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ABSTRACT

The contaminationof radio astronomicalmeasurementsby man-
madeRadioFrequency Interference(RFI) is becominganincreas-
ingly seriousproblemandthereforetheapplicationof interference
mitigation techniquesis essential. Most current techniquesad-
dressimpulsiveor intermittentinterferenceandarebasedon time-
frequency detectionandblanking. Continuallypresentinterferers
cannotbe cut out in the time-frequency planeandhave to be re-
movedusingspatialfiltering. This techniqueis basedon theesti-
mationof thespatialsignaturevectorof the interfererfrom short-
termspatialcovariancematricesfollowedby asubspaceprojection
to remove thatdimensionfrom thecovariancematrix,andby fur-
theraveraging.Theprojectionswill alsomodify theastronomical
data,and hencea correctionhasto be appliedto the long-term
averageto compensatefor this. In this paperwe analysetheper-
formanceof thisspatialfiltering algorithm.

1. INTRODUCTION

In interferometricradioastronomythedistributionof theintensity
of radiationis measuredby cross-correlatingthe signalsfrom a
numberof radiotelescopes.Theastronomicalsignalsusuallyhave
a signalto noiseratio (SNR) of -20dB or less. Integrationover a
10-60speriodof thecorrelatedastronomicalsignalandtheuncor-
relatednoisewill improve the SNR several ordersof magnitude.
Due to the rotationof the earththe orientationof the telescopes
with respectto thestarsis changing.After severalhoursof mea-
surement,enoughsampleshave beenobtainedto constructanim-
ageof theobservedfield.
Thesignalfrom aninterfereris spatiallycorrelatedandwill there-
fore not averageout completely. If the interfereris continuously
present,it is not possibleto filter out its contribution by detection
andblankingof contaminatedsamples.Spatialfiltering cannull
theenergy received from thedirectionof the interferer. Thepro-
jectionswill alsomodify theastronomicaldata,andhencea cor-
rectionhasto be appliedto the long-termaverageto compensate
for this. This algorithmwas introducedin [1]. In this paperwe
summarizethealgorithmandanalyseits performance.

2. DATA MODEL

Assumewe have a telescopearraywith � elements.For the in-
terferencefree casethe array output vector ���
	��� is modeledin
complex basebandform as����	��������	��������	���

where ����	������� ��� � !"	���$# %&% %'#���� � ()	���+*-, is the �/./0 vectorof out-
put signalsat time � , ��	��� is the received sky signal,assumeda
stationaryGaussianvectorwith covariancematrix 132 , and ��	���
is the �4.50 noisevectorwith independentidenticallydistributed
Gaussianentriesand covariancematrix 687$9 . If an interferer is
presentthearrayoutputvectoris modeledas�:	�����;����	�����=<�	����>
	���
where>
	��� is theinterferersignalwith spatialsignaturevector<�	���
which is assumedstationaryonly over short time intervals. The
astronomeris interestedin 1 2 . Weassumethat 6�7 is known from
calibrationand 1 2@? 6 7 9 .

3. ALGORITHM

Givenobservations ��ACB �D�:	FE�GIH  , where GIH is thesamplingpe-
riod, theobjective is to estimate1 � �J1 2 �K6�7 9 . We first con-
structshort-termcovarianceestimatesL1NM ,L1NM@� 0O P M&Q !+R�STA
U M S � A �IVA
where

O
is thenumberof samplespershort-termaverage.

