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Abstract—Graph filters play a key role in processing the graph
spectra of signals supported on the vertices of a graph. However,
despite their widespread use, graph filters have been analyzed only
in the deterministic setting, ignoring the impact of stochasticity
in both the graph topology and the signal itself. To bridge this
gap, we examine the statistical behavior of the two key filter types,
finite impulse response and autoregressive moving average graph
filters, when operating on random time-varying graph signals (or
random graph processes) over random time-varying graphs. Our
analysis shows that 1) in expectation, the filters behave as the same
deterministic filters operating on a deterministic graph, being the
expected graph, having as input signal a deterministic signal, being
the expected signal, and 2) there are meaningful upper bounds for
the variance of the filter output. We conclude this paper by propos-
ing two novel ways of exploiting randomness to improve (joint
graph-time) noise cancellation, as well as to reduce the computa-
tional complexity of graph filtering. As demonstrated by numerical
results, these methods outperform the disjoint average and denoise
algorithm and yield a (up to) four times complexity reduction, with
a very little difference from the optimal solution.

Index Terms—Signal processing on graphs, graph filters, ran-
dom graphs, random graph signals, graph signal denoising, graph
sparsification.

I. INTRODUCTION

S WITNESSED by their widespread use [1], graphs are
A proving to be one of the most successful models for cap-
turing the complex relations featured for example by social net-
works [2], sensor networks [3], and biological networks [4].
Recently, in the signal processing community, an important
effort has been put to extend standard signal processing con-
cepts from classical domains, like time and space (i.e., for time
series and images), to signals supported on the vertices of an
irregular graph. This extension has important repercussions in
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many of the aforementioned fields, and it is generally known as
signal processing on graphs [5].

The main tool of signal processing on graphs is the graph
Fourier transform [6] (GFT). By establishing a notion of fre-
quency appropriate for graphs, the GFT enables the analysis of
graph signals in the graph frequency domain, rather than only
in the vertex domain. Together with the graph Fourier trans-
form, graph filters arise as an inseparable duet. Graph filters are
the linear operators that amplify or attenuate specific parts of a
graph signal’s frequency spectrum. Distinguished applications
of graph filters are, for instance, customer behavior prediction
[6], signal compression and data classification [6], as well as
signal smoothing, denoising and interpolation [7]-[9]. To date,
two main graph filter types are known: finite (FIR) and infinite
(ITIR) impulse response graph filters. FIR graph filters provide
sufficient approximation accuracy and have a simple implemen-
tation, but may suffer in time-varying scenarios, e.g., in cases of
time-varying signals and/or time-varying graphs. On the other
hand, at the expense of an increased computational complex-
ity, IIR graph filters [10]-[13] can handle better time-variations
and they give exact solutions to some specific denoising [8] and
interpolation [9] problems.

Despite their popularity, graph filter analysis has so far been
exclusively deterministic. Albeit, in applications like commu-
nication networks, social networks, smart grids, and road net-
works, stochasticity is of paramount importance: it occurs for
instance when the graph signal is corrupted with random addi-
tive noise, when it obeys a certain distribution, or when—owing
to random link and node failures— the graph topology becomes
random. Characterizing the impact of random graph perturba-
tions has been considered for example in distributed optimiza-
tion [14]-[17], but not in the context of graph filters.

This work approaches the analysis of graph filters from a
statistical standpoint. Specifically, we analyze the graph filters’
behavior when the input signal on the graph and the graph
topology are random processes over time with given statistical
properties, yet with independent realizations. In this paper, when
we talk about a random graph topology, we mean the signal
graph, i.e., the graph that explains the signal structure, which
also corresponds to the graph that is used for processing the
graph signals. For instance, in a road network, the signal graph
can be random due to accidents. The actual graph used for
data exchange, named the communication graph (e.g., between
sensor nodes placed on the cross roads of a road network) could
be similar to the signal graph or not, but we will not discuss
this issue in this paper. Hence, in the sequel, the term graph will
always refer to the signal graph. We believe that computing the
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filter output by incorporating the stochastic graph realizations is
more meaningful, since they are integral part of the actual graph
signal realizations. In the road network for instance, the traffic at
a particular time instant is a consequence of the past realizations
of the graph. Finally, in this work we also view stochasticity as
a tool to alleviate the computational and communication costs
in distributed graph filtering over a deterministic graph.

