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Multi-Layer Precoding: A Potential Solution for
Full-Dimensional Massive MIMO Systems

Ahmed Alkhateeb, Geert Leus, and Robert W. Heath, Jr.

Abstract— Massive MIMO systems achieve high sum spectral
efficiency by simultaneously serving large numbers of users.
In time division duplexing systems, however, the reuse of uplink
training pilots among cells results in channel estimation errors,
which causes downlink inter-cell interference. Handling this inter-
ference is challenging due to the large channel dimensionality
and the high complexity associated with implementing large
precoding/combining matrices. In this paper, we propose multi-
layer precoding to enable efficient and low-complexity operation
in full-dimensional massive MIMO, where a large number of
antennas are used in two dimensions. In multi-layer precoding,
the precoding matrix of each base station is written as a product
of a number of precoding matrices. Multi-layer precoding:
1) leverages the directional characteristics of large-scale MIMO
channels to manage inter-cell interference with low channel
knowledge requirements and 2) allows for an efficient imple-
mentation using hybrid analog/digital architectures. We present
and analyze a specific multi-layer precoding design for full-
dimensional massive MIMO systems. The asymptotic optimality
of the proposed design is then proved for some special yet
important channels. Numerical simulations verify the analytical
results and illustrate the potential gains of multi-layer precoding
compared with other multi-cell precoding solutions.

Index Terms— Multi-layer precoding, massive MIMO,
full-dimensional MIMO, pilot decontamination.

I. INTRODUCTION

MASSIVE MIMO1 promises significant spectral
efficiency gains for cellular systems. Scaling up the

number of antennas, however, faces several challenges that
prevent the corresponding scaling of the gains [2]–[5]. First,
the training and feedback of the large channels has high
overhead in frequency division duplexing (FDD) systems.
To overcome that, channel reciprocity in conjunction with time
division duplexing (TDD) systems is used [6], [7]. Reusing
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1In this paper, we use the term “massive MIMO” to describe any system

with large numbers of antennas, and the term “full-dimensional massive
MIMO” to specify systems with rectangular antenna arrays, and with large
numbers of antennas in the two dimensions of the rectangular arrays.

the uplink training pilots among cells, however, causes
channel estimation errors which in turn lead to downlink
inter-cell interference and pilot contamination [6]. Managing
this inter-cell interference using traditional network MIMO
techniques requires high coordination overhead, which could
limit the overall system performance [8]. Another challenge
with the large number of antennas lies in the hardware
implementation [4], [9]. Traditional MIMO precoding
techniques normally assume complete baseband processing,
which requires dedicating an RF chain per antenna. This may
lead to high cost and power consumption in massive MIMO
systems [4]. Therefore, developing precoding techniques that
can overcome the challenges of inter-cell interference and
complete baseband processing is of great interest.

A. Prior Work

Inter-cell interference is a critical problem for general
MIMO systems. Typical solutions for managing this inter-
ference require some sort of collaboration between the base
stations (BSs) [10]. The overhead of this cooperation, though,
can limit the system performance [8]. When the number of
antennas grows to infinity, the performance of the network
becomes limited by pilot contamination [6], which is one form
of inter-cell interference. Pilot contamination happens because
of the channel estimation errors that result from reusing the
uplink training pilots among users in TDD massive MIMO
systems. Several solutions have been proposed to manage
inter-cell interference in massive MIMO systems [11]–[14].
In [11], [12], multi-cell zero-forcing and MMSE MIMO pre-
coding strategies were developed to cancel or reduce the inter-
cell interference. The solutions in [11], [12], however, require
global channel knowledge at every BS, which makes them
feasible only for small numbers of antennas [15]. Pilot conta-
mination precoding was proposed in [13] to overcome the pilot
contamination problem, relying on the channel covariance
knowledge. The technique in [13], though, requires sharing
the transmitted messages between all BSs, which is difficult
to achieve in practice. In [14], the directional characteristics
of large-dimensional channels were leveraged to improve
the uplink channel training in TDD systems. This solution,
however, requires fully-digital hardware and does not leverage
the higher degrees of freedom provided in full-dimensional
massive MIMO systems.

Precoding approaches that divide the processing between
two stages have been developed in [16]–[20] for mmWave and
massive MIMO systems. Motivated by the high cost and power
consumption of the RF, [16] developed hybrid analog/digital
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precoding algorithms for mmWave systems. Hybrid precoding
divides the precoding between RF and baseband domains, and
requires a much smaller number of RF chains compared to the
number of antennas. For multi-user systems [17] proposed a
two-stage hybrid precoding design where the first precoding
matrix is designed to maximize the signal power for each
user and the second matrix is designed to manage the multi-
user interference. Similar solutions were also developed for
massive MIMO systems [18], [19], with the general objective
of maximizing the system sum-rate. In [20], a two-stage joint
spatial division and multiplexing (JSDM) precoding scheme
was developed to reduce the channel training overhead in
FDD massive MIMO systems. In JSDM, the base station (BS)
divides the mobile stations (MSs) into groups of approxi-
mately similar covariance eigenspaces, and designs a pre-
beamforming matrix based on the large channel statistics. The
interference between the users of each group is then managed
using another precoding matrix given the effective reduced-
dimension channels. The work in [16]–[20], however, did not
consider out-of-cell interference, which ultimately limits the
performance of massive MIMO systems.

B. Contribution

In this paper, we introduce a general framework, called
multi-layer precoding, that (i) coordinates inter-cell interfer-
ence in full-dimensional massive MIMO systems leveraging
large channel characteristics and (ii) allows for efficient imple-
mentations using hybrid analog/digital architectures. Note that
most of the literature on full-dimensional MIMO systems did
not assume massive MIMO [21], [22], and the two systems
were studied independently using different tools and theories.
In this paper, we refer to full-dimensional massive MIMO as a
two-dimensional MIMO system, which adopts large numbers
of antennas in the two dimensions. The main contributions of
our work are summarized as follows.

• Designing a specific multi-layer precoding solution for
full-dimensional massive MIMO systems. The proposed
precoding strategy decouples the precoding matrix of
each BS as a multiplication of three precoding matrices,
called layers. The three precoding layers are designed
to avoid inter-cell interference, maximize effective signal
power, and manage intra-cell multi-user interference, with
low channel training overhead.

• Analyzing the performance of the proposed multi-layer
precoding design. First, we prove that the proposed
solution achieves an asymptotically optimal rate for two
special channel models: the one-ring and the single-path
models. This means that the pilot contamination problem
can be overcome, in these cases, using multi-layer precod-
ing that requires much less channel knowledge compared
to previous solutions such as pilot contamination precod-
ing [13] and multi-cell MMSE precoding [12]. Further,
we characterize the deterministic equivalent rate as the
number of antennas and users grow with a fixed ratio.
These results can be leveraged for network optimization
and user scheduling objectives.

The developed multi-layer precoding solutions are also
evaluated by numerical simulations. Results show the

Fig. 1. A full-dimensional MIMO cellular model where each BS has a
2D antenna array and serves K users.

multi-layer precoding can approach the single-user rate, which
is free of inter-cell and intra-cell interference, in some special
cases. Further, results illustrate that good rate and coverage
gains can be obtained by multi-layer precoding compared to
multi-cell MMSE precoding despite the requirement for less
channel knowledge.

We use the following notation throughout this paper:
A is a matrix, a is a vector, a is a scalar, and A is
a set. |A| is the determinant of A, ‖A‖F is its Frobe-
nius norm, whereas AT , A∗, Ac A−1, A† are its trans-
pose, Hermitian (conjugate transpose), conjugate, inverse,
and pseudo-inverse respectively. [A]r,: and [A]:,c are the r th
row and cth column of the matrix A, respectively. (AB)−1

k,k
is the element in the kth row and kth column of the
matrix (AB)−1. diag(a) is a diagonal matrix with the entries
of a on its diagonal. I is the identity matrix and 1N is the
N-dimensional all-ones vector. A⊗B is the Kronecker product
of A and B, and A ◦ B is their Khatri-Rao product. NC(m, R)
is a complex Gaussian random vector with mean m and
covariance R. E [·] is used to denote expectation.

II. SYSTEM AND CHANNEL MODELS

In this section, we present the full-dimensional massive
MIMO system and channel models adopted in the paper.

A. System Model

Consider a cellular system model consisting of B cells, as
shown in Fig. 1, where every cell has one BS and K MSs. Each
BS is equipped with a two-dimensional (2D) antenna array of
N elements, N = NV NH, where NV and NH are the numbers
of the antennas at the vertical and horizontal dimensions of
the 2D array. Each MS is assumed to have a single antenna.
We assume that all BSs and MSs are synchronized on the
level of the frames, and operate a TDD protocol with universal
frequency reuse. In the downlink, each BS b = 1, 2, . . . , B ,
applies an N × K precoder Fb to transmit a symbol for each
user, with a power constraint ‖ [Fb]:,k ‖2 = 1, k = 1, 2, . . . , K .
Uplink and downlink channels are assumed to be reciprocal.
If h∗

bck denotes the 1 × N downlink channel from BS b to
user k in cell c, then the received signal by this user can be
written as

yck =
B∑

b=1

h∗
bckFbsb + nck , (1)

where sb = [
sb,1, . . . , sb,K

]∗ is the K ×1 vector of transmitted
symbols from BS b, such that E

[
sbs∗

b

] = P
K I, with P

representing the average total transmitted power, and nck ∼
NC(0, σ 2) is the Gaussian noise at user k in cell c. It is useful
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TABLE I

SYSTEM MODEL PARAMETERS

to expand (1) as

yck = h∗
cck [Fc]:,k sc,k︸ ︷︷ ︸
Desired signal

+
∑

m �=k

h∗
cck [Fc]:,m sc,m

︸ ︷︷ ︸
Intra-cell interference

+
∑

b �=c

h∗
bckFbsb

︸ ︷︷ ︸
Inter-cell interference

+nck, (2)

to illustrate the different components of the received signal.