O GIH
is in theorderof 1-100millisecond.Supposethat thespatialsig-
nature <�M of the interfereris known. We canthenform a spatial
filter WXM , W M B ��9�YC< M 	F< V M < M $Z ! < V M
which is suchthat WXM[<\M]�_^ . Thus,when this spatialfilter is
appliedto thedatacovariancematrix all theenergy dueto the in-
terfererwill benulled:L` MaB �bWXM L1cM[WXM@��WXM L1 � � M�WXM
where L1 � � MaB � 0O P M&Q !+R�STA
U M S ��� � Ad�IV� � A
Whenweaveragethemodifiedcovariancematrices L` M , weobtain
a long-term(say GIe A�f ��g O G H �h0'^ seconds)estimateL` B � 0g iTM Uj! L` Mk� 0g iTM U8! WXMlL1cM[WXMm%L` is an estimateof 13� , but it is biaseddue to the projection.
To correctfor this we first write the two-sidedmultiplication as
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a single-sidedmultiplicationemploying thematrix identityn
o p 	rqcsutvj�w	+ta,lxcqc n
o&p 	rsu , wheren
o&p 	zy  denotesthestack-
ing of the columnsof a matrix in a vectorand x the Kronecker
product.This givesn�o&p 	{L` �B � 0g iTM U8! tvM n
o&p 	{L1NM� (1)

where tvMaB �|	rW ,M x�WXM�
Notethat,if theinterferenceis completelyremovedthen}K~ n
o&p 	{L` ��@� 0g iTM U8! tvM }K~ n�o&p 	{L1NM � � ��@��t n
o&p 	r1N�" (2)

where t�B � 0g iTM Uj! tvM
Now we canapplya correctiont Z ! to L` to obtainestimate L1L1�B �;�)� n�o&p 	�t Z ! n�o&p 	 L` �
This is the estimateof 1N� producedby the algorithm. If the <�M
are known and completelyprojectedout then L1 is an unbiased
estimateof 13� : }K~ L1v�X��1 �
More in general,whenthe spatialsignaturesof the interfererare
unknown, they canbe estimatedby an eigenanalysisof the sam-
ple covariancematrices L1cM . assumingthat thenoiseis white and
the astronomicalcontribution is small, it is well known that the
numberof interfererscanbedetectedfrom theeigenvaluesof L1NM ,
andthat thesubspacespannedby thespatialsignaturesof the in-
terfererscanbeestimatedby thecorrespondingeigenvectors.This
allows usto constructtheprojectionmatrix LWXM [2]. However, the
interferenceis not completelyremovedand(2) doesnothold.
A secondissueis theinvertibility of t andthenoiseenhancement
of t Z ! .

4. PERFORMANCE ANALYSIS

Theresultof thealgorithmis L1 , anestimateof thetruecovariance
matrix 1 � . Thequalityof anestimatoris determinedby its covari-
ance.In thefollowing sectionswewill determinethecovarianceofL1 in threecases:1) interferencefreecase2) thespatialsignatures< M areknown and3) thespatialsignatures< M areestimated.We
usethe following notation. With L� we denotean estimate,with� � }K~ L� � theexpectedvalueof L� andwith

�3� ��L� Y �
the

estimationerror. Thecovarianceof anestimateis definedas:p&�"n\� L��� B � } ~ n
o p 	 � �  n
o&p 	 � � �V �
Thevarianceis definedasn��[� � L��� B � }���� �d� � ��� �;�{� n
o p 	r��� �[� 	 p&�"n�� L��� �
where

�
denotesentrywisemultiplicationof two matricesof equal

size.

4.1. Case I: The variance of L1 for the interference free case

Let L1 � � 0g iTM U8! L13� � M
be the long-termaverageof interferencefree samples L1 � � M , then
thestandardresultfor Gaussiansourcesapplies:p&�"n�� L1 � � � 0O g 1 � x51 �
Because1 ��� 687$9 p �[n\� L13� � � 6��O g 9 (3)

This definesthebestperformancethatwe canhave for L1 .