We provide the following contributions:

i) Graph filters in the mean (Section III) (i-a) : For a random
time-varying graph signal characterized by femporal station-
arity with independent realizations, living on a random time-
varying graph, we show that the expected filter output is equal
to the output of the same filter operating on the expected graph
signal living on the expected graph. (i—-b) We show that in case
of a random time-varying, yet non-stationary graph signal with
independent realizations, (i.e., a time-varying mean and covari-
ance) over a random time-varying graph, the mean of the output
signal is equal to the output of a deterministic 2-dimensional
filter, operating on the time-varying mean signal over the mean
graph. In the latter case, the filter jointly captures the variations
in the mean of the graph signal over the graph and time domains.

ii) Variance analysis (Section IV): We show that the average
node variance of the filter output is upper bounded. This gener-
alizes the known result for a first-order autoregressive moving
average (ARMA) graph filter [18]. We also propose a recur-
sive way to track the variance of the ARMA output iteratively
based only on statistical knowledge of the previous time instant.
Our expressions for the first and second order statistics of the
filter output, demonstrate that state-of-the-art graph filters are
equipped to handle stochastic settings (for graphs and signals).
Nevertheless, graph filters of high order should be used with
caution, since the output signal variance increases with the filter
order.

iii) Leveraging stochasticity (Section V) (iii-a): We propose to
use stochasticity to improve graph signal denoising tasks under
smoothness priors, a.k.a. Tikhonov denoising, when multiple
realizations of the graph signal are available. The proposed ap-
proach performs an online joint denoising over the graph and
time domains exploiting the new realizations of the input sig-
nal. (iii-b) We also make use of stochasticity to perform classical
graph filtering with lower communication and complexity costs.
The proposed approach considers performing the filtering over
a sparsified graph where the information is exchanged only with
some randomly chosen neighbors. This can be seen as an inter-
section between sparsification [19] and gossiping [20]. As our
bounds and simulations suggest, such an approach performs bet-
ter with low-order graph filters and has the potential to reduce
the communication and computational costs up to 75%.

Our analysis is validated by numerical simulations in
Section VI. Finally, the paper is concluded in Section VII.

The proofs are presented in Appendix.

Notation: We indicate scalars by normal letters (i.e., a or A);
vector variables with bold lowercase letters a and matrix
variables with bold uppercase letters A. Scalars a; and A;;
correspond to the entries of a and A, respectively. We indicate
by |a| the absolute value of a and by ||a|| and || A| the 2-norm
and the spectral norm of the vector a and matrix A, respec-
tively. To characterize convergence, we adopt the term linear
convergence, which asserts that a recursion converges to its

4407

stationary value exponentially with time (i.e., linearly in a log-
arithmic scale) [21]. To ease the notation, we indicate with
E[-], cov(-) and var(-) the expectation, the covariance and vari-
ance operator, respectively and, moreover, 3,[t] = E[a;al'] —
Ela;)E[a;]" refers to the covariance matrix at time instant ¢
of the random process a;. The trace operator of a matrix is
indicated as tr(-).

II. PRELIMINARIES

In this Section, we recap the basics of the graph Fourier
transform and graph filters. Then, we explain the stochastic
model used for the graph topology and graph signal.

A. Background

Consider an undirected graph G = (V, £) of N nodes and M
edges, where V indicates the set of nodes (vertices) and & the set
of edges. Let x be the graph signal supported on set ), whose
i-th component z; € C represents the value of the signal at the
i-th node, denoted as u; € V.

