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ABSTRACT

In radio telescopearrays,the complex receiver gainsandsensor
noise powers are initially unknown and have to be calibrated.
Gain calibration enhancesthe quality of astronomicalsky im-
agesand moreover, improve the effectivenessof certain radio
telescopephased-arraydataprocessingtechniques,suchasradio
interference(RFI) mitigationandbeamforming.In this paperwe
presentseveralclosedform anditerative complex gainestimation
methods. Thesemethodsare analyzedand comparedto the
Cramer-Rao lower boundfor the varianceof the estimatedgain.
The modelsare testedboth on simulateddataand on observed
telescopedata.

Keywords: applicationsin radioastronomy, sensorarrayprocess-
ing.

1. INTRODUCTION

Gain calibrationtechniquesfor radio telescopesystemsexist al-
readyfor a long time [1][2]. However, sincestudiesstartedfor
a next generationof radio telescopes(the SquareKilometer Ar-
ray radiotelescopeor SKA [3]), phasedarraybeamformingissues
andradiofrequency interference(RFI) suppressiontechniquesre-
ceived renewed interest[4] in radioastronomy. For RFI suppres-
sion, and for phasedarray beamforming,gain calibrationof the
telescopearrayis an importantfactor. Maximumlikelihoodtech-
niquesexist for estimationof thegainandphaseof signalsimping-
ing on the telescopearrray[5] andfor estimationof thedirection
of arrival of theimpingingsignals[6]. For computationalreasons
(SKA will have many sensorelements)andfor robustnessreasons
(iterativemaximumlikelihoodtechniquesdependonagoodinitial
point) we investigatedseveral closedform anditerative complex
gainestimationmethodsandfoundthat thesetechniquesperform
well.

Thecomplex gainsandnoisepowersof individual telescopes
of a telescopearray (figure 1) can be estimatedby observinga
strongastronomicalsourcein thecentreof thefield of view of the
telescopes.In mostcases,singlepointsourcescanbefoundwhich
dominatethefield of view of a radio telescope.A telescopeout-
put signal is the sumof the telescopesystemnoise(uncorrelated
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Fig. 1. Radiotelescopearray

amongthe telescopes)andtheastronomicalsourceflux, which is
correlated,multipliedby thetelescopegain.Thesourceflux is the
samefor eachof thetelescopes,but thetelescopegainsandnoise
powersusuallyarenot. Thegainsconsistof thecombinedeffectof
atmosphericdisturbances,telescopegeometry, receiver character-
istics, andelectronic(amplifier) gains,whereasthe systemnoise
powerscandiffer by severaldB’s.

Theoutputof thebackendprocessingis a sequenceof covari-
ancematricesformedby crosscorrelationof all thetelescopeout-
puts ��� . The aim in this paperis to estimatethe complex gain
factorsandthesystemnoisepowersfrom anobservedcovariance
matrix,assumingthattheastronomicalsourceflux is known from
tables.Wepresentthreealgorithmsto extracttheseparameters.

2. DATA MODEL

Assumethatduringthecalibrationobservationsthetelescopesare
pointedat a singleradio sourcein the sky. For a telescopearray
(figure 1) the output � � of element � at a certaintime � can be
modeled(usingthenarrow bandassumption)as���
	����������������	����������	��� (1)

where��� is thecomplex gainof thesensor, ��� is thesystemnoiseof
channel� , ��� is thenarrow bandphaseoffsetdueto thegeometric
delay, and ��	��
� is the flux of the impinging externalsource.For
the gain calibrationobservation, the sky sourceis locatedin the
centreof the field of view. The geometryand look direction of
a telescopeis known, so thenarrow bandphaseoffset dueto the



geometricdelay is known as well and can be compensatedfor.
Hencewithout lossof generalitywemayassumein ourmodelthat
thephaseoffsetsare ����� � .

In radioastronomy, thesensorarrayoutput! 	���"� # ��$%	��
��&(')'*'�&���+,	����-/. (2)

is usuallycorrelatedwith itself to form a covariancematrix. Here
thesuperscript� meansthetransposeoperator, and0 is thenumber
of telescopes.Thetruecovariancematrix 1 andestimate21 based
on 3 samples,assumingstationarityover this interval, aregiven
by 1 � 465 ! 	��
� ! 	��
�7(8 (3)

