a 10% error for mod-
eling mismatch is well acceptable in most cases since the mis-
match is already small compared to the nominal value. Thus,
the introduced error is a second-order effect.

With respect to the CPU time, the proposed model is almost
1000 times faster than the MC simulation. More importantly,
the CPU time in the table already includes the computation for
the nominal value of the capacitance. With a simple calcu-
lation, it follows that the computational time for one system
solve is 48.653s (= 48653s/1000), while the additional time
for the σC calculation using the statistical model is only 2.77%
(= (50s− 48.653s)/48.653s). Hence, the proposed modeling
method is extremely fast, and results in little overhead.

E. Experiment II

Using the proposed model, one can easily study:

1. the relationship between σC

C
and the conductor length;
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Fig. 3. The mismatch ( σC
C

) versus σLER and ηLER for a pair of 200nm

long conductors.

2. the impact of parameters σLER and ηLER on σC

C
.

Fig. 2 shows 5 examples of mismatch σC

C
as a function of

the conductor length using the structure as in Fig. 1. Each plot
is produced with a combination of various σLER and ηLER.
All 5 plots indicate that the mismatch first drops rapidly with
the increase of the conductor length and then tend to converge.
Being able to identify such a trend is very helpful for certain de-
signs with particular variability requirements. Sometimes, for
instance, it is necessary to find a good tradeoff between high
accuracy (i.e. small mismatch thus longer conductor length)
and low power consumption (i.e. small layout area thus shorter
conductor length). Then, the proposed modeling method pro-
vides a convenient tool to estimate the expected mismatch.

However, analyzing only 5 combinations of σLER and ηLER

is far from enough for a real mismatch analysis. This is be-
cause these parameters are highly technology-dependent, thus
any change from the fab could result in a different estimation
of them. Besides, the measurement based estimation is nor-
mally given as a range but not a specific value. Hence the
statistical modeling of mismatch should use two sweeping pa-
rameters (σLER and ηLER) instead of two particular values.
Fig. 3 shows the simulation results of mismatch with sweeping
parameters using the proposed method, which costs about an
hour. For MC simulation, this would have taken 43 days.

From Fig. 2, Fig. 3 and the above discussion, one can see that
the proposed modeling method provides a fast and practical
tool for circuit designers to estimate mismatches and optimize
dimensions of critical structures accordingly.

F. A Case Study

Following the experiment in the previous subsection, this
section shows a real design case that can benefit from the pro-
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Fig. 4. Partial layout of the 8-bit binary-scaled charge-redistribution DAC.

Fig. 5. The 0.5fF unit capacitor implementation, with a zoom-in window for
indicating the LER effect.

posed statistical modeling method.

Fig. 4 shows a partial layout of an 8-bit binary-scaled charge-
redistribution DAC, which is a component of a SAR ADC [7].
The designers have implemented the binary-scaled capacitors
C7,...,0 with 255(= 28 − 1) identical unit capacitors. The val-
ues of the capacitors have been minimized for high power effi-
ciency. Thus a custom metal-metal unit capacitor, as illustrated
in Fig. 5 with an extremely small value of 0.5fF is created by
the designers.

The major consideration regarding this implementation is the
mismatch of these unit capacitors due to their very small nomi-
nal values. In this case of a metal-metal structure, the sidewalls
of two metals facing each other are the main contributions of
the intended parasitic capacitance. In other words, the distance
between the sidewalls of the conductors is a crucial parameter.
Hence, the LER effect is considered to be the main cause of
this mismatch (see Fig. 5).

For this design with an 8-bit resolution, a unit-capacitor mis-
match ( σC

C
) of less than 1% is required. Our simulation result

using the proposed modeling method estimates the mismatch
caused by the LER to be around 0.25%. While not being able
to get the estimation of σLER and ηLER from the technology
based on which the chip has been fabricated, the estimation
from IMEC (13) is used for this simulation, as it is the clos-
est measurement data available on a similar scale technology.
Although there unavoidably are also other random variations
during the manufacturing process, considering LER is the pri-
mary contributor, the design should have enough margin to be
fabricated. In the end, measurements on 9 sample chips in-
dicate a random mismatch of the unit capacitors better than
0.6%. Since the measured mismatch includes various fluctu-
ations and noises from all aspects during the fabrication and
the measurement processes, it agrees well with the simulation
results. Only with a proper modeling tool as proposed, the de-
signers can confidently make such a small-size high-precision
design, as the matching is a major requirement to successfully
achieve the desired performance.

BEM-based LPE Tool 

Sensi�vity-based modeling

Systema�c variability

Random variability

Layout

Tech. file

Dimensional 

Parameters

sysσ

Rough lines

,LERσ LERη

Nominal 

capacitances

C

sysCσ

C

LERCσ

Fig. 6. Diagram of the proposed sensitivity-based method integrated in
BEM-based LPE tools for both systematic and random variabilities.