Graph Fourier transform (GFT): The GFT transforms a
graph signal  into the graph frequency domain &: the forward
and inverse GFTs are & = ® '« and = = ®&, where the
columns of the unitary matrix ®, indicated as ¢,,, form an
orthonormal basis and are commonly chosen as the eigenvectors
of a graph Laplacian L, such as the discrete Laplacian L4 or
normalized Laplacian L,. The corresponding eigenvalues are
denoted as {)\,}_, and will indicate the graph frequencies.
For an extensive review on the properties of the GFT, we refer
to [5], [6]. To avoid any restrictions on the generality of our
approach, in the following we present our results for a general
Laplacian matrix L, which is symmetric and local: for all i # j,
L;; = 0 whenever u; and u; are not neighbors and L;; = Lj;
otherwise.! We derive our results for a class of graphs with gen-
eral Laplacian matrices in some restricted set £. We assume that
for every L € L the minimum eigenvalue is bounded below by
Amin and the maximum eigenvalue is bounded above by A, ..
Hence, all considered graphs have a bounded spectral norm, i.e.,
IL|| < ¢ = max{|Amin|, [Amax|}. For instance, when L = Lg,
we can take \,;, = 0 and A\, related to the maximum eigen-
value of any of the graphs. When L = L,, we can consider
Amin = 0 and A\ .x = 2. As in [13], also translated Laplacians
suchas L = Ly — Ayax /21 or L = L, — I can be considered.

Graph filters: A graph filter H is an operator that acts upon
a graph signal x by amplifying or attenuating its graph Fourier
coefficients as

N
Hz =Y H(\) i, ¢,. (1)

n=1

The graph frequency response H : [Anin, Amax] — C controls
how much H amplifies the signal graph spectra H(\,) =
(¢ Hx)/i,. We are interested in how we can filter a signal
with a graph filter H having a user-provided frequency response
H*(X). In the following two paragraphs we recall two ways to

Note that even though we limit ourselves to undirected graphs, the core idea
can be extended to directed graphs using the adjacency matrix [22].
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do so, namely the FIR and ARMA graph filters, where the latter
belongs to the class of IIR graph filters [12], [13]. Since we
will often consider random time-varying graph topologies in
this work, without any knowledge on the eigenvalue spread for
different time instants, we will focus on universal graph filters,
i.e., where the filter design is performed for a continuous range
of graph frequencies A like the FIR design in [7] or the ARMA
design in [13]. However, in case the eigendecomposition cost
is affordable and the eigenvalues of all graph realizations are
known, it is recommended to perform the filter design for that
particular set of graph frequencies [6], [23], [24] instead of
adopting the universal approach. This will of course lead to an
enhanced approximation accuracy of the filter.

FIR graph filters: A universal FIR graph filter of order K
implements the filtering operation by approximating a graph
filter H using a K-th order polynomial of L [7]. The output
signal of a K-th order FIR filter (denoted as FIRx ) and the
graph frequency response are respectively given by

K K
z=Y gL'z and H(\) =) @A\ )
k=0 k=0

The coefficients ;. can be, for instance, found by a Chebyshev
polynomial approximation or least-squares fitting to the de-
sired frequency response H* () [7]. The computation of FIR i
is easily performed distributedly. Since L% x = L(L* 'z),
each node u; can compute the K-th term from the values of the
(K — 1)-th term in its neighborhood. The overall communi-
cation and computational complexity to perform the filtering
distributively is O(M K). We refer the reader to [7] and [13]
for further details on the distributed implementation of graph
filters.

ARMA graph filters: In [12], we introduced ARMA graph
filters as a special class of IIR graph filters. Differently from the
other IIR graph filters [11], [25], ARMA filters capture naturally
time-variations of the graph topology and graph signal, and have
well-understood behavior for deterministic time-variations [13]
showing larger robustness than FIR filters. The most practical
implementation (due to its improved stability) of an ARMA
filter of order K (ARMA ;) can be obtained by using a parallel
bank of K ARMA, filters. Let us denote with the superscript
(k) the terms that correspond to the k-th ARMA, filter for
k=1,2,..., K.Then, given a graph signal «, the filter memory
y, and output z; at time instant ¢ are

yh = M Lyl 4 o (3a)
K

z1 =Y Yt (3b)
k=1

for arbitrary yém, and where ¥(*) and ¢*) are the complex

filter coefficients. From [13], the graph frequency response of a
parallel ARMA i filter is

K
Tk .
H(\) = ——— subjectto |pi| > o, @)
W= 5 st
where 1, = —p*) /4)(¥) represents the filter residuals and

pr = 1/9*) the poles. Note that in contrast to FIR filters, where
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the filter output is obtained after K time instants, recursion (3)
will achieve the frequency response (4) theoretically at infin-
ity, yet characterized by a linear convergence in practice. The
ARMA i has a per-iteration communication and computational
complexity of O(M K) [13].