B. Channel Model

We consider a full-dimensional MIMO configuration where
2D antenna arrays are deployed at the BS’s. Consequently,
the channels from the BS’s to each user have a 3D structure.
Extensive efforts are currently given to 3D channel measure-
ments, modeling, and standardization [23], [24]. One candidate
is the Kronecker product correlation model, which provides
a reasonable approximation of 3D covariance matrices [25].
In this model, the covariance of the 3D channel hbck , defined
as Rbck = E

[
hbckh∗

bck

]
, is approximated by

Rbck = RA
bck ⊗ RE

bck, (3)

where RA
bck and RE

bck represent the covariance matrices in the
azimuth and elevation directions. If RA

bck = UA
bck�

A
bckUA∗

bck and
RE

bck = UE
bck�

E
bckUE∗

bck are the singular value decompositions

of RA
bck and RE

bck , then using Karhunen-Loeve representation,
the channel hbck can be expressed as

hbck =
[

UA
bck�

A
bck

1
2 ⊗ UE

bck�
E
bck

1
2

]
wbck, (4)

where wbck ∼ NC(0, I) is a rank
(
RA

bck

)
rank

(
RE

bck

)×1 vector,
with rank(A) representing the rank of the matrix A. Without
loss of generality, and to simplify the notation, we assume
that all the users have the same ranks for the azimuth and
elevation covariance matrices, which are denoted as rA and
rE. To facilitate following the paper, we added the key system
and channel parameters to Table I.

III. MULTI-LAYER PRECODING: THE GENERAL CONCEPT

In this section, we briefly introduce the motivation and gen-
eral concept of multi-layer precoding. Given the system model

in Section II, the signal-to-interference-plus-noise ratio (SINR)
at user k in cell c is

SINRck =
P
K

∣∣h∗
cck [Fc]:,k

∣∣2

P
K

∑

m �=k

|h∗
cck [Fc]:,m |2 + P

K

∑

b �=c

‖h∗
bckFb‖2 + σ 2

,

(5)

where
∣∣h∗

cck [Fc]:,k
∣∣2 is the desired signal power,∑

m �=k |h∗
cck [Fc]:,m |2 is the intra-cell multi-user interference,

and
∑

b �=c‖h∗
bckFb‖2 is the inter-cell interference. Designing

one precoding matrix per BS to manage all these kinds
of signals by, for example, maximizing the system sum-
rate is non-trivial. This normally leads to a non-convex
problem whose closed-form solution is unknown [10]. Also,
coordinating inter-cell interference between BS’s typically
results in high cooperation overhead that makes the value of
this cooperation limited [8]. Another challenge lies in the
entire baseband implementation of these precoding matrices,
which may yield high cost and power consumption in massive
MIMO systems [4].

Our objective is to design the precoding matrices, Fb,
b = 1, 2, . . . , B , such that (i) they manage the inter-cell and
intra-cell interference with low requirements on the channel
knowledge, and (ii) they can be implemented using low-
complexity hybrid analog/digital architectures [17], i.e., with
a small number of RF chains compared to the number of
antennas. Next, we present the main idea of multi-layer
precoding, a potential solution to achieve these objectives.

Inspired by prior work on multi-user hybrid precoding [17]
and joint spatial division multiplexing [20], and leveraging the
directional characteristics of large-scale MIMO channels [14],
we propose to design the precoding matrix Fc as a product
of a number of precoding matrices (layers). In this paper, we
will consider a 3-layer precoding matrix

Fc = F(1)
c F(2)

c F(3)
c , (6)

where these precoding layers are designed according to the
following criteria.

• One precoding objective per layer: Each layer is
designed to achieve only one precoding objective, e.g.,
maximizing desired signal power, minimizing inter-cell
interference, or minimizing multi-user interference. This
simplifies the precoding design problem and divides it
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into easier and/or convex sub-problems. Further, this
decouples the required channel knowledge for each layer.

• Successive dimensionality reduction: Each layer is
designed such that the effective channel, including this
layer, has smaller dimensions compared to the original
channel. This reduces the channel training overhead of
every precoding layer compared to the previous one. Fur-
ther, this makes a successive reduction in the dimensions
of the precoding matrices, which eases implementing
them using hybrid analog/digital architectures [4], [16],
[17], [26] with small number of RF chains.

• Different channel statistics: These precoding objectives
are distributed over the precoding layers such that F(1)

c

requires slower time-varying channel state information
compared with F(2)

c , which in turn requires slower chan-
nel state information compared with F(3)

c . Given the
successive dimensionality reduction criteria, this means
that the first precoding layer, which needs to be designed
based on the large channel matrix, requires very large-
scale channel statistics and needs to be updated every
very long period of time. Similarly, the second and
third precoding layers, which are designed based on the
effective channels that have less dimensions, need to be
updated more frequently.

In the next sections, we will present a specific multi-layer
precoding design for full-dimensional massive MIMO systems,
and show how it enables leveraging the large-scale MIMO
channel characteristics to manage different kinds of interfer-
ence with limited channel knowledge. We will also show how
the multiplicative and successive reduced dimension structure
of multi-layer precoding allows for efficient implementations
using hybrid analog/digital architectures.

IV. PROPOSED MULTI-LAYER PRECODING DESIGN

In this section, we present a multi-layer precoding algorithm
for the full-dimensional massive MIMO system and channel
models described in Section II. Following the proposed multi-
layer precoding criteria explained in Section III, we propose
to design the NV NH × K precoding matrix Fb of cell b,
b = 1, . . . , B as

Fb = F(1)
b F(2)

b F(3)
b , (7)

where the first precoding layer F(1)
b is dedicated to avoid the

out-of-cell interference, the second precoding layer F(2)
b is

designed to maximize the effective signal power, and the third
layer F(3)

b is responsible for canceling the intra-cell multi-user
interference. Writing the received signal at user k in cell c in
terms of the multi-layer precoding in (7), we get

yck = h∗
cckF(1)

c F(2)
c F(3)

c sc︸ ︷︷ ︸
received signal from serving BS

+
∑

b �=c

h∗
bckF(1)

b F(2)
b F(3)

b sb

︸ ︷︷ ︸
received signal from other BSs

+nck .

(8)

Next, we explain in detail the proposed design of each
precoding layer as well as the required channel knowledge.

A. First Layer: Inter-Cell Interference Management

We will design the first precoding layer Fb
(1) to avoid the

inter-cell interference, i.e., to cancel the second term of (8).
Exploiting the Kronecker structure of the channel model in (4),
we propose to construct the first layer as

F(1)
b = FA

b
(1) ⊗ FE

b
(1)

. (9)

Adopting the channel model in (4) with wbck =(
�A

bck

1
2 ⊗ �E

bck

1
2

)
wbck and employing the Kronecker precod-

ing structure in (9), the second term of the received signal yck

in (8) can be expanded as
∑

b �=c

h∗
bckF(1)

b F(2)
b F(3)

b sb

=
∑

b �=c

w∗
bck

(
UA∗

bckFA
b

(1) ⊗ UE∗
bckFE

b
(1)
)

F(2)
b F(3)

b sb. (10)

Avoiding the inter-cell interference for the users at cell c
can then be satisfied if F(1)

b ,∀b �= c is designed such that

UE∗
bckFE

b
(1) = 0,∀k. Equivalently, for any cell c to avoid

making interference on the other cell users, it designs its pre-
coder FE

c
(1)

to be in the null-space of the elevation covariance
matrices of all the channels connecting BS c and the other cell
users, i.e., to be in Null

(∑
b �=c

∑
k∈Kb

RE
cbk

)
with Kb denoting

the subset of K scheduled users in cell b.
The focus on the elevation direction in managing inter-

cell interference has two main reasons. First, with large
numbers of vertical antennas and for several channel models,
the elevation covariance matrices of the desired users and
other cell users will occupy different subspaces, or will have
slightly overlapped subspaces, as will be shown in Section V.
This means that the desired user and other cell user channels
can be more easily separated in the elevation dimension as
compared to the azimuth dimension. Further, thanks to the
directional structure of large-scale MIMO channels, we note
that with a large number of vertical antennas, NV, the null-
space Null

(∑
b �=c

∑
k∈Kb

RE
cbk

)
of different scheduled users

Kb will have a large overlap. This implies that designing
FE

c
(1)

based on the interference elevation covariance subspace
averaged over different scheduled users may be sufficient.
Leveraging this intuition relaxes the required channel knowl-
edge to design the first precoding layer. Hence, we define the
average interference covariance matrix for BS c as

RI
c = 1

(B − 1)

∑

b �=c

EKb

⎡

⎣ 1

K

∑

k∈Kb

RE
cbk

⎤

⎦ . (11)

where the expectation is taken over different sets Kb of
scheduled users in cell b, b �= c. In this paper, we manage the
inter-cell interference in the elevation space, and therefore,
set FA

b
(1) = INH . Let

[
UI

c UNI
c

]
�c
[
UI

cUNI
c

]∗
represent the

eigen-decomposition of RI
c with the Nv × rI matrix UI

c and
Nv × rNI matrix UNI

c corresponding to the non-zero and zero
eigenvalues, respectively. Then, we design the first precoding
layer F(1)

c to be in the null-space of the average interference
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covariance matrix by setting

F(1)
c = INH ⊗ UNI

c , (12)

which is an NV NH × rNI NH matrix.
Given the design of the first precoding layer in (12), and

defining the rNI × rE effective elevation eigen matrix U
E
cck =

UNI
c

∗UE
cck , the received signal at user k of cell c in (8) becomes

yck = w∗
cck

(
UA∗

cck ⊗ U
E∗
cck

)
F(2)

c F(3)
c sc + nck . (13)

Note that the first precoding layer in (9) acts as a spatial
filter that entirely eliminates the inter-cell interference in the
elevation domain. This filter, however, may have a negative
impact on the desired signal power for the served users at
cell c if they share the same elevation subspace with the
out-of-cell users. Therefore, this first layer precoding design
is particularly useful for systems with low-rank elevation
subspaces. It is worth mentioning here that recent measure-
ments of 3D channels show that elevation eigenspaces may
have low ranks at both low-frequency and millimeter wave
systems [27], [28]. Relaxations of the precoding design in (9)
are proposed in Section VI to compromise between inter-cell
interference avoidance and desired signal power degradation.