21 � �3 9;: $<=�>@? ! 	��@�A�CBD� ! 	��@�A�CBD�7 (4)

wheresuperscriptE denotesthecomplex conjugatetranspose.
The signal power FHGI �J4K5ML �N	���*L G%8 is known from tables,

hencewithout lossof generalitywe maymodelit as F GI �O� . The
covariancematrix cannow bewritten as1P��Q�Q�7��AR (5)

where R is a diagonalmatrix containingthesystemnoisecontri-
butions, S � �T465ML � � 	��
�*L G 86UWV . Thegainvector Q canbewritten
asa productof a gainmagnitudeXY�Z# [��\&�'*'*'�&\[�+]- . 	�[��(^TV�� and
a phasor_`�a# b�ced�fg&�'*'*'�&
b�ced�h�- . ; i.e. Qi�(XYjD_ , where j is the
Schur-Hadamard(elementwise)matrixproduct.The �/k -th element
of 1 is thusgivenbyl � mn�o[���[gm]b c�pqd]r : d%sut ��SM�wv*� m (6)

Sincethe phasesareunderdetermined,we definewithout lossof
generalitythe phaseof the first sensorto be zero: xy$z�{V . The
objective at this point is, given 21 , estimateQ and R accordingto
themodel(5).

3. GAIN DECOMPOSITION ALGORITHMS

3.1. Alternating least squares gain estimation (ALS)

Thecovariancematrix in equation(5) is composedof a rank-one
matrix Q�Q 7 anda diagonalmatrix R . Thegainextractionproce-
dureis basedonminimizing themodelerror:5 2Q�& 2R|8n�W}]~
�����q��M� �;� ?�� 21���R���Q�Q 7 � G� (7)

where � ' � � denotestheFrobeniusnorm. In theALS technique,
we alternatinglyminimizeover onecomponent,keepingtheother
componentfixed. In particular, assumeatthe � -th iterationthatwe
have anestimate 2R�p��)t . Thenext stepis to minimizeequation(7)
with respectto thegainvectoronly:

2Q p��*t �W}]~
�����q�� � 21���Q�Q�7`� 2R p��)t � G� (8)

Theminimumis foundfrom theeigenvaluedecompositionof 21o�2R p��*t , 21�� 2R p��*t �W� p��*t��zp��)t � p��)t 7 (9)

wherethe matrix �J��# � $ '*'*'
� + - containsthe eigenvectors � � ,
and � is a diagonalmatrix containingthe eigenvalues ��� . The
gainestimateminimizing (8) is givenby

2Q pq�*t �W� p��*t$�� � p��)t$ (10)

where � $ is the largesteigenvalue, and � $ is the corresponding
eigenvector. Thesecondstepis to minimize(7) with respectto the
systemnoisematrix R , keepingthegainvectorfixed. Themini-
mumis obtainedby subtracting2 Q p��*t 2Q p��*t 7 from 21 anddiscarding
all off-diagonalelements.Theconditionthatthediagonalelements
of 2R p��)� $ t shouldbepositive is implementedby subsequentlyset-

ting 2S � p��*� $ t � max	 2S � p��*� $ t &
V�� . The two minimizationssteps
are repeateduntil the model error (7) converges. Sinceeachof
theminimizingstepsin theiterationloop reducesthemodelerror,
we obtainmonotonicconvergenceto a local minimum. Although
theiterationis verysimpleto implement,simulationsindicatethat
convergenceusually is very slow, especiallyin the absenceof a
reasonableinitial point.

3.2. Column ratio gain estimation (COL)

Wenow setout to find aclosedform estimateof Q , whichrecoversQ exactly whenappliedto 1 (henceasymptoticfor 21 ). Thecrux
of this methodis the observation that the off-diagonalentriesofQ�Q 7 areequalto thoseof 1 , henceknown, so thatwe only need
to reconstructthe diagonalentriesof Q�Q 7 . This canbe donein
closedform by estimatingthecolumnratiosof 1 away from the
diagonalasdiscussedbelow. Thediagonalof thecovariancema-
trix 1 is thenreplacedwith theestimateproducingamatrixof the
form 1�����Q�Q 7 . Thegainvector Q canthenbeextractedby an
eigenvaluedecompositionof 1 � .