B. Stochastic Model

We proceed to formalize the stochastic model used in the
rest of this paper. Our definitions here define the considered
stochasticity of the graph, as well as the graph signal.

Graph model: We consider a random time-varying graph G,
as a random edge sampling of an arbitrary, but time-invariant
underlying graph G. More formally:

Random edge sampling (RES) graph model: The probability
that a link (¢, 7) in the edge set £ is activated at time ¢ is p; ;,
with 0 < p; ; < 1. The edges are activated independently across
time. Graph realizations are considered mutually independent
with the random graph process.

Thus, at each time step ¢, we draw a graph realization
Gy = (V, &) from the underlying graph G = (V, £), where the
edge set & C & is generated via an i.i.d. Bernoulli process; this
is a standard way of studying link failures in the literature on
network algorithms [26], [27]. In a graph signal processing per-
spective, the RES model suits better cases where the graph has
physical meaning, e.g., smart grids, communication networks,
or street networks. In these situations the RES model may ad-
dress grid problems, link failures, or street closures, which have
stochastic repercussions on the filtering output. Further, as we
will show in Section V-B, this random graph model also results
to be a useful tool to perform sparsified graph filtering over a
deterministic graph.

From now on, let us refer to L as the Laplacian relative to the
underlying graph G = (V, £), from which the graph realizations
at different time instants are drawn, and to L, as the Laplacian of
the graph realization at time instant ¢. Note that each node locally
derives the application of the instantaneous Laplacian matrix L;
on the graph signal by communicating with its neighbors. For
convenience, denote the expected Laplacian E[L,] as L related
to the expected graph G.

Since matrices L € £ and & C &, the instantaneous graph
Laplacian L; of G; belongs also to £, meaning that all L,
have bounded eigenvalues. Further, due to the interlacing prop-
erty [28], the spectral radius bound p satisfies the property
ILe]l < L] < o foran .

Signal model: We consider random time-varying graph signals
which can be correlated among the nodes for a fixed time instant,
but have independent realizations at different time instants. More
formally:

Random graph process model: The graph signal x; € C,
at time instant ¢, is a realization of a random process, with
time-invariant mean & and covariance matrix 3,. Signal x; has
independent realizations over time.

The random graph process model presented above is a sub-
class of wide-sense stationary (for short stationary) temporal
signals, while not being restricted to stationary graph signals.
The graph stationary model has been considered in [29]-[31],
where the stationarity of the graph signal « is analyzed only over
the graph. Considering the graph Laplacian as a shift, such a sig-
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nal is generally characterized by a constant mean, i.e., * = Z1,
and a covariance matrix 3, that is jointly diagonalizable with
the graph Laplacian. In this paper, we work with a broader
model, where we do not require the expected graph signal & to
be a constant vector, or the covariance matrix 3, to be jointly
diagonalizable with the graph Laplacian. Further, we would also
like to point out the difference with [32], where the authors as-
sume that the covariance matrix of the graph process is related
to the underlying graph Laplacian L. This approach can be seen
as a particular case of the stochastic model presented in this
paper, assuming that the covariance matrix of the graph signal
is only related to the main graph G and not to its instantaneous
realizations G;.

In addition to the assumed random graph process model,
in Section III-B we extend some of our results to the case
where only the second-order moment of the signal is time-
invariant, whereas the mean is time-varying. This model en-
compasses time-varying deterministic signals corrupted with
possibly node-correlated noise, such as sensor noise.

III. GRAPH FILTERS IN THE MEAN

In this section, we analyze the expected behavior of graph
filters when the graph topology and graph signal are of stochastic
nature. We start by considering our random graph process model
and then extend our results to the more general case when the
random graph process has a time-varying mean, yet a time-
invariant covariance matrix.

A. Random Graph Processes

We start with the simpler FIR graph filters. The more involved
case of ARMA graph filters is discussed next.