Required Channel Knowledge: The design of the first
precoding layer in (9) requires only the knowledge of the
interference covariance matrix averaged over different sched-
uled users. It depends therefore on very large time-scale
channel statistics, which means that this precoding layer
needs to be updated every very long period of time. The
channel covariance knowledge can normally be considered
constant over a much longer time period compared to the
channel coherence time [20], [29], which enables its efficient
estimation. Further, this overhead is expected to be smaller
in our case since we only need an averaged interference
covariance knowledge. Moreover, as the first layer precoding
design requires the knowledge of the subspace of this averaged
interference covariance matrix and not the full matrix, efficient
massive MIMO subspace estimation approaches, [29], [30],
can be leveraged.

Note that one key advantage of the decoupled multi-
layer precoding structure that allows dedicating one layer for
canceling the out-of-cell interference based on large time-
scale channel statistics while leaving the other layers to do
other functions based on different time scales. This can not
be done by typical precoding approaches that rely on one
precoding matrix to manage different precoding objectives, as
this precoding matrix will likely need to be updated based on
the fastest channel statistics.

B. Second Layer: Desired Signal Beamforming

The second precoding layer F(2)
c is designed to focus the

transmitted power on the served users’ effective subspaces,
i.e., on the user channels’ subspaces including the effect
of the first precoding layer. If we define the matrix con-
sisting of the effective eigenvectors of user k in cell c as
Ucck =

(
UA

cck ⊗ U
E
cck

)
, then we design the second precoding

layer F(2)
c as a large-scale conjugate beamforming matrix, i.e.,

we set

F(2)
c = [

Ucc1, . . . , UccK
]
, (14)

which has NHrNI × KrArE dimensions. Given the second
precoding layer design, and defining Gc,(k,r) = U

∗
cckUccr , the

received signal by user k in cell c can be written as

yck = w∗
cck

[
Gc,(k,1), . . . , Gc,(k,K )

]
F(3)

c sc + nck . (15)

The main objectives of this precoding layer can be summarized
as follows. First, the effective channel vectors, including
the first and second precoding layers, will have reduced
dimensions compared to the original channels, especially
when large numbers of antennas are employed. This reduces
the overhead associated with training the effective channels,
which is particularly important for FDD systems [17], [20].
Second, this precoding layer supports the multiplicative struc-
ture of multi-layer precoding with successive dimensionality
reduction, which simplifies its implementation using hybrid
analog/digital architectures, as will be briefly discussed in
Section VI.

Required Channel knowledge: The design of the second
precoding layer requires only the knowledge of the effective
eigenvector matrices Ucck , k = 1, . . . , K , which depends
on the large-scale channel statistics. It is worth noting that
during the uplink training of the matrices Ucck , the first
precoding layer works as spatial filtering for the other cell
interference. Hence, this reduces (and ideally eliminates) the
channel estimation error due to pilot reuse among cells, and
consequently leads to a pilot decontamination effect. Obtaining
the matrices Ucck can be achieved by estimating the azimuth
and elevation subspaces UA

cck , U
E
cck , which can be done using

efficient subspace estimation techniques [29], [30], as dis-
cussed in Section IV-A.

C. Third Layer: Multi-User Interference Management

The third precoding layer F(3)
c is designed to manage the

multi-user interference based on the effective channels, i.e.,
including the effect of the first and second precoding layers.
If we define the effective channel of user k in cell c as hck =[
Gc,(k,1), . . . , Gc,(k,K )

]∗ wcck , and let Hc = [hc1, . . . , hcK ],
then we construct the third precoding layer F(3)

c as a zero-
forcing matrix

F(3)
c = Hc

(
H

∗
cHc

)−1
ϒc, (16)

where ϒc is a diagonal power normalization matrix
that ensures satisfying the precoding power constraint
‖ [Fb]:,k ‖2 = 1. The dimensions of the third precoding layer
F(3)

c is KrArE × K . Note that this zero-forcing design requires
that the effective channel matrix Hc to be a tall matrix, which
is always satisfied as the dimensions of this effective channel
are KrArE ×K . Given the design of the precoding matrix F(3)

c ,
the received signal at user k in cell c can be expressed as

yck = [ϒc]k,k sc,k + nck . (17)
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1) Required Channel Knowledge: The design of the third
precoding layer relies on the instantaneous effective channel
knowledge. Thanks to the first and second precoding layers,
these effective channels should have much smaller dimensions
compared to the original channels in massive MIMO systems,
which reduces the required training overhead.

2) Example on the Successive Dimensionality Reduction:
To illustrate the successive reduction in the dimensions of the
precoding layers, consider an example of the system model
in Section II-A with a BS employing a rectangular array of
NV = 100, NH = 30 antennas and serving K = 15 users.
If the azimuth and elevation covariance matrices of every user
have ranks rA = 4, rE = 4, and the rank of the elevation inter-
cell interference null-space is rNI = 40 (note that rNI should
be less than NV). Then, the dimensions of the first, second,
and third precoding layers are NV NH ×rNI NH = 3000×1200,
rNI NH × KrArE = 1200 × 240, and KrArE × K = 240 × 15,
respectively. Further, the dimensions of the effective channels
of every desired user seen after the first layer are 1200×1, and
after the second layer become 240×1, which are successively
reduced compared to the dimensions of the original channels,
3000 × 1.

V. PERFORMANCE ANALYSIS

The proposed multi-layer precoding design in Section IV
eliminates inter-cell interference as well as multi-user intra-
cell interference, assuming that every BS b has the knowledge
of its users’ effective channels and channel covariance Hb,
{Rcck} and the averaged inter-cell interference covariance in
the elevation dimension RI

c. This interference cancellation,
however, may have a penalty on the desired signal power
which is implicitly captured by the power normalization factor
[ϒc]k,k in (17). In this section, we will first characterize the
achievable rate by the proposed multi-layer precoding design
for a general channel model in Lemma 1. Then, we will show
that this precoding design can achieve optimal performance
for some special yet important channel models in Section V-A
and Section V-B.

Lemma 1: Consider the system and channel models in
Section II and the multi-layer precoding design in Section IV.
The achievable rate by user k in cell c is given by

Rck = log2

⎛
⎜⎝1 + SNR

(
W∗

c F(2)
c

∗
F(2)

c F(2)
c

∗
F(2)

c Wc

)−1

k,k

⎞
⎟⎠ , (18)

where Wc = IK ◦ [wcc1, . . . , wccK ] and SNR = P
Kσ 2 .

Proof: See Appendix A
Note that the achievable rate in (18) is upper bounded by the

single-user rate—the rate when the user is solely served in the
network—which is given by Rck = log2

(
1 + SNR ‖wcck‖2).

Therefore, Lemma 1 indicates that the proposed multi-layer
precoding can achieve optimal performance if F(2)

c
∗
F(2)

c = I.
To achieve that, it is sufficient to satisfy the following
conditions.

(i) Gc,(k,m) = 0,∀m �= k, a condition that captures the
impact of multi-user interference cancellation on the
desired signal power.

Fig. 2. An illustration of the one-ring channel model in the azimuth direction.
The BS that, has a UPA in the y-z plane, serves a mobile user in the x-y plane
at distance dck . The user is surrounded by scatterers on a ring of radius rck ,
and its channel experiences an azimuth angular spread �A.

(ii) Gc,(k,k) =
(

UA
cck

∗ ⊗ UE
cck

∗)
F(1)

c F(1)
c

∗ (
UA

cck ⊗ UE
cck

) =
I,∀k, a condition that captures the possible impact of
the inter-cell interference avoidance on the desired signal
power.

Next, we characterize the performance of multi-layer pre-
coding for two special yet important channel models, namely,
the one-ring and single-path channel models.

A. Performance With One-Ring Channel Models

Motivated by its analytical tractability and meaningful geo-
metrical interpretation, we will consider the one-ring channel
model in this subsection [31]–[34]. This will enable us to draw
useful insights into the performance of multi-layer precoding,
which can then be extended to more general channel models.
Note that due to its tractability, one-ring channel models have
also been adopted in prior massive MIMO work [14], [20],
[35], [36].