4.2. Case II: The variance of L1 for interference with known
spatial signatures

Supposethespatialsignatures<�M of theinterferersareknown. In
that casethealgorithmis unbiasedby design.The covarianceof
theestimateisp �[n\� L1 � B � } ~ n
o&p 	{L1 �  n
o&p 	{L1 �  V �� t Z ! p&�"n\� L` � 	+t Z !  V (4)

where,using(1)p �[n\� L` � � }b� 0g 7 iTM Uj! iT   U8! t M n
o&p 	r1 � M  n�o&p 	r1 �    V t V  )¡ (5)

Theestimationerrors1 � M and 1 �  
areuncorrelatedfor ¢/£��¤ . Mul-

tiplication with tvM projectsout thecontributionof theinterferers,
sothat t n
o&p 	r1 � M ���t n
o&p 	r1 � M � � p&�"n\� L` � � } � 0g 7 iTM Uj! tvM n�o&p 	r1 � � � M  n�o&p 	r1 � � � M  V t V M ¡ (6)� 0g 7 iTM Uj! tvM p&�"n�� L1 � � M � taM (7)L1 � � M is thecovariancematrixof acomplex Gaussiansignalvector,
so p&�"n\� L1 � � M � � 0O 1c�:x�1N�
and p&�"n\� L` � � 0O g 7 iTM U8! t M 	 1 � x51 � �t¥VM (8)� 0O g 7 iTM U8! WXM[1 � W M x5WXM�1 � WXM (9)

Because1 ��� 687$9 and W M is a projection,WX7M ��W M ,p&�"n\� L` � � 6 �O g 7 iTM U8! 	rW , M x]WXM�:� 6 �O g tp&�"n�� L1 � � 6 �O g t Z ! tN	+t Z ! �V�� 6 �O g t Z !
The value of t Z ! dependson < M , the spatialsignaturesof the
interferer. Comparedto (3), this indicatesthat t Z ! determines
therelative performanceof thespatialfiltering algorithm.

S02-2



Proc.
�����

IEEE Benelux Signal Processing Symposium (SPS-2002), Leuven, Belgium, March 21–22, 2002

4.3. Case III: The variance of L1 for interference with deter-
ministic spatial signatures

If the spatialsignaturesareunknown, they needto be estimated,
andhencetheprojectionmatricesareestimatestoo. WXM , tvM andt aresubstitutedby their estimatesLW M , Lt M and Lt . In that case
equation(2) is not true becauseLt and L1NM arenot independent.
The algorithmis not unbiasedanymore,but it canbe shown that
thebiasof L1 is ¦u	 O Z !  . This biascanbeneglectedbecausethe
standarddeviation is ¦u	 O Z !+§ 7  .
Recallthat p&�"n\� L1 � � }K~ n
o p 	r1 �  n
o p 	r1 �  V � (10)

Thefirst orderapproximationof 1 �
isn�o&p 	{L1 � ��|	+t Z !  � n
o p 	 ` ��¨t Z ! n
o&p 	 ` � 

where,in first orderapproximation	+t Z !  � � Y©t Z ! t � t Z !t � � 0g iTM U8! t � Mt � M � 	rW � M , x5WXM
���	rW ,M x�W � M n
o&p 	 ` � ª� 0g iTM U8! n
o p 	 ` � M n
o&p 	 ` � M ª� t � M n
o&p 	r1N��¨t n
o&p 	r1 � $% (11)

Working this outgivesn
o p 	r1 � «� t Z ! 	zY©t � t Z ! n�o&p 	 ` �� n
o&p 	 ` � �$% (12)

Becauset Z ! n�o&p 	 ` �� n�o&p 	r13�" we obtainn
o&p 	r1 � ��bt Z ! 	zY©t � n
o p 	r1N�� n
o&p 	 ` � �
Substitutingequation(11)givesn
o p 	r1 � ��bt Z ! 0g iTM U8! tvM n
o&p 	r1 � M  (13)

andhence p&�"n\� L1 � �bt Z ! p&�"n\� L` � 	+t Z !  V (14)

where p&�"n�� L` �
is asgivenin (5). Equation(14) is equalto (4) so

in first orderapproximation,replacingthe trueprojectionsWXM by
theestimatedprojections LWXM doesnotchangethecovariance.Also
in thiscaseit follows thatp&�"n�� L1 � � 6 �O g t Z !