FIR: Defining the transition matrix @, (t',t) := H:,:t L, if
t' >tand ®r(¢,t) := I if t' < t, the output z;,, of a K-th
order FIR graph filter is

.
ZHJZZE:WkQL@J“k+1h%%+L &)
k=0

Notice that, in contrast to the time-invariant setting, the output
which is computed at time ¢ + 1 is a function of all graph re-
alizations in the time interval [t — K + 1,¢] and graph signals
starting from time ¢ — K + 1 up to time ¢ + 1. According to
the following Proposition, the above graph filter is well behaved
when examined in expectation.

Proposition 1: Consider the FIR graph filter (5), the RES
graph model and the random graph process model. Then, the
expected output of the graph filter after K time steps is

X
Zty1 = Zﬁpki—/kj- (6)
k=0

Proposition 1 confirms that, in the mean, an FIR filter has
the same behavior as if this filter was applied to the expected
graph, having the expected graph signal as input.

ARMA: Let us now move on to ARMA graph filters. The output
z; of the ARMA filter at time instant ¢ operating on a time-
varying graph signal x; over a time-varying graph G; can be
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expressed as

ygﬂ = W)Ltyﬁ'“) + oM a, (7a)
K

z1 =Y Yt (7b)
k=1

where y[()k) is arbitrary. Assuming time-varying stochasticity,

the subscript ¢ indicates the random time-variations of the graph
(captured by the Laplacian L;) and input signal ;. Theorem 1
describes the expected behavior of an ARMA i graph filter.

Theorem 1: Under the RES graph model, the random graph
process model and the stability of the parallel ARMAj filter,
ie., [yF)| < 1/pforall k=1,..., K, the steady state of the
expected value of the ARMA i recursion (7) is

.
> — 1; — (k) _ BT ~
bﬂ@%d—;w(IwL)w @®)

Recursion (7) converges in the mean to (8) linearly, irrespective

of the initial condition y(()k) and graph realizations L.

We can see that (8) is a parallel ARMA g filter having as input
x over the graph G. Theorem 1 asserts that the expected value
of the steady state of the filter output is only influenced by the
expected value of the graph signal and by the expected graph,
but is independent of any changes in the graph topology.

B. Random Graph Processes With Time-Varying Statistics

We can also provide closed-form expressions for the expected
filter output in a more general context, i.e., when x; is charac-
terized by a time-varying mean and covariance. The generalized
signal model is:

Random graph process with time-varying statistics: The input
signal x; € CH, at time instant ¢, is a realization of a random
process, with time-dependent first order moment x; and time-
dependent covariance matrix 3 [t]. Signal «; has independent
realizations over time.

To extend our results to the case of random graph processes
with time-varying statistics, we have to perform our analysis in
a 2D frequency domain: the graph-frequency domain using the
GFT, and the temporal-frequency domain using the Z-transform.
Such a type of analysis was previously presented for the deter-
ministic setting in [13], [33], [34].

FIR: The following proposition is a generalization of Proposi-
tion 1.

Proposition 2: Consider the FIR . graph filter (5), and let
the graph be RES and the graph process be random with a
time-varying statistics. Then, the expected output of the graph
filter is

K

_ =k _

Zi41 = E on L &y 1, 9)
k=0

which describes a filter on the deterministic time-varying mean
signal over the expected graph with the 2-dimensional filter

transfer function
K A\
H(z,\) = —
PV () ,

k=0

(10)

where z stems from the Z-transform and \ from the GFT.
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From Proposition 2, we can clearly see that the result of
Proposition 1 extends to the 2-dimensional case, capturing
jointly the mean signal variations over the expected graph and
time. As we will see next, the same result holds also for ARMA
graph filters.

ARMA: We can now prove the following claim.

Theorem 2: Consider the RES graph model and the random
graph process model with time-varying statistics. The relation
between the expected filter output and the expected graph signal
over the expected graph is given by a 2-dimensional ARMA
transfer function

K k) 21
HEN =2 i
k=1

subject to the stability conditions of Theorem 1.

As for the FIRg , Theorem 2 claims that, in expectation, we
achieve a 2-dimensional filter operating jointly on the mean
variations over the expected graph and time signal.