The one-ring channel model describes the case when a
BS is elevated away from scatterers and is communicating
with a mobile user that is surrounded by a ring of scatterers.
Consider a BS at height HBS employing an NV × NH UPA,
and serving a mobile user at a distance dck with azimuth and
elevation angles φck , θck , as depicted in Fig. 2. If the mobile
is surrounded by scatterers on a ring of radius rck in the
azimuth dimension, then the azimuth angular spread �A can
be approximated as �A = arctan

(
rck
dck

)
. Further, assuming

for simplicity that the received power is uniformly distributed
over the ring, then the correlation between any two antenna
elements with orders n1, n2 in the horizontal direction is given
by
[
RA

cck

]

n1,n2
= 1

2�A

∫ �A

−�A

e− j 2π
λ d(n2−n1) sin(φck+α) sin(θck)dα.

(19)

The elevation correlation matrix can be similarly defined for
the user k, in terms of its elevation angular spread �E.

In the next proposition, we characterize the achievable rate
for an arbitrary user k in cell c under the one-ring channel
model.

Proposition 2: Consider the full-dimensional cellular sys-
tem model in Section II-A with cells of radius rcell, and the
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channel model in Section II-B with the one-ring correlation
matrices in (19). Let φck, θck denote the azimuth and elevation
angles of user k at cell c, and let �A,�E represent the azimuth
and elevation angular spread. Define the maximum distance
with no blockage on the desired signal power as dmax =
HBS tan

(
arctan

(
rcell
HBS

)
− 2�E

)
. If |φck − φcm | ≥ 2�A or

|θck − θcm | ≥ 2�E, ∀m �= k, and dck ≤ dmax, then the
achievable rate of user k at cell c, when applying the multi-
layer precoding algorithm in Section IV, satisfies

lim
NV,NH→∞ Rck = Rck = log2

(
1 + SNR ‖wcck‖2

)
. (20)

Proof: See Appendix B
Proposition 2 indicates that the achievable rate with multi-

layer precoding converges to the optimal single-user rate for
the users that are not at the cell edge (rcell − dmax away
from cell edge), provided that they maintain either an azimuth
or elevation separation by double the angular spread. For
example, consider a cellular system with cell radius 100m
and BS antenna height 50m, if the elevation angular spread
equals �E = 3°, then all the users within ∼ 80m distance
from the BS achieve optimal rate. It is worth noting here
that these rates do not experience any pilot contamination or
multi-user interference impact and can, therefore, grow with
the antenna numbers or transmit power without any bound on
the maximum values that they can reach.

The angular separation between the users in Proposition 2
can be achieved via user scheduling techniques or other net-
work optimization tools. In fact, even without user scheduling,
this angular separation is achieved with high probability as will
be illustrated by simulations in Section VII under reasonable
system and channel assumptions. Further, for sparse channels
with finite number of paths, it can be shown that this angular
separation is not required to achieve the optimal rate. Studying
these topics are interesting future extensions.

In the following proposition, we derive a lower bound on
the achievable rate with multi-layer precoding for the cell-edge
users.

Proposition 3: Consider the same system and channel mod-
els described in Proposition 2. If |φck − φcm | ≥ 2�A or
|θck − θcm | ≥ 2�E, ∀m �= k, and dmax ≤ dck ≤ rcell, then
the achievable rate of user k at cell c, when applying the
multi-layer precoding algorithm in Section IV, satisfies

lim
NV,NH→∞ Rck ≥ log2

(
1 + SNR ‖wcck‖2 σ 2

min

(
U

E
cck

))
, (21)

where σmin (A) denotes the minimum singular value of the
matrix A.

Proof: See Appendix C
Proposition 3 indicates that cell edge users experience some

degradation in their SNRs as a cost for the perfect inter-cell
interference avoidance. In Section VI, we will discuss some
solutions that make compromises between the degradation of
the desired signal power and the management of the inter-
cell interference for cell-edge users, under the multi-layer
precoding framework.

One main advantage of employing large numbers of anten-
nas at the base station is to simultaneously serve large numbers

of users. In the next proposition, we use the deterministic
equivalent approach [37] to derive the achievable rate by the
proposed multi-layer precoding algorithm, when the number
of users scales linearly with the number of antennas.

Proposition 4: Consider the full-dimensional cellular
model in Section II-A with a total power constraint
‖Fc‖2

F ≤ P , and the channel model in Section II-B with the
one-ring correlation matrices in (19). If Nv, NH → ∞, and
assuming that the number of users K scales linearly with N ,
we get

Rck − R̊c
N→∞−−−−→ 0, (22)

where R̊c is a deterministic value for all the users, and can be
calculated for any finite number of antennas as

R̊c = log2

⎛

⎝1 + P/σ 2

1
N

∑K
k=1

bk

a2
k

⎞

⎠ , (23)

with ak and bk computed from the fixed-point equations

ak = 1

N
tr (QkT) , (24)

bk = 1

N
tr

(
1

N

K∑

m=1

bk

ak
QkTQmT + QkTF(2)

c
∗
F(2)

c T

)
, (25)

T =
(

1

N

K∑

m=1

Qm

ak
+ I

)−1

, (26)

with Qk = F(2)
c

∗
Ucck	cckU

∗
cckF(2)

c , k = 1, . . . , K .
Proof: The proof exploits and extends the results and

theorems in [37], and is omitted due to space limitations.
The deterministic equivalent results can be used for the

system optimization and user scheduling, as well as deriving
insights into the relation between the different system para-
meters [38].

B. Performance With Single-Path Channel Models

Rank-1 channel models describe the cases where the signal
propagation through the channel is dominated by one line-
of-sight (LOS) or non-LOS (NLOS) path. This is particularly
relevant to systems with sparse channels, such as mmWave
systems [28], [39], [40]. A special case of rank-1 channel
models is the single-path channels. Consider a user k at cell c
with a single path channel, defined by its azimuth and elevation
angles φck , θck . Then, the channel vector can be expressed as

hcck = ρ
1
2

cck βck aA (φck, θck) ⊗ aE (φck, θck) , (27)

where aA (φck, θck) and aE (φck , θck) are the azimuth and
elevation array response vectors, βck is the complex path gain,
and ρcck is its path loss.

In the next corollary, we characterize the achievable rate
of the proposed multi-layer precoding design for single-path
channels.

Corollary 5: Consider the full-dimensional cellular system
model in Section II-A, and the single-path channel model
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in (27). When applying the multi-layer precoding algorithm
in Section IV, the achievable rate of user k at cell c satisfies

lim
NV,NH→∞ Rck = Rck = log2

(
1 + SNR ‖hcck‖2

)
. (28)

Proof: The proof is similar to that of Proposition 2, and
is omitted due to space limitations.

Corollary 5 indicates that the proposed multi-layer precod-
ing design can achieve an optimal performance for single-path
channels, making it a promising solution for mmWave and
low channel rank massive MIMO systems. This will also be
verified by numerical simulations in Section VII.

VI. DISCUSSION AND EXTENSIONS

While we proposed and analyzed a specific multi-layer pre-
coding design in this paper, there are many possible extensions
as well as important topics that need further investigations.
In this section, we briefly discuss some of these points, leaving
their extensive study for future work.

A. The Order of the Precoding Layers

In this paper, we proposed a three-layer precoding design
in Section IV, which adopts a certain order of the precoding
functions. The main intuition behind this order is the time scale
of the channel knowledge needed for these functions. Manag-
ing the inter-cell interference in the elevation subspace can
be achieved using very slowly varying channel knowledge–
the average of the other cell user covariance matrices. This is
why the first precoding layer is responsible for handling the
inter-cell interference. For the intra-cell multi-user interference
management, it needs to be done on a faster time scale and
requires very accurate channel knowledge. This is the moti-
vation of assigning the multi-user interference management to
the third precoding layers. Note that every precoding layer
needs to be designed based on the effective channel, that
includes the impact of the preceding layers. That is why
it is important to have the precoding layer that does not
require frequent updates first. For the proposed multi-layer
precoding design, we showed its asymptotic optimality in
some channel models in Section V. Investigating different
orders and functions for the precoding layers, though, is an
interesting research direction.

B. TDD and FDD Operation With Multi-Layer Precoding

While we focused on TDD systems in this paper, the fact
that multi-layer precoding relies on channel covariance knowl-
edge makes it attractive for FDD operation as well. In FDD
systems, the adjacent cells will cooperate to construct the
elevation inter-cell interference subspace, which is needed to
build the first precoding layer. Since this channel knowledge is
of very large-scale statistics and this precoding layer needs to
be updated every long time period, this cooperation overhead
can be reasonably low. Given the first layer spatial filtering,
every BS can estimate its users covariance knowledge free of
inter-cell interference. Thanks to the multiplicative structure
of the multi-layer precoding and its successive dimension-
ality reduction, only the third precoding layer requires the

instantaneous knowledge of the effective channel, which has
much smaller dimensions. It is worth noting here that other
FDD massive MIMO precoding schemes, such as JSDM [20]
with its user grouping functions, can be easily integrated
into the proposed multi-layer precoding framework for full-
dimensional massive MIMO cellular systems.

In TDD systems, the required channel knowledge for the
three stages can be done through uplink training on different
time scales. One important note is that the second precoding
layer (and its channel training) may not be needed in TDD
systems with fully-digital transceivers, as the instantaneous
channels can be easily trained in the uplink with a small
number of pilots. This precoding layer, however, is important
if multi-layer precoding is implemented using hybrid architec-
tures, as will be shown in the following subsection.

