ON-LINE SUBSPACE ESTIMATION USING A GENERALIZED SCHUR METHOD
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A newmethodis presentedor estimatinghe columnspace
(signalsubspacedf alow rankdatamatrix distortedby ad-
ditive noise. It is basedon a tangibleexpressiorior the set
of all matricesof minimal rank thatare e-closeto the data
matrixin matrix 2-norm. The usualtruncatedsVD approx-
imantis containedn this set. Featureof the algorithmare
(1) it hasthe samecomputationaktructureand complexity
asa QR factorizationof the datamatrix, (2) it yields an
on-line schemeamenableo parallel (systolic)implemen-
tation (3) updatinganddowndatingis straightforward(4)
a rank decision(to detectthe numberof signals)is auto-
matic, for a given thresholde. It is shownin simulations
onatypical directionfinding applicationthatthe algorithm
exhibits similar performanceas SVD-basedmethods,at a
fraction of the computationatost.

1. Introduction

Many parameteestimatioralgorithmsin signalprocessing
applicatimsinvolve a datamatrix which is presumablyof
low rank, butwhichis distortedby noise. Onewell-known
exampleoccursin directionfinding, wherethe datamodel
is X = AS+ N, andit is desiredto estimatethe rank of AS
and the column spanR(A) of the array responsematrix
(seee.g., [1, 2] for overviews). Another exampleis in
adaptivefiltering, wherethe model consistsof an overde-
terminedset of equationsXw=d (X andd known), andit
is desiredto find the weight vectorw of a transversafilter
(seee.qg., [3]). A totalleastsquaressolutionis obtainedby
approximating [X d] by a matrix of low rank, andtaking
[wH —1]" to be a vector of minimal norm in its kernel.
Again, it isimportantto find anestimateof a columnspace,
in this caseof the rangeof [X d]". In both applications,
the estimateof the principal columnspanis to be updated
continwously as more datasamplesare measured.

In principle, the singularvaluedecompositiorfSVD) is the
appropratetool for estimatingprincipal subspacesHow-
ever, the SVD is computationallyexpensiveo update ren-
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dering it unattractivefor on-line applications. A number
of alternativeshave beendevelopedto replacethe SVD
by computationallymore attractive decompositions. Ex-
amplesare the URV decompositio{4, 5] andthe Rank
RevealingQR factorization[6, 7].

In this paper we consider for a given matrix X andtoler-
anceg, approximantsX that satisfy

IX=-X]| <&

and that are of smallestpossiblerank. || O|| denotesthe
matrix 2-norm (spectralnorm, or largestsingular value
of its argument). The truncatedSVD solution, obtained
by putting all singularvaluesof the SVD of X that are
smallerthan ¢ equalto zero, satisfiesthe conditionsand
even minimizes || X - X||. However becausewe do not
searchfor the minimumof || X - X || andbecausehe norm
is not the Frobeniusnorm, X is not unique; thereis an
expressiorwhich givesall suitableapproximantsX of the
samerankasthetruncatedSVD approximant.A relatively
simple expressiorspecifiesthe column spaceof X. This
subspacenay be computedusinga Schurtype algorithm,
or Hyperbolic QR-factorizationwith complexity of order
O(1/2m?n) for a matrix X of sizemxn (m<n).

The approximatiorntheory referredto in the aboveis pre-
sentedand provenin a separatepaper[8]. It is basedin
turn on a specializationof the Hankel-normapproxima-
tion theoryfor time-varyingsystemspy Vander Veenand
Dewilde [9].

2. Minimal rank 2-norm approximations
For a givenm x n datamatrix X, denotethe SVD of X as
_ 2 VA
e = ] [4]
(Zo)i > &, (Z2i < e.

Supposehatd singularvaluesof X arelargerthane, and
noneareequalto &. Our approximatiortheoryis basedon
animplicit factorizationof

XXt - £ = BB - AAT, (1)



Thisis a Choleskyfactorizationof an indefinite Hermitian

matrix. A and B are chosento have full column rank.