Theratio �y� m of two of elements��� and �*m of thecomplex gain
vector Q canbeestimatedfrom thedata 1 by solving� �H�W�y� m � m (11)

where � � and � m are the � -th and k -th column of the matrix 1 ,
not including the entriesl �/� , l � m , l m�� and l mem becausel ��� and l mem
containalsotheunknown systemnoisecontributions S � . Solving
for �"� m in theLeastSquaressensegives

� � m � 	 � 7� � � � : $ � 7� � m �¡  ��¢> � � m l�£� � l � m  ��¢> � � m l £� � l � � (12)

We cansubsequentlyestimateL ���
L G as L ����L G �¥¤n	��"� m l £� m � , for any
choiceof k . Thisestimatecanbeimprovedif all 	¦0z���%� available
columnratiosareused. The next stepis to form 1 � equalto 1
but with thediagonalentriesreplacedby theestimatesof L ���
L G ob-
tainedabove. Theresultingmatrix 1 � is anestimateof Q�Q 7 , andQ is found from an eigenvaluedecompositionof 1 � ��� � � 7 ,
similarly asin (9), (10) before.In theactualalgorithm,we follow
thesameprocedurebut replace1 by thesampleestimate21 .

3.3. Logarithmic least square gain estimation (LOGLS)

An alternative closedform estimate(as in useat the Westerbork
SythesisRadioTelescope,WSRT [1] since1980) is obtainedby
minimizing themeansquareerrorof the logarithmsof (6). Taking
thelogarithmhastheeffect thattheequationsbecomelinearasthe
productof gainsbecomesums. We startby taking the logarithm



of theoff-diagonalelements	¨§©�«ª�WkN� of equation(6) anddefine
thelogarithmicmodelerrors ¬K� m	¨§(�(ª�AkN� as¬ � m¯®W° ��	 2l � m �"� ° �H	�[ � �y� ° ��	�[ m �y�|±]	wx � ��x m � mod²]³,± (13)

Minimization in the leastsquaresenseof the sum-squarederror  L ¬K� m´L G over therealgainsandandphasesis obtainedby setting

µµ ° ��	�[ � �
+<� � m > $� ¢> m L ¬6� m�L G �WVK&

µµ ° ��	wb c�d�¶ � +<� � m > $� ¢> m L ¬K� m�L G �WV (14)

After somemanipulationstheequationfor thegainmagnitude(14)
becomes: +< � > $� ¢> �

· ¤(5 ° �y	 2l � � �
8(� ° ��	�[����y� ° ��	�[ � �e¸¹�WV (15)

for ���º��&�'*'*'�&�0 . This equationcaneasilybe written in matrix
form andsolved in closedform usingWoodbury’s identity. The
sameprocedureleadsto a closedform solutionfor the phase.In
thismethod,phaseunwrappingis necessary. This is doneby using
a simplephasequadrantestimationprocedure.

4. GAIN ESTIMATION SIMULATIONS

4.1. Method

The aim of the simulationsis to evaluatethe gain estimationac-
curacy asa function of signal to noiseratio (SNR� �ZQ 7 Q�»%S � ),
i.e. theratioof theastronomicalsourcepower (normalizedhereto
unity) andarraygainto thenoisepower in the � -th channel.

In thesimulationswe useeight telescopechannels.Thegain
magnitudewaskept fixed during the simulations,andwastaken
asa nominalvalueplus a (uniformly selected)randomdeviation
of ��V�¼ of thenominalvalue. Thegainphasewasrandomlydis-
tributedin the interval # V�&u²%³�- andalsokeptfixedduring thesim-
ulations. In thepresentationof the results,we split the gainesti-
matesin a magnitudeanda phase,sincethey mighthave different
accuracies,andsincethe Cramer-Raoboundsarebasedon these
(real)parameters.

4.2. Cramer-Rao lower bound of the gain estimates

The Cramer-RaoBound(CRB) givesa lower boundon the vari-
anceof any unbiasedestimator[7]. In our situation,we assume
that the sourcesignal and the channelnoise are independent
Gaussiandistributed with zero mean,and satisfy the model in
equation(5). Definetheparametervector½ ® # [ $ &�')'*'�&e[ + &x G &*'*'�'@&�x + &
S $ &*'*'*'�&S + - . (Note that the
phasexy$ of thefirst sensoris not a parameter.) TheCRB is then
givenby [7]

var 	 2¾ �	w¿¹�*L ½ �YU�À�Á : $��Â �/� (16)

where Á � is theFisherinformationmatrix, where ¿ is definedas¿ ® 	 ! #¦�u-N'*'*' ! # 3Ã-¨� , and 3 is thenumberof samples.Follow-
ing standardtechniques[7], theFisherinformationmatrix canbe
writtenas Á � � � mM	 ½ ����3 tr

· 1 : $ µ 1µ ¾ � 1 : $ µ 1µ ¾ m ¸ (17)

Insertingthemodel(5), thecomponentsin theFisherinformation
matrix caneasilybefoundas

1 : $ � R : $ÅÄ ÁY� Q�Q 7 R : $����Q 7 R : $ Q;Æ (18)µ 1Ç» µ [ � � 	�È � j�_M��Q�7���QK	�È � j�_M7Å� (19)µ 1Ç» µ x@�É� ±g	�	�QKj�È´�Ê�eQ�7`��Q"	�Qzj�È��Ê�7D� (20)µ 1Ç» µ S � � È � È .� (21)

where È�� denotesthe � -th unit vector. Theestimationvarianceof
themodelparametersis calculatedby evaluatingequation(16).