C. Multi-Layer Precoding With Augmented Vertical
Dimensions

As explained in Section IV, the proposed multi-layer
precoding design attempts to perfectly avoid the inter-cell
interference by forcing its transmission to be in the elevation
null-space of the interference. While this guarantees optimal
performance for cell-interior users and decontaminates the
pilots for all the cell users, it may also block some of the
desired signal power at the cell-edge. In this section, we
propose a modified design for the first precoding layer F(1)

c
that compromises between the inter-cell interference avoidance
and the desired signal degradation. The main idea of the
proposed design, that we call multi-layer precoding with
augmented vertical dimensions, is to simply extend the null-
space of the inter-cell interference via exploiting the structure
of large channels. This is summarized as follows. Consider a
rectangular array in the y−z plane. Then, leveraging Lemma 2
in [14], the rank of the one-ring elevation covariance matrix
can be related to its angular range [θmin, θmax], with θmin
and θmax representing the minimum and maximum angles
measured from the positive z-axis, as

rank
(

RE
)

= NV D

λ
(cos(θmin) − cos(θmax)) as NV → ∞.

(29)

Applying this lemma to the elevation inter-cell interference
subspace, setting θmin = π/2, BS c can estimate its maximum
interference elevation angle, denoted θ I

c, as

θ I
c = arccos

(
− rank

(
RI

c

)
λ

NV D

)
. (30)

Extending the null space of the interference can then be
done by virtually reducing the inter-cell interference subspace.
Let δE denote the angular range of the extended subspace.
The modified inter-cell interference covariance can then be
calculated as

[
R

I
c

]

n1,n2
= 1

θ I
c − δE − π/2

∫ θ I
c−δE

π
2

e jk D(n2−n1) cos(α)dα.

(31)
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Fig. 3. The figure shows a hybrid analog/digital architecture, at which
baseband precoding, RF precoding, and antenna downtilt beamforming can
be utilized to implement the multi-layer precoding algorithm.

Finally, if
[
U

I
c U

NI
c

]
�c

[
U

I
cU

NI
c

]∗
represents the eigen-

decomposition of R
I
c, with U

I
c and U

NI
c correspond to the non-

zero and zero eigenvalues, then the modified first precoding
layer can be constructed as

F(1)
c = I ⊗ U

NI
c . (32)

Note that under this multi-layer precoding design, only cell
edge users will experience inter-cell interference and pilot
contamination while optimal performance is still guaranteed
for cell-interior users. This yields an advantage for multi-
layer precoding over conventional massive MIMO precoding
schemes, which will also be illustrated by numerical simula-
tions in Section VII.

D. Multi-Layer Precoding Using Hybrid Architectures

Thanks to the multiplicative structure and the specific multi-
layer precoding design in Section IV, we note that each pre-
coding layer has less dimensions compared to the prior layers.
This allows the multi-layer precoding matrices to be imple-
mented using hybrid analog/digital architectures [4], [16], [17],
[26], which reduces the required number of RF chains. In this
section, we briefly highlight one possible idea for the hybrid
analog/digital implementation, leaving its optimization and
extensive investigation for future work.

Considering the three-stage multi-layer precoding design in
Section IV, we propose to implement the first and second
layers in the RF domain and perform the third layer precoding
at baseband, as depicted in Fig. 3. Given the successive
dimensionality reductions, the required number of RF chains
is expected to be much less than the number of antennas,
especially in sparse and low-rank channels. As the first pre-
coding layer focuses on avoiding the inter-cell interference in
the elevation direction, we can implement it using downtilt
directional antenna patterns. We assume that each antenna
port has a directional pattern and electrically adjusted downtilt
angle [22], [23]. For example, the 3GPP antenna port elevation
gain GE (θ) is defined as [23]

GE(θ) = GE
max − min

{
12

(
θ − θtilt

θ3dB

)2

, SL

}
, (33)

where θtilt is the downtilt angle, and SL is the sidelobe
level. Therefore, one way to approximate FE

c
(1)

is to adjust
the downtilt angle θtilt to minimize the leakage transmission
outside the interference null-space UNI

c .
Once F(1)

c is implemented, the second precoding layer F(2)
c

can be designed similar to [17], i.e., each column of F(2)
c

can be approximated by a beamsteering vector taken from
a codebook that captures the analog hardware constraints.

Finally, the third precoding layer F(3)
c is implemented in the

baseband to manage the multi-user interference based on the
effective channels.

The proposed multi-layer precoding design requires the
knowledge of the subspaces of the averaged inter-cell inter-
ference covariance and the desired users’ channel covariance
matrices. Estimating channel covariance matrices with hybrid
architectures is generally more challenging compared with
fully-digital transceivers, as the channel is seen at the baseband
through the RF beamforming lens. The estimation and tracking
of the covariance subspace, though, is generally easier than
obtaining the full covariance matrices, and several efficient
techniques have been developed in the last few years to address
this problem [29], [30], [41], [42]. This remains, however,
an active and interesting research area that deserves further
investigation.

VII. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
multi-layer precoding algorithm using numerical simulations.
We also draw insights into the impact of the different system
and channel parameters.

We consider a single-tier 7-cell cellular system model,
with three 120° sectors per cell, as depicted in Fig. 4(a),
and calculate the performance for the cell in the center. For
every sector, the BS has a rectangular array at a height
HBS = 35m, and serving users at cell radius rcell = 100m.
Users are randomly and uniformly dropped in the cells, and
every cell sector randomly schedules K = 20 users to be
served at the same time and frequency slot. The BS transmit
power is P = 5 dB and the receiver noise figure is 7 dB.
The system operates at a carrier frequency 4 GHz, with a
bandwidth 10 MHz, and a path loss exponent 3.5. Note that
with these system parameters, link budget analysis yields a
receive SNR of about 10dB for a user at a distance 80m from
the BS. Two channel models are assumed, namely, the single-
path and the one-ring channel models.

The simulation results compare four setups: the single-user
case, multi-layer precoding, multi-cell MMSE precoding, and
single-cell conjugate beamforming. In the single-user case,
which represents an upper bound, only one user is assumed
to be served in the system. This user is randomly selected
from those assigned to the BS. For multi-layer precoding, the
desired BS is assumed to know (i) the covariance matrices
of the channels to its users which are obtained directly from
the system geometry, (ii) the averaged elevation inter-cell
interference covariance matrix RI

c by averaging the elevation
covariance matrices of the channels between the desired BS
and the other cell users over 40 realizations of scheduled
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Fig. 4. The adopted single-tier (7-cells) sectored cellular model with FD mas-
sive MIMO antennas at the BSs is illustrated in (a). In (b), the achievable
rate of the proposed multi-layer precoding is compared to the single-user
rate, multi-cell MMSE precoding, and single-cell conjugate beamforming, for
different numbers of vertical antennas. The number of BS horizontal antennas
is NH = 30, and the users are assumed to have single-path channels.

users, and (iii) the effective channel vectors to the desired BS,
which are obtained by adding the effective channels of all the
users in the system sharing the same pilot. This simulates the
interference of the other cells’ users in the channel estimation
phase. Note that we assume a universal pilot reuse, i.e., all the
cells randomly assign the same K orthogonal pilots to its users.
Given this channel knowledge, the BSs apply the multi-layer
precoding algorithm in Section IV. In the multi-cell MMSE
precoding, the precoding matrices are constructed according
to [12], assuming perfect knowledge of the covariance matrices
to all the users in the system. The perfect channel covariance
knowledge is also used to generate the instantaneous channel
vectors as [38, Section II-C]. For the single-cell conjugate
beamforming, the channels are obtained by adding the co-pilot
user channels, which simulates the result of using matched
filters during the channel estimation phase [6]. Note that
the performance of conjugate beamforming can be further
improved, compared to what we simulate in this section, by
leveraging the channel covariance knowledge, [14].

A. Results With Single-Path Channels

In this section, we adopt a single-path model for the
user channels as described in (27). The azimuth and ele-
vation angles are geometrically determined based on users’
locations relative to the BSs, and the complex path gains
βck ∼ NC (0, 1).

1) Optimality With Large Antennas: In Fig. 4(b), we com-
pare the per-user achievable rate of multi-layer precoding
with the single-user rate, and the rates with multi-cell MMSE
precoding, [12], and single-cell conjugate beamforming. The
BSs are assumed to employ UPAs that have NH = 30
horizontal antennas and different numbers of vertical antennas.
First, we note that the per-user achievable rates with multi-
layer precoding approaches the optimal single-user rate as the
number of antennas grow large. This verifies the asymptotic
optimality result of multi-layer precoding given in Corollary 5.
Note that the single-user rate is the rate if only this user is
served in the network, i.e., with no inter-cell or multi-user
intra-cell interference. The rate of In the figure, we also plot
the achievable rate with conventional conjugate beamforming.
As a function of the path-loss ρbck in (27), the conjugate
beamforming rate is theoretically bounded from above by [6]

R
C B
ck = log2

(
1 + SNR

ρ2
cck∑

b �=c ρ2
bck

)
, (34)

which limits its rate from growing with the number of antennas
beyond this value. Interestingly, the multi-layer precoding rate
does not have a limit on its rate and can grow with the number
of antennas and transmit power without a theoretical limit.
The intuition behind that lies in the inter-cell interference
avoidance using averaged channel covariance knowledge in
multi-layer precoding. This works as a spatial filtering that
avoids uplink channel estimation errors due to pilot reuse
among cells and cancels inter-cell interference in the downlink
data transmission. Therefore, the multi-layer precoding rate is
free of the pilot-contamination impact. Note that while the
asymptotic optimality of multi-layer precoding is realized at
large antenna numbers, Fig. 4(b) shows it can still achieve
gain over conventional massive MIMO beamforming schemes
at much lower number of antennas. Fig. 4(b) also shows that
multi-cell MMSE approaches the single-use rate, but at higher
number of antennas. At a small number of antennas, though,
multi-cell MMSE achieves a higher rate compared to multi-
layer precoding, as the first precoding layer filters the cell-edge
users power when the number of antennas is not very large.