5. THE EXPECTED VALUE OF t Z !t Z ! determinesthepenaltydueto spatialfiltering. Themaindi-
agonalof t Z ! containsthefactorsby which thevarianceis mul-
tiplied comparedto the interferencefree case. To describethe
penaltyin a singlenumberwe introducethe”quality factor” ¬¬3�� �"® 	r�)� ��� 	+t Z ! � (15)¬ is theworstcaseamplificationof thevariance.Thevalueof ¬ is
a functionof < M . We will determinetheasymptoticvalueof ¬ for
two cases:1) <�M arenormallydistributedand2) <�M arethespatial
signaturesof astationaryinterferer.

5.1. Case I: The variance of L1 for normally distributed spatial
signatures

If we choosea temporallyi.i.d. statisticalmodel for <\M we can
determine

} �¯taM'* . When g±°³²´t will convergeto
} � tvM"* , andt Z ! to

} � tvM"* Z ! . Let <\McµD¶�·h	r^�#�9  andi.i.d. for different ¢ ,
let ¸ � <�M¹ <�M ¹
then

¸
is uniformly distributedover theunit-spherein º ( andW���9�Y ¸8¸ V

It follows that} � tX*»� } ~ W , x]W �� } ~ 	r9¼Y ¸8¸ VI , x�	r9�Y ¸8¸ VI �� }K~ 9:x]9�Y49�x ¸�¸ V Y ¸8¸ V x�9�� ¸8¸ V x ¸8¸ V �
To evaluatethisexpressionweneedto know thesecondandfourth
ordermoments.Thesecanbefoundby integratingtheprobability
densityfunction(pdf) over thewholeunit-sphere.Thepdf on the
unit-sphereis: ½ 	 ¸ �� 0¾
where

¾
is a normalizationconstant,equalto thesurfaceareaof¿ ( , theunit spherein º ( , givenby¾ ��À{Á'Â:Ã�>Ä� Å[Æ (	¯�ÇY�0"$È %

Dueto thesymmetryof thepdf,
} � É e É�Ê'* is zeroexceptwhen Ëj�Ì

, and } � É�e É\er*\� 0¾ À Á"Â É�e É�erÃ�>Ä� 0�} � É e É�Ê"É�M É   * is zero,exceptfor:} � É\e É�erÉ Ê É Ê *�� 0¾ À Á"Â É�e É�eFÉ Ê É Ê Ã�>��JÍ 7( P ( Q !+R 	FËj� Ì !( P ( Q !+R 	FËÄ£� Ì 
Hence, } � tX*\��9mY Å� 9�� 0�8	¯�¥�;0" 	r9:�]Î4
where ÎÏ� n�o&p 	r9  n
o&p 	r9  , . Theinverseis givenby:} � t@*�Z ! � �8	¯�¥��0'� 7 Yc�ÇY�0 	r9�Y 0� 7 Y]0 ÎC
So,for large gn��[�Ð� L1 � � 6 �O g �8	¯�¥�;0"� 7 Yc�uY¨0 	zÑ\Ñ , Y 0� 7 Y¨0 9&
and ¬N� �8	¯�¥�;0"� 7 Y��ÇY�0
If for example�/�DÒ , then ¬/��Ó Å�Ô�Õ�Õ � 0�% � , so thevarianceof
theentriesof L1 increaseswith 30%in theworstcase.
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Figure1: a)Qualityfactor ¬ for different g 7zÖ , andb) for differentnumbersof antennas.c) Confidenceintervalsfor ¬ basedonasimulation
with 0'^ � randomlyselected<\�
5.2. Case II: The variance of L1 for stationary interferers