Theyarenotunique,buttheirdimensionsarewell-defined.
Usingthe SVD of X, we obtainonepossibledecomposition
as

XX = 21 = Uy (22 - 21U + Uy(Z3 - £1)UY

wherethefirst termis positivesemidefiniteandhasrankd,
andthe secondterm is negativesemidefiniteand hasrank
m-d. Hence,B hasd columns,and A hasm—d columns.

To obtain an implicit factorizationand avoid computing
XX, we make useof the propertiesof J-unitary matrices.
A 2 x 2 block matrix @ is saidto be J-unitary, with

m n
m | Oy O [ mxm
0= , J=
n [@21 @22] [ =lrxn ]

if @HJO = J, @J6H = J. Two of thepropertiesof J-unitary
matriceswhich we will useare

1. If [C D] =[A B]O then

AAY - BB [A BJJA B
[A B]OJOH[A BJH
CCH - DDH.

2. @['2612 - @5'2622 =
0 1-0001,0:1,05 = 00053 > 0
0 [|©12033]| < 1.

Theorem 1.  Let X haved singularvalueslargerthane,
andnoneequalto . Thenthere existsa J-unitary matrix
O suchthat

[d X]© =[A B] )
whee A = [A Omxd]l, B =[B Omxn-d] , A:mx (m—d),
B:mxd, and[A B] hasfull rank.

Notethat, by the first mentionedpropertyof J-unitary ma-
trices,equation(2) implies(1). Usingthe secondproperty
we obtainthe following theorem.

Theorem 2. X = B3} is a rank-d 2-norm approxi-

mant.
Proof (outline). X hasrankd because8 = [B 0] hasrank
d. Equation(2) yields
091, ":\X@zz =B
O IX=X|| = €| ©12033 || < &.
]

The ‘signal subspace’R(X) = R(B) is obtaineddirectly
from the factorization(2). The factorizationis relatedto a
factorization

[¢ X]on = [(A,B) 0], ®3)

wherell is a permutationmatrix and (A, B) is of full rank
andcontainghe columnsof A andB, possiblyin permuted
order Equation(3) can be viewed as a ‘hyperbolic QR-
factorization’ (it reducesto a QR factorizationif ¢ = 0).
Thecomputatiorof thisfactorizationusingelementaryhy-
perbolic) rotationsis known as the GeneralizedSchural-
gorithmin systemsheory andis consideredn section3.

The setof all minimal-rank2-norm approximantswill be
parametrizey matricesS , with block partitioring

d n-d
S = m-d [(3_)11 (S_)lz]
d (a1 (S)22]
Theorem 3. All rankd 2-normapproximans X of X are
givenby

X = (B-AS)(On-019)7,

whee S_ satisfies(i): || S_|| <1, and(ii): (S.)12 =0.
The approximaton error is

X=X = 80uS - 012)(02-0,59)".

By this theorem the estimatedsignalsubspaces givenby

R(X) = R(B -AS) = R(B-A(S)u). The first condi-
tion on S_ ensureghat || X - X|| < ¢ whereasthe second
conditionis requiredto have X of rankd.

The choiceof a particularapproximantX, or subspacesti-
mateR (X), boilsdownto a suitablechoiceof the parameter
S . Variouschoicesare interesting:

1. The approximaniX in theorem2 is obtainedoy tak-
ing S = 0. This is the simplestapproximant;the
signal subspaceestimateis equalto the rangeof B.
The erroris given by g| ©1,053||. Note that, even
if all singularvaluesof X are larger than £ so that
it is possibleto have X = X, the choiceS§ = 0 does
not give zero error. Hence,this simple choiceof S
couldleadto biasedestimates.This is confirmedin
the simulationexamplein section4, and occursin
caseswheredy is closeto «.

2. As the truncatedSVD solutionsatisfiesthe require-
ments,thereis an § which yieldsthis particularso-
lution and minimizesthe approximatiorerror. How-
ever computingthis S requiresan SVD itself.