4.3. Comparison of the gain decomposition methods: simula-
tion results

For a typical online gain calibrationmeasurementat a radio ob-
servatory, astronomicalsourcesareusedwith noisepowersin the
rangeof VMË�� to ��V�¼ of thetelescopesystemnoisepower. Thein-
tegrationtime of the correlationdatacanbe several secondsto a
few minutes.

Figure2 shows the resultsof a gain estimationsimulationin
which the gain estimationvarianceis plotted versusSNR for a
fixed numberof samples.The threemodelsareplottedtogether
with theCramer-Raolowerbound.In the �¯��V to V dB SNRrange,
thegainestimationerrorslie verycloseto theCRB(for ��Ì k sam-
ples)andtheestimatorsareunbiased.Below anSNRof �¯�%Í dB
the gain estimationstartsto deviate from the bound. The ALS
methodbreaksdown athigherSNRthantheothertwo methods.

Thephaseestimationtendsto breakdown earlierthanthegain
magnitudeestimation. The phasebreakdown point is observed
around �¯��Ì dB, and is a bit lower for the LOGLS method. At
low SNRsomeof thecurvesdrop below the Cramer-Raobound.
Here,theestimatorsarebiased.
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Fig. 2. Gainestimationstandarddeviation versusSNR

In figure 3 thegain estimatesareplottedasa functionof the
numberof observedtime samplesfor a fixedSNR.Note thatalso
here,thephaseestimatorsbreakdown earlierthanthegainmagni-
tudeestimators.
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Fig. 3. Gainestimationstandarddeviation vs. numberof samples

5. EXPERIMENTAL RESULTS

The gain estimationmethodswere testedon real telescopedata.
An eight channeldatarecorderwas connectedto the Westerbork
SynthesisRadioTelescope,which waspointingat theastronomi-
cal source3C48. Basebandsignalswererecordedcorresponding
to asky frequency of �)ÎN²]V MHz. TheSNRof thesourcerelativeto
thesystemnoiseis �¯�*Ï dB. A narrow bandis selected(by means
of an FFT) andcovariancematricesarederived by crosscorrela-
tion of theinputsequences.Theobservedcorrelationcoefficient isVMË V�Í�Í with a spreadof about ��V % dueto thedifferentgainsof the
telescopes.Thegaindecompositionalgorithmsareappliedto the
covariancematrices.Figure4 shows theobservedgainmagnitude
estimationstandarddeviation andtheCRLB. Theentiredatasetis
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Fig. 4. Gainestimationstandarddeviation from observationswith
theastronomicalsource3C48.

usedto obtain a fair estimateof the complex gains,thesenum-
bersareusedfor thecalculationof theCRLB. Thecurvesfor the
LOGLS andCOLS gain estimationslie very closeto the CRLB,
just as is the casewith the simulations.TheALS however, per-
formsnot toowell for SNR’s in therangebelow about-15dB; the

ALS estimatesarebiased.Thesmalldeviation of theLOGLS and
COLS curves from the CRLB curve could be causedby the fact
that for the CRLB calculationsnot the true gainswereused(as
they arenotknown) but theestimatedgains.

6. CONCLUSIONS

In our simulationsthethreegainestimationmethodsdo not differ
muchin performance.Themaindifferenceis thattheALS method
for gain magnitudeestimationbreaksdown a bit earlier thanthe
two other methods. Also, the phaseestimationseemsto break
down earlierthanthegainmagnitudeestimation.For ��Ì k samples
andfor SNRshigherthan �¯��Í dB, theestimatorsareunbiased(for
thegaindistributionused).

In generalthe measurementresultssupportthe conclusions
from thesimulations.However, theALS gainmagnitudeestimates
deviate8 dB from theCRLB. TheALS estimatoris biasedfor the
SNRof theobservation.

Furtherresearchwill focuson othermethods,like theGauss-
Newton iterative method[8], on processingefficiency, and the
methodswill beextendedto multiplesources.
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