IV. SENSITIVITY BASED MODELING FOR BOTH

SYSTEMATIC AND RANDOM VARIATIONS

From Section II and III, the following observations can be
made:

1. Nominal capacitances are computed with the partial short-
circuit capacitances C̄s, using an incidence matrix (3)
and (4);

2. The dimensional sensitivity for modeling systematic vari-
abilities is computed by assembling the associated panel
sensitivities (8);

3. The statistical modeling for random variation LER also
counts on combinations of the panel sensitivities (12);

4. The computation of panel sensitivities solely relies on C̄s.

From these observations, one can conclude that: a
sensitivity-based algorithm can be developed to model both the
systematic and the random variabilities with only ONE sys-
tem solve, integrated with the standard capacitance extraction.
This is illustrated with a diagram (see Fig. 6). The sensitivity-
based modeling method can be integrated in BEM-based LPE
tools to account for both variabilities simultaneously. With the
additional inputs of the dimensional parameters with their pro-
cess spreads (σsys), and the interesting rough lines character-
ized with σLER and ηLER, the resulting statistical properties
of the capacitance

σCsys

C
and

σCLER

C
can be obtained together

with the nominal capacitance with one system solve.
Note that the input for the systematic variability can be mul-

tiple dimensional parameters, including the widths of all con-
ductors, the thicknesses of all metal layers and the heights of all
dielectric layers. Windowing technique can be applied to han-
dle large structures. Similarly, the input for the random vari-
ability represented by LER in this paper can be multiple rough
lines with different characterizing parameters σLER and ηLER.
Most importantly, this can all be done with one system solve
with an additional computational time being a small portion of
that for a standard solve without considering any variability.

To demonstrate the proposed sensitivity-based modeling
method for both systematic and random variabilities, an il-
lustrative example is conducted. As before, consider a struc-
ture with two parallel conductors with the width/space being
2µm/2µm, the thickness being 2µm and the length being 8µm.
It is assumed that all four edges along the conductor in the
length direction are suffering from the LER. The characteriz-
ing parameters are σLER = 0.03µm, ηLER = 2.00µm for
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TABLE II
SIMULATION RESULTS AND CPU TIME FOR BOTH SYSTEMATIC AND

RANDOM VARIATIONS

MC simulation Proposed model
σCsys

C
2.22% 2.05% (7.72% error)

σCLER

C
0.21% 0.24% (14.23% error)

σCsNr

C
2.22% 2.06% (7.18% error)

CPU Time 38h52′ 58′′

one conductor and σLER = 0.04µm, ηLER = 2.88µm for the
other. With this experiment, it is also interesting to compare
the impacts of the systematic and the random variations on ca-
pacitances. In order to do so, it is necessary to take the conduc-
tor width as the geometric parameter for systematic variations,
with a standard deviation (σsys) being the same as the associ-
ated σLER, i.e. 0.03µm and 0.04µm for the two conductors
respectively. All parameters in this example are chosen based
on pure assumptions.

To verify the accuracy and the efficiency of the proposed
method, three Monte Carlo (MC) simulations with 1000 sam-
ples each, are performed for the systematic variation, the ran-
dom variation and a superposition of them respectively (3000
samples in total). Since systematic and random variations are
resulting from different sources during the manufacturing pro-
cess, they are often considered independent. Hence, the pro-
posed model estimates their superposition effect as

σCsNr

C
=

√(σCsys

C

)2

+
(σCLER

C

)2

. (14)

Simulation results are shown in Table II. The errors of the
relative standard deviations of the capacitance given by the
model are less than 15% compared to the results of MC simula-
tions. Also notice that the systematic variation is the dominant
one, given the same standard deviation of parameters as for the
random variation. Thus, for designs that are sensitive to both
variations, attentions should be mainly paid to improving the
systematic variability. On the other hand, some designs, for
instance the 8-bit DAC, are only vulnerable to random varia-
tions. Therefore, being able to distinguish the two variations
and apply the appropriate modeling technique is essential.

One can see from this experiment as well as the one in Sec-
tion III.E, that the extremely high efficiency of the proposed
method enables the possibility to analyze, from various aspects,
the mismatches of the capacitance caused by both systematic
and random variations. With a good enough accuracy for most
application purposes, this method provides a fast and useful
tool for Design-for-Manufacturability (DFM).

V. CONCLUSION

In this paper, a sensitivity-based modeling method is pre-
sented to capture the effects of the systematic and the random
geometric variations. The nominal value of the capacitance as
well as its statistical properties accounting for both variations

can be obtained with only one system solve of capacitance ex-
tration. The additional computational time is negligible com-
pared to that of a standard system solve without considering
any variation. This highly efficient modeling method is very
convenient for studying manufacturing variabilities and can be
a useful extension of BEM-based LPE tools for DFM purposes.
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