2) Impact of Antenna Heights and Cell Radii: In Fig. 5,
we evaluate the impact of the BS antenna height and cell
radius on the achievable rates. This figure adopts the same
system and channel assumptions as in Fig. 4(b). In Fig. 5(a),
the achievable rates are plotted for different antenna heights,
assuming cells of radius 200m. The figure shows that multi-
layer precoding approaches single-user rates at higher antenna
heights. This is intuitive because forcing the transmission to
become in the elevation null-space of the interference may
have less impact on the desired signal blockage if higher
antennas are employed. Note that the convergence to the
single-user rate is expected to happen at lower antenna heights
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Fig. 5. The achievable rate of the proposed multi-layer precoding is
compared to the single-user rate and the rate with multi-cell MMSE precoding
and single-cell conjugate beamforming for different cell radii. The BSs are
assumed to employ 120 × 30 UPAs, and the users have single-path channels.

when large arrays are deployed. These achievable rates are
again compared in Fig. 5(b), but for different cell radii. This
figure illustrates that a higher cell radius generally leads to less
rate because of the higher path loss. Further, the difference
between single-user and multi-layer precoding rates increases
at higher cell radii. In fact, this is similar to the degradation
with smaller antenna heights, i.e., due to the impact of the
inter-cell interference avoidance on the desired signal power.
For reasonable antenna heights and cell radii, however, the
multi-layer precoding still achieves good gain over multi-cell
MMSE precoding and single-cell conjugate beamforming.

3) Rate Coverage: If Rck denotes the rate of a randomly
selected user k in cell c, and Rth (bps/Hz) represents a certain
rate threshold, then the rate coverage at this threshold is
defined as P (Rck ≥ Rth). To evaluate the rate coverage of
multi-layer precoding, we plot Fig. 6. The same setup of
Fig. 4(b) is adopted again with cells of radius 100m, and

Fig. 6. The rate coverage gain of the proposed multi-layer precoding
algorithm over conventional conjugate beamforming and zero-forcing is
illustrated. This rate coverage is also shown to be close to the single-user
case. The BSs are assumed to employ 120×30 UPAs at heights HBS = 35m,
the cell radius is rcell = 100m, and the users have single-path channels.

BSs with 120 × 30 UPAs at heights 35m. First, the figure
shows that multi-layer precoding achieves very close coverage
to the single-user case, especially for users not at the cell
edge. For example, ∼ 50% of the multi-layer precoding users
get the same rate of the single-user case. At the cell edge,
some degradation is experienced due to the first precoding
layer that filters out-of-cell interference and affects the desired
signal power. This loss, though, is expected to decrease as
more antennas are employed. The figure also shows that multi-
layer precoding achieves a close coverage to multi-cell MMSE
precoding, despite the requirement of less channel knowledge.

B. Results With One-Ring Channels

In this section, we adopt a one-ring model for the user
channels as described in (19). The azimuth and elevation
angles are geometrically determined based on users’ locations
relative to the BSs, and the angular spread is set to �A = 5°,
�E = 3°. Every BS randomly selects K = 20 users to be
served, i.e., no scheduling is done to guarantee the angular
separation condition in Proposition 2 and Proposition 3.

1) Rate Coverage: In Fig. 7, we compare the rate cover-
age of multi-layer precoding, single-user, multi-cell MMSE
precoding, and single-cell conjugate beamforming. Fig. 7
considers the system model in Section II with 120 × 30 BS
UPAs and one-ring channel model. First, the figure shows
that multi-layer precoding achieves close coverage to the
single-user case at the cell center. For the cell edge, though,
multi-layer precoding users experience some blockage, and
achieves less rate compared with multi-cell MMSE precoding.
This blockage results from the elevation inter-cell interference
avoidance which also affects the desired users. This blockage
can be reduced using the modified augmented elevation sub-
space algorithm in Section VI-C. Fig. 7 also illustrates that
multi-layer precoding achieves a reasonable gain over multi-
cell MMSE precoding at higher rate thresholds.
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Fig. 7. The rate coverage of the proposed multi-layer precoding algorithms
compared to multi-cell MMSE precoding and single-cell conjugate beamform-
ing. This rate coverage is shown to be close to the single-user case. The BSs
are assumed to be at heights HBS = 35m, the cell radius is rcell = 100m. The
users have one-ring channel models of azimuth and elevation angular spread
�A = 5°,�E = 3°.

Fig. 8. The achievable rates of the proposed multi-layer precoding algorithms
are compared to the single-user rate and the rates with multi-cell MMSE and
single-cell conjugate beamforming, for different distances from the cell center.
The BSs are assumed to employ 80 × 30 UPAs at heights HBS = 35m and
the cell radius is rcell = 100m. The users have one-ring channel models of
azimuth and elevation angular spread �A = 5°,�E = 3°.

2) Rates at the Cell-Interior and Cell-Edge: To illustrate
the performance at cell-interior and cell-edge users, we plot
the achievable rates of multi-layer precoding, single-user,
multi-cell MMSE, and conventional conjugate beamforming
in Fig. 8. The rates are plotted versus the user distance to
the BS, normalized by the cell radius rcell = 100m. The
figure confirms the asymptotic optimal performance of multi-
layer precoding at the cell-interior, given in Proposition 2.
At the cell edge, users experience some blockage that can
be fixed with the augmented vertical dimension modification
in Section VI-C. Compared to the multi-cell MMSE and
conventional conjugate beamforming, multi-layer precoding
with augmented vertical dimensions has better performance,
especially at the cell center users.

VIII. CONCLUSION

In this paper, we proposed a general precoding framework
for full-dimensional massive MIMO systems, called multi-
layer precoding. We developed a specific design for multi-layer
precoding that efficiently manages different kinds of interfer-
ence, leveraging the large channel characteristics. Using ana-
lytical derivations and numerical simulations, we showed that
multi-layer precoding can guarantee asymptotically optimal
performance for the cell-interior users under the one-ring chan-
nel models and for all the users under single-path channels.
For the cell-edge users, we proposed a modified multi-layer
precoding design that compromises between desired signal
power maximization and inter-cell interference avoidance.
Results indicated that multi-layer precoding can achieve close
performance, in terms of rate and coverage, to the single-
user case. Further, results showed that multi-layer precoding
achieves clear gains over conventional massive MIMO pre-
coding techniques. For future work, it would be interesting
to investigate and optimize the implementation of multi-layer
precoding using hybrid analog/digital architectures. It is also
important to develop techniques for the channel training and
estimation under hybrid architecture hardware constraints.

APPENDIX A

Proof of Lemma 1: To prove the achievable rate in (18),
it is sufficient to prove that the power normalization fac-
tor [ϒ]k,k that satisfies the multi-layer precoding power

constraint

∥∥∥∥
[
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)−1

. Using this values of

[ϒ]k,k , the multi-layer precoding power constraint can be
written as
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where (a) follows by noting that F(1)
c has a semi-

unitary structure. The effective channel matrix Hc =
[hc1, . . . , hcK ] with hck = [

Gc,(k,1), . . . , Gc,(k,K )

]∗ wcck, k =
1, . . . , K can also be written as Hc = F(2)

c
∗
F(2)

c Wc

with Wc = IK ◦ [wcc1, . . . , wccK ], which leads to (b).
Finally, (c) follows by substituting with [ϒ]k,k =√((

W∗
c F(2)

c
∗
F(2)

c F(2)
c

∗
F(2)

c Wc

)−1

k,k

)−1

.

APPENDIX B

Proof of Proposition 2: Considering the system and channel
models in Section II and applying the multi-layer precoding
algorithm in Section IV, the achievable rate by user k at cell
c is given by Lemma 1

Rck = log2

⎛
⎜⎝1 + SNR

(
W∗

c F(2)
c

∗
F(2)

c F(2)
c

∗
F(2)

c Wc

)−1

k,k

⎞
⎟⎠ . (42)

If Gc,(k,m) = 0,∀m �= k and Gc,(k,k) = I, then by
noting that the matrix Wc has a block diagonal struc-
ture and using the matrix inversion lemma [43], we

get
(

W∗
c F(2)

c
∗
F(2)

c F(2)
c

∗
F(2)

c Wc

)−1

k,k
= ‖wcck‖−2. There-

fore, to complete the proof, it is sufficient to prove
that (i) limNV,NH→∞ Gc,(k,m) = 0,∀m �= k and (ii)
limNV,NH→∞ Gc,(k,k) = I. To do that, we will first present
the following useful lemma, which is a modified version of
Lemma 3 in [14].