For matrix t to be invertible thespatialsignatures<�M needto be
sufficiently variable.For stationaryinterferers(noown movement,
no multi-path)the only sourceof variability is the geometricde-
lay compensation.The geometricdelaycompensationis a delay
placedbetweeneachtelescopeand the correlatorto correct for
thedifferentpathlengthsof theastronomicalsignalto eachof the
telescopes.The geometricdelaydependson the position of the
observed field in the sky. Due to the daily rotationof the earth
thestarsaremoving alongthesky andhencethegeometricdelay
is time varying. For a signalreceived from an interfererfixedon
earth,thenarrow bandapproximationof thegeometricdelaycom-
pensationis a time varying phase-shift,namedfringe correction.
For a lineararrayof telescopestheeffect of the fringe correction
on thespatialsignaturecanbemodeledas

<�	�����Ø×ÙÙÙÙÙÚ
Û !Û 7 Ü Ê$ÝÛ)Þ Ü 7 Ê$Ý
...Û ( Ü P ( Z !+R Ê$Ý

ß àààààá #�< � �Ø×ÙÙÙÙÙÚ
Û !Û 7Û�Þ
...Û (

ß àààààá #ãâä� Å"Æ ½[å ��uY]0
where

½ å
is thefringe frequency, givenby½�å � Å[ÆÅ[æ . ��ç ^�^8èué p ��ê\ëjp&��ê\ì

where èué is the longestbaselinelength in wavelengths,ë is the
declinationof the sourceand ì is the hour angleof the source,
whichis timevaryingandhasaperiodof 24hours.Forastationary
interferer t Z ! dependson:

– Thefringerotationpershorttermsample
O GIH ½[å , whereGIH is

is thesamplingtime,
O

thenumberof samplespershort-term
averageand

½[å
thefringe frequency.

– g , thenumberof short-termaveragesperlong-termaverage.

– � , thenumberof antennas

– <{� , thespatialsignaturewithout fringecorrection

Thetotal fringecorrectionover thelongtermintegrationperiod,is
probablytheparameterthathasthemostinfluence.Thefirst two

parameterscanbeconvertedto thetotal fringe rotationduringthe
long termintegrationperiod,â8f-í$f8� O GIH Å"Æ ½[å g��;G e A�f Å[Æ ½�å
andthenumberof samplesperfringecycle,g 7zÖ �bg Ô 	�GIe A�f ½ å 
Thelowestpossibleg 7zÖ is reachedwhen

½ å
reachesits maximum

value.If wechoose
O GIHm�h0&^�îï> , èué � � ^�^�^�î Ô � ^[ð î thenthe

mimimumvaluefor g 7zÖ is 135.Theresultsof simulations(figure
1a)show thatwithin therangeof possiblevaluesfor g 7zÖ theeffect
on the quality factor ¬ is neglectable.Simulationswith different
numbersof antennas(figure 1b) show that althoughthe asymp-
totic value of ¬ dependson � , the global characterof the func-
tion is independentof � . All curvesshow a transitionfrom poor
to reasonablygoodperformancein the rangefrom 1 to 2 fringe
cycles. Furthersimulationsare carriedout with the parametersg 7zÖ � Å ^�^ and �;�ñÒ . The curves in figure 1c show how the
performanceincreaseswith increasingfringe rotationFor x% of
randomlyselected< � thequality factor ¬ is below thex%-curve.
Fromthis grapha minimum â for acceptableperformancecanbe
read. This conditionon â canbe translateda division of the the
sky in anobservableandanunobservablearea.Theunobservable
areais bandfrom theEastover thecelestialpoleto theWest.The
width of this bandis givenby:ò � Å �[��p ê ��� â8ó¼e A . Å[æ . ��ç ^�^èvé .NG e A�f�. Å"Æ
For exampleif â8ó¼e A � �

, GIe A�f � � ^�> , ô�� � ^�ð$î and è �� ^�^�^[î thenthewidth of this bandis 16°.
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