3. If we take S = ©7}01,, thenwe obtain X = X and
the approximatiorerroris zero. Althoughthis S, is
contractive,it doesnot satisfythe condition(S )12 =
0. To satisfyboth conditions,we proposeto take

- I (01101211 O ]
- ojle = | ©n .
870 12[ O] [ (©11012)21 O



The correspondingignalsubspacestimateis given
by the range of B' = A®:1012[; 9], and can be
computedby a Schur complementformula. If X
is square thenthis S givesan approximatiorerror
X — X which hasrankm—-d, i.e., the error hasthe

samerank as a truncatedSVD solutionwould give.

4. If d = mR, thenit is possibleto take S| suchthat
S =Im (S)12=0(e.g, S =[I 0]), whichgives
a uniform approximationerror: all singularvalues
of X—X areequalto «.

3. Computation of ©
Elementary rotations

If [el X] satisfiescertainregularity conditions,thenit is
possibé to compute® suchthat (3) holds, usingelemen-
tary, planerotationsonly. At an elementarylevel, we are
looking for 2 x 2 matrices @ suchthat[a b]g =[O 0].
The matricesd are J-unitary, but with respectto unsorted
signaturematricesj = diagd+1]:
628" =j1, &'0=]2.

By congruencethe numberof positiveentriesin j; is equal
to the numberof positive entriesin j,, and similarly for
the negativeentries.Hence,it is sufficient to considerthe
following six cases(wheres's+ cc = 1):

1. if |]a|>|b| andj; = diadl -1]:
+ - - - + -
1 -s|1
[a bl g 1 |o=00 0l
2. if |a|<|b| andj; = diadl -1]:
+ - - - - +
< 111
[a b] 1 -0 ED:[ o o],
3. if |a] <|b| andj; = diad-1 1] :
—_ + _ + —
< 111
[a b] 1 -0 ED:[ o o],
4. if |a|>|b| andj; = diad-1 1] :
- + - - - +
1 -s|1
[a b] - 1 ED:[ o o],
+ + c s ] + +
3 [a b] s =[O0 0],
- C -
6. [a bl| _& o =[O 0].

In the aboveequationsthe signaturematrix j; associates
a signatureto a andb; the signaturej, assignsa signature
to the result[0 0], and (j2)1 is in fact equalto the sign
of [a b]ji[a b]"H.

Hyperbolic QR factorization

The elementaryrotationsare embeddedn planerotations
which are appliedto the columnsof [ X] in the same
way asGivensrotationsare usedfor computinga QR fac-

torization. Eachelementaryrotationproducesa zeroentry
in X. Thedifferencewith QR is thatwe haveto keeptrack
of the signaturesassociatedo the columnsof the matrix.

The generalscheme however goesasfollows:

+ + o+ - - - -
e X X X X] ~
O1)
£ X X X X h
£ X X X X
-+ + + - - -
[ x X X X ~
0 O@1)
X & X X X X N
X X X X X
- + + + - - -
X 0 x x x
X X 0 x x x N
X X g X X X X
- + - + + - -
~ X 0O 00O
Om.n
= X X 0O 00O
X X X 0O 00O

(Exceptfor the first matrix, the signaturef the columns
in the abovematricesare examples,as they are datade-
pendent.) This schemeensuresthat [ X]© = [X 0],
whereX is aresultinglower triangularinvertible matrix; it

containsthe columnsof A andB in somepermutedordet
The columnswith a positive signatureare the columnsof
A, the columnswith a negativesignatureare thoseof B.

Updating and downdating

The Schur methodis straightforwardto updateas more
and more columnsof X are measured. If [d X,]6 =
[(An,Bn) 0] is the factorizationat point n and Xp. =
[Xn Xn+1], then,becausehe algorithmworkscolumn-wise,

[(An,Bn) O Xne1]&™Y = [(Ane1,Bez) O 0],

for someJ-unitary matrix &"%) acting on the columnsof
An, Bn, andonxn+1. Hence,we cancontinuewith theresult
of the factorizationthatwas obtainedat the previousstep.