Lemma 6: Consider a user k at cell c with an azimuth angle
φck . Adopt the one-ring channel model in (19) with an azimuth
angular spread �A and correlation matrix RA

cck . Define the
unit-norm azimuth array response vector associated with an
azimuth angle φm and elevation angle θm as um = a(φm,θm)√

(NH)
,

where a(φm, θm) = [
1, . . . , e jk D(NH−1) sin(θx ) sin(φx )

]
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Proof: First, note that
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in (19), can also be
written as
[
RA

cck

]

n1,n2

= 1

2�A

∫ �A

−�A

[
a (φck + α, θck) a∗ (φck + α, θck)

]
n1,n2

dα

(44)

Then, we have
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Using Lemma 1 in [44], we reach

lim
NH →∞ u∗

mRum = 0, ∀φm /∈ [φck − �A, φck + �A] . (47)

Now, to prove that Gc,(k,m) = U
∗
cckUccr = UA∗

cckUA
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U
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ccr = 0, we need to prove that either UA∗

cckUA
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E
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as NH → ∞, which follows from Lemma 6. This

leads to limNH→∞ UA
cck

∗
UA

ccm = 0. Similarly, if |θck − θcm | ≥
2�E, then limNV→∞ UE∗

cckUE
ccm = 0. Further, since d ≤ dmax,

we have |θck − θI | ≥ 2�E, for any elevation angle θI of
another cell user. This implies that UE

cck ∈ Range
{
UNI

c

}

as NV → ∞ by Lemma 6, and ∃Ack such that UE
cck =

UNI
c Ack . For the Uccm , it can be generally expressed as

Uccm = UNI
c Acm + UI

cBcm for some matrices Acm, Bcm of
proper dimensions. As limNV→∞ UE∗

cckUE
ccm = 0, we have

limNV→∞ A∗
ckAcm = 0. Then, U

E∗
cckU

E
ccm = A∗

ckAcm = 0 as
NV → ∞. This completes the proof of the first condition,
Gc,(k,m) = 0 if |φck − φcm | ≥ 2�A or |θck − θcm | ≥ 2�E,
∀m �= k.

To prove that limNV,NH→∞ Gc,(k,k) = I, we need to show

that U
E∗
cckU

E
cck = I. Since UE

cck can be written as UE
cck =

UNI
c Ack when NV → ∞, then we have UE∗

cckUE
cck = A∗

ckAck =
I. This results in U

E∗
cckU

E
cck = A∗

ckAck = I as NV → ∞, which
completes the proof.

APPENDIX C

Proof of Proposition 3: Similar to the proof of Proposition 2,
if |φck − φcm | ≥ 2�A or |θck − θcm | ≥ 2�E, ∀m �= k,
then limNV,NH→∞ Gc,(k,m) = 0. Using the matrix inversion
lemma and leveraging the block diagonal structure of Wc,

we get
(

W∗
c F(2)

c
∗
F(2)

c F(2)
c

∗
F(2)

c Wc

)−1

k,k
= (

w∗
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)−1.

Note that since d > dmax, Ucck is not guaranteed to be in

Range
(
UNI

c

)
, and U

E∗
cckU

E
cck �= I in general. The achievable

rate of user k at cell c can therefore be written as

lim
NV,NH→∞ Rck = log2

(
1 + SNR w∗

cckGc(k,k)wcck
)

(48)

(a)≥ log2

(
1 + SNR |wcck‖2 σ 2

min

(
I ⊗ U

E
cck

))

(49)
(b)= log2
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(
U

E
cck
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,
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where (a) follows by applying the Rayleigh-Ritz theorem [45],
and (b) results from the properties of the Kronecker
product.

REFERENCES

[1] A. Alkhateeb, G. Leus, and R. W. Heath, Jr., “Multi-layer precoding
for full-dimensional massive MIMO systems,” in Proc. Asilomar Conf.
Signals, Syst. Comput., Nov. 2014, pp. 815–819.

[2] E. G. Larsson, O. Edfors, F. Tufvesson, and T. L. Marzetta, “Massive
MIMO for next generation wireless systems,” IEEE Commun. Mag.,
vol. 52, no. 2, pp. 186–195, Feb. 2014.

[3] F. Rusek et al., “Scaling up MIMO: Opportunities and challenges with
very large arrays,” IEEE Signal Process. Mag., vol. 30, no. 1, pp. 40–60,
Jan. 2013.



ALKHATEEB et al.: MULTI-LAYER PRECODING: A POTENTIAL SOLUTION FOR FULL-DIMENSIONAL MASSIVE MIMO SYSTEMS 5823

[4] R. W. Heath, Jr., N. González-Prelcic, S. Rangan, W. Roh, and
A. M. Sayeed, “An overview of signal processing techniques for
millimeter wave MIMO systems,” IEEE J. Sel. Topics Signal Process.,
vol. 10, no. 3, pp. 436–453, Apr. 2016.

[5] K. T. Truong and R. W. Heath, Jr., “Effects of channel aging in massive
MIMO systems,” J. Commun. Netw., vol. 15, no. 4, pp. 338–351, 2013.

[6] T. L. Marzetta, “Noncooperative cellular wireless with unlimited num-
bers of base station antennas,” IEEE Trans. Wireless Commun., vol. 9,
no. 11, pp. 3590–3600, Nov. 2010.

[7] E. Björnson, E. G. Larsson, and T. L. Marzetta, “Massive MIMO: Ten
myths and one critical question,” IEEE Commun. Mag., vol. 54, no. 2,
pp. 114–123, Feb. 2016.

[8] A. Lozano, R. W. Heath, Jr., and J. G. Andrews, “Fundamental limits of
cooperation,” IEEE Trans. Inf. Theory, vol. 59, no. 9, pp. 5213–5226,
Sep. 2013.

[9] J. Singh, S. Ponnuru, and U. Madhow, “Multi-gigabit communication:
The ADC bottleneck,” in Proc. ICUWB, Vancouver, BC, Canada,
Sep. 2009, pp. 22–27.

[10] D. Gesbert, S. Hanly, H. Huang, S. S. Shitz, O. Simeone, and W. Yu,
“Multi-cell MIMO cooperative networks: A new look at interference,”
IEEE J. Sel. Areas Commun., vol. 28, no. 9, pp. 1380–1408, Dec. 2010.

[11] H. Huh, A. M. Tulino, and G. Caire, “Network MIMO with linear zero-
forcing beamforming: Large system analysis, impact of channel esti-
mation, and reduced-complexity scheduling,” IEEE Trans. Inf. Theory,
vol. 58, no. 5, pp. 2911–2934, May 2012.

[12] X. Li, E. Björnson, E. G. Larsson, S. Zhou, and J. Wang. (2015).
“Massive MIMO with multi-cell MMSE processing: Exploiting all pilots
for interference suppression.” [Online]. Available: https://arxiv.org/
abs/1505.03682

[13] A. Ashikhmin and T. Marzetta, “Pilot contamination precoding in
multi-cell large scale antenna systems,” in Proc. ISIT, Jul. 2012,
pp. 1137–1141.

[14] H. Yin, D. Gesbert, M. Filippou, and Y. Liu, “A coordinated approach
to channel estimation in large-scale multiple-antenna systems,” IEEE J.
Sel. Areas Commun., vol. 31, no. 2, pp. 264–273, Feb. 2013.

[15] L. Lu, G. Y. Li, A. L. Swindlehurst, A. Ashikhmin, and R. Zhang,
“An overview of massive MIMO: Benefits and challenges,” IEEE J. Sel.
Topics Signal Process., vol. 8, no. 5, pp. 742–758, Oct. 2014.

[16] O. El Ayach, S. Rajagopal, S. Abu-Surra, Z. Pi, and R. W. Heath, Jr.,
“Spatially sparse precoding in millimeter wave MIMO systems,” IEEE
Trans. Wireless Commun., vol. 13, no. 3, pp. 1499–1513, Mar. 2014.

[17] A. Alkhateeb, G. Leus, and R. W. Heath, Jr., “Limited feedback hybrid
precoding for multi-user millimeter wave systems,” IEEE Trans. Wireless
Commun., vol. 14, no. 11, pp. 6481–6494, Nov. 2015.

[18] T. E. Bogale and L. B. Le, “Beamforming for multiuser massive MIMO
systems: Digital versus hybrid analog-digital,” in Proc. GLOBECOM,
Dec. 2014, pp. 4066–4071.

[19] L. Liang, W. Xu, and X. Dong, “Low-complexity hybrid precoding
in massive multiuser MIMO systems,” IEEE Wireless Commun. Lett.,
vol. 3, no. 6, pp. 653–656, Dec. 2014.

[20] A. Adhikary, J. Nam, J.-Y. Ahn, and G. Caire, “Joint spatial division and
multiplexing—The large-scale array regime,” IEEE Trans. Inf. Theory,
vol. 59, no. 10, pp. 6441–6463, Oct. 2013.

[21] Y.-H. Nam et al., “Full-dimension MIMO (FD-MIMO) for next gen-
eration cellular technology,” IEEE Commun. Mag., vol. 51, no. 6,
pp. 172–179, Jun. 2013.

[22] N. Seifi, J. Zhang, R. W. Heath, Jr., T. Svensson, and M. Coldrey,
“Coordinated 3D beamforming for interference management in cel-
lular networks,” IEEE Trans. Wireless Commun., vol. 13, no. 10,
pp. 5396–5410, Oct. 2014.

[23] A. Kammoun, H. Khanfir, Z. Altman, M. Debbah, and M. Kamoun,
“Preliminary results on 3D channel modeling: From theory to standard-
ization,” IEEE J. Sel. Areas Commun., vol. 32, no. 6, pp. 1219–1229,
Jun. 2014.

[24] Z. Zhong, X. Yin, X. Li, and X. Li, “Extension of ITU IMT-advanced
channel models for elevation domains and line-of-sight scenarios,” in
Proc. VTC, Sep. 2013, pp. 1–5.

[25] D. Ying, F. W. Vook, T. A. Thomas, D. J. Love, and A. Ghosh,
“Kronecker product correlation model and limited feedback codebook
design in a 3D channel model,” in Proc. ICC, Jun. 2014, pp. 5865–5870.

[26] S. Han, C.-L. I, Z. Xu, and C. Rowell, “Large-scale antenna systems
with hybrid analog and digital beamforming for millimeter wave 5G,”
IEEE Commun. Mag., vol. 53, no. 1, pp. 186–194, Jan. 2015.

[27] M. R. Akdeniz et al., “Millimeter wave channel modeling and cellular
capacity evaluation,” IEEE J. Sel. Areas Commun., vol. 32, no. 6,
pp. 1164–1179, Jun. 2014.

[28] S. Hur et al., “Proposal on millimeter-wave channel modeling for
5G cellular system,” IEEE J. Sel. Topics Signal Process., vol. 10, no. 3,
pp. 454–469, Apr. 2016.

[29] S. Haghighatshoar and G. Caire, “Massive MIMO channel subspace esti-
mation from low-dimensional projections,” IEEE Trans. Signal Process.,
vol. 65, no. 2, pp. 303–318, Jan. 2017.

[30] S. Haghighatshoar and G. Caire. (2016). “Low-complexity massive
MIMO subspace estimation and tracking from low-dimensional projec-
tions.” [Online]. Available: https://arxiv.org/abs/1608.02477

[31] D.-S. Shiu, G. J. Foschini, M. J. Gans, and J. M. Kahn, “Fading
correlation and its effect on the capacity of multielement antenna
systems,” IEEE Trans. Commun., vol. 48, no. 3, pp. 502–513, Mar. 2000.

[32] P. Petrus, J. H. Reed, and T. S. Rappaport, “Geometrical-based statis-
tical macrocell channel model for mobile environments,” IEEE Trans.
Commun., vol. 50, no. 3, pp. 495–502, Mar. 2002.

[33] A. Abdi and M. Kaveh, “A space-time correlation model for multiele-
ment antenna systems in mobile fading channels,” IEEE J. Sel. Areas
Commun., vol. 20, no. 3, pp. 550–560, Apr. 2002.

[34] M. Zhang, P. J. Smith, and M. Shafi, “An extended one-ring MIMO
channel model,” IEEE Trans. Wireless Commun., vol. 6, no. 8,
pp. 2759–2764, Aug. 2007.

[35] E. Björnson, J. Hoydis, M. Kountouris, and M. Debbah, “Massive
MIMO systems with non-ideal hardware: Energy efficiency, estima-
tion, and capacity limits,” IEEE Trans. Inf. Theory, vol. 60, no. 11,
pp. 7112–7139, Nov. 2014.

[36] J.-C. Shen, J. Zhang, E. Alsusa, and K. B. Letaief, “Compressed CSI
acquisition in FDD massive MIMO: How much training is needed?”
IEEE Trans. Wireless Commun., vol. 15, no. 6, pp. 4145–4156,
Jun. 2016.

[37] S. Wagner, R. Couillet, M. Debbah, and D. T. M. Slock, “Large system
analysis of linear precoding in correlated MISO broadcast channels
under limited feedback,” IEEE Trans. Inf. Theory, vol. 58, no. 7,
pp. 4509–4537, Jul. 2012.

[38] J. Hoydis, S. ten Brink, and M. Debbah, “Massive MIMO in the UL/DL
of cellular networks: How many antennas do we need?” IEEE J. Sel.
Areas Commun., vol. 31, no. 2, pp. 160–171, Feb. 2013.

[39] T. Bai, A. Alkhateeb, and R. W. Heath, Jr., “Coverage and capacity of
millimeter-wave cellular networks,” IEEE Commun. Mag., vol. 52, no. 9,
pp. 70–77, Sep. 2014.

[40] T. S. Rappaport et al., “Millimeter wave mobile communications for 5G
cellular: It will work!” IEEE Access, vol. 1, pp. 335–349, May 2013.

[41] H. Ghauch, T. Kim, M. Bengtsson, and M. Skoglund, “Subspace esti-
mation and decomposition for large millimeter-wave MIMO systems,”
IEEE J. Sel. Topics Signal Process., vol. 10, no. 3, pp. 528–542,
Apr. 2016.

[42] R. Méndez-Rial, N. González-Prelcic, and R. W. Heath, Jr., “Adaptive
hybrid precoding and combining in mmWave multiuser MIMO sys-
tems based on compressed covariance estimation,” in Proc. IEEE 6th
Int. Workshop Comput. Adv. Multi-Sensor Adapt. Process. (CAMSAP),
Dec. 2015, pp. 213–216.

[43] F. Zhang, Ed., The Schur Complement and Its Applications, vol. 4.
Springer, 2006.

[44] O. El Ayach, R. W. Heath, Jr., S. Abu-Surra, S. Rajagopal, and
Z. Pi, “The capacity optimality of beam steering in large millimeter
wave MIMO systems,” in Proc. SPAWC, Cesme, Turkey, Jun. 2012,
pp. 100–104.

[45] H. Lütkepohl, Handbook of Matrices. Hoboken, NJ, USA: Wiley, 1996.

Ahmed Alkhateeb (S’08– M’17) received the B.S.
degree (Hons.) and the M.S. degree from Cairo
University, Egypt, in 2008 and 2012, respectively,
and the Ph.D. degree in electrical and computer
engineering from The University of Texas at Austin
(UT Austin), in 2016. He is currently a Wireless
Communications Researcher with Facebook, CA,
USA. His research interests are in the broad area
of communication theory, applied math, and signal
processing. In the context of wireless communica-
tion, his interests include mmWave communication

and massive MIMO systems. He was a recipient of the 2012–2013 UT
Austin’s MCD Fellowship and the 2016 IEEE Signal Processing Society
Young Author Best Paper Award.



5824 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 16, NO. 9, SEPTEMBER 2017

Geert Leus received the M.Sc. and Ph.D. degrees
in applied sciences from Katholieke Universiteit
Leuven, Belgium, in 1996 and 2000, respectively.
He currently is an Antoni van Leeuwenhoek Full
Professor with the Faculty of Electrical Engineering,
Mathematics and Computer Science, Delft Univer-
sity of Technology, The Netherlands. His research
interests are in signal processing for communica-
tions. He is a fellow of the IEEE and a fellow of
the EURASIP. He received the 2002 IEEE Signal
Processing Society Young Author Best Paper Award

and the 2005 IEEE Signal Processing Society Best Paper Award. He was the
Chair of the IEEE Signal Processing for Communications and Networking
Technical Committee, and an Associate Editor for the IEEE TRANSACTIONS
ON SIGNAL PROCESSING, the IEEE TRANSACTIONS ON WIRELESS COM-
MUNICATIONS, the IEEE SIGNAL PROCESSING LETTERS, and the EURASIP
Journal on Advances in Signal Processing. He is currently a Member-at-Large
of the Board of Governors of the IEEE Signal Processing Society and a
member of the IEEE Sensor Array and Multichannel Technical Committee.
He serves as the Editor in Chief of the EURASIP Journal on Advances in
Signal Processing.

Robert W. Heath, Jr. (S’96–M’01–SM’06–F’11)
received the B.S. and M.S. degrees from the Univer-
sity of Virginia, Charlottesville, VA, USA, in 1996
and 1997 respectively, and the Ph.D. degree from
Stanford University, Stanford, CA, USA, in 2002,
all in electrical engineering. From 1998 to 2001, he
was a Senior Member of the Technical Staff, then
a Senior Consultant with Iospan Wireless Inc., San
Jose, CA, USA, where he was involved in the design
and implementation of the physical and link layers of
the first commercial MIMO-OFDM communication

system. Since 2002, he has been with the Department of Electrical and
Computer Engineering, The University of Texas at Austin, where he has
been a Cullen Trust for Higher Education Endowed Professor, and a member
of the Wireless Networking and Communications Group. He is also the
President and CEO of MIMO Wireless Inc. He authored Introduction to
Wireless Digital Communication (Prentice Hall, 2017) and Digital Wireless
Communication: Physical Layer Exploration Laboratory Using the NI USRP
(National Technology and Science Press, 2012), and co-authored Millimeter
Wave Wireless Communications (Prentice Hall, 2014).

Dr. Heath has been a co-author of fifteen award winning conference
and journal papers, including the 2010 and 2013 EURASIP Journal on
Wireless Communications and Networking Best Paper Awards, the 2012
Signal Processing Magazine Best Paper Award, the 2013 Signal Processing
Society Best Paper Award, the 2014 EURASIP Journal on Advances in Signal
Processing Best Paper Award, the 2014 Journal of Communications and
Networks Best Paper Award, the 2016 IEEE Communications Society Fred
W. Ellersick Prize, the 2016 IEEE Communications and Information Theory
Societies Joint Paper Award, the 2017 IEEE Marconi Prize Paper Award in
Wireless Communications, and the 2017 EURASIP Technical Achievement
Award. He was a Distinguished Lecturer in the IEEE Signal Processing
Society and is an ISI Highly Cited Researcher. He is also an Elected Member
of the Board of Governors for the IEEE Signal Processing Society, a licensed
amateur radio operator, a private pilot, and a registered Professional Engineer
in Texas.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