The downdatingproblemis to computethefactorizatiorfor
Xn with its first columnx; removed from a factorizationof
Xn. It canbe convertedo an updatingproblem,wherethe
old columnx; is now introducedwith a positivesignature,

[(AnBy) 518" = [(Agt, Ber) 0]

This is possiblebecauseimplicitly, we factor €21 — X, XH +
XX = AgA = BB + Xy ¢!



4. Application to Direction Finding

In orderto assesshe applicability of the Schurbasedsub-
spaceestimationmethod,we considerthe directionfinding
problem. Supposehat we havean array of m equispaced
omnidrectionalsensorswhich receivesd sinusoidalsig-
nals from directionsg, k = 1,---,d. A total numberof
n samplesis taken, which gives an mx n data matrix X
modeledas X = AS+N. Here, A = A(@,---, @) : mxdis
thearrayresponsematrix,andS: dxn containsthe n sam-
plesof the d sourcesignals. N containssamplesof white
additive i.i.d. noisesourceswith varianced?l, independent
of the signals.Given X, the ¢ areto be estimated.

TheESPRITalgorithmfor estimatinghe DOAs[10] works
in two steps. The first stepis to estimatethe signal sub-
space,which is usually takento be the d principal left
singubr vectorsof X, Us = Usg = Uy . This leadsto the
classicalSVD-ESPRITdirectionfinding scheme.We will
comparethis with the Schurbasedsubspacestimatesand
investgate the choice Us = Usg = R(B — A(S.)11) with
S = 0101[( 9], andUs = Usg = R(B). Asis well-
known,oncethe signalsubspaceare estimatedthe DOAs
areobtainedvia a certaineigenvaluedecompositiorbased
onthesesubspaces.

In thecomputersimulationexperimentsa lineararraycon-

sistirg of m =4 sensords used. Two sourcesareimping-

ing on the array The signal to noiseratio is chosento

be 20dB in all cases.Onehundredtestrunsusingn = 30

samplesare executed. Table 1 lists the statisticalresults,
for three different setsof anglesof incidence,and aver

agedover the testruns. As is seenfrom the table, the

differencebetweenthe three subspaceestimatesis neg-
ligible if the signalsare spatially well separated.If the

signalsare coming from closerdirections,the varianceof

the Schurestimatewith S = 0 startsto increase but the

choiceS. = ©3101;[, 9] still performsthe sameas the

SVD-basedestimate. Finally, part (¢) of the simulations
showsthat if the signalsare so close that the variance
cloudsare overlappingevenfor the SVD-basedestimates,
thenthe choice § = 0 breaksdown, but the varianceof

Schurmethodl is still within reasonabldounds.

5. Conclusions

In this paper we haveapplieda new subspacestimation
methodto the direction finding problem. The algorithm
is relativelysimpleandstraightforwardo implement,asit
hasthesamestructureasa QR factorization. The estimated
signalsubspaceanbe trackedadaptivelyby updatingand
downdatng. For the simplestestimate(S, = 0), only m?/2
operationgelementaryotations)arerequiredfor eachnew
samplevectorof dimensiorm. It is assumedhata suitable
value for the noisethreshold,e, is known on the outset.
The precisevalue of ¢ is not critical, aslong asit lies in

Table 1. EstimatedDOAs for the ESPRIT algorithm.

@2 =10, 70 SVD Schurl Schur2
DOAmean 9.9948 9.9947 10.0138
€)) 70.0160 70.0160 69.9601
DOAstd 0.0122 0.0122 0.0124
0.1243 0.1242 0.1283
o2 =20, 30 SVD Schurl Schur2
DOAmean 19.9447 19.9417 21.0607
(b) 30.0209 30.0228 28.7274
DOAstd 0.2230 0.2320 1.5937
0.2384 0.2528 2.3564
@2 =20, 23 SVD Schurl  Schur2
DOAmean | 19.6720 19.4254 9.1648
©) 23.3412 23.5344 215303
DOAstd 2.6122 4.0261 209.8293
2.3578 4.4285 2.2607

the gap betweenthe signaland noisesingularvalues.
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