We conclude this section with the following remarks:

Remark 1: Throughout our derivations, we have assumed
that the graph realizations G; (and thus L;) are independent at
different times ¢. This assumption is crucial for our derivations:
since z; is a function of all Ly,...,L; 1, when the graphs
at different times are dependent E[(¥ ® L;)z,;] # (¥ ® L)z,
due to E[L Lio] # E[L4; JE[Lys]. It is therefore a fact that our
results do not generalize to many stochastic graph processes
(e.g., human mobility, failure cascade). Our results however do
suggest that graph filters are robust to some stochastic phenom-
ena common in networks such as noise and edge fluctuations.
Nonetheless, the graph signal x; might still be a function of the
graph topology, e.g., i) the underlying graph G could be related
to 3 or X! by construction, including also the case where
3. shares the graph Laplacian eigenvectors; and i) as shown in
Section III-B the graph signal mean and covariance can depend
in an arbitrary way (though deterministic) on the graph topology
changes. As a side note, the considered approach with mutual
independence between the graph signal and graph topology is
also a way to jointly handle the particular cases where only one
of them is stochastic.

Remark 2: Our second remark is based on the parallelism be-
tween stochastic graph filtering and linear system theory [35].
Other works have exploited this analogy to propose graph signal
control [36], [37], or graph signal estimation [38], [39]. Differ-
ently from linear system theory, the GSP perspective not only
gives more insights into what is evolving over the network, but
also introduces new strategies related to the characteristics (e.g.,
smoothness prior, stationarity and bandlimitedness) of the graph
signal w.r.t. the underlying graph. More specifically, we can view
the ARMA graph filter as a linear state-space model with x;,
y, = [yf)T’ng)T’ . 7y§K)T}T and z; being the stochastic
input signal, the the N K x 1 stacked state vector of the system
and the system output at time ¢, respectively. The stochastic
matrix L;, which now captures the stochastic graph topology
at time instant ¢, is the stochastic transfer operator of the sys-
tem. Thus, we can say that the expected behavior of the graph
filter is related to the expected behavior of the system and the
same holds for the output signal. While in deterministic [40],
[41] and stochastic control [42]-[44] of linear systems the focus
is on designing the optimal controller, this work considers the

an
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analysis/design of the filter transfer function under stochastic
variations in the graph topology and/or graph signal.

IV. VARIANCE ANALYSIS

As we saw in the previous section, when examined in expec-
tation, graph filters are impervious to stochasticity of the graph
topology and/or graph signal. To quantify how far from the
mean a given realization can be, in the following, we proceed to
characterize the covariance of the filter output 3, as a function
of that of the input signal 3,. Our analysis considers deriving
the limiting average variance of the filter output over all nodes,
defined as
tr(2.0t) . tr(E[z2]] —z2")
———= = lim
N t—00

lim var[z;] = lim .
—00 t—o0

(12)
In case of FIR graph filters the limit can be omitted. Expres-
sion (12), often used for statistical characterizations in signal
processing, presents a simple way to quantify the experienced
variance of the filter output at each node.

‘We characterize the variance of the FIR - and ARMA i filter
output for the general case, where both the graph topology and
graph signal change stochastically over time, abiding to a RES
graph model and random graph process model, respectively.
To the best of our knowledge, finding the variance in closed
form is a challenging and open problem not only for graph
signal processing, but also in the linear system theory literature.
We show that, for both the FIRx and ARMAf graph filters,
the average variance of the output signal over all nodes (12)
is upper bounded. The provided bounds indicate how much a
realization of the filtered signal varies around its expected value.
Our main goals are: (i) to show that the variance of the signal
output does not diverge to infinity, and (ii) to investigate which
parameters influence the bound the most, and as a consequence,
which parameter values can lead to a smaller average variance.
We note that, as our bounds concern the average variance among
all nodes, it is possible that the variance of the signal at a specific
node exceeds the bound.

We also present an approach on how to track recursively
the variance of the ARMA output, i.e., how to calculate the
variance of the filter output at time instant ¢, based only on
statistical knowledge at the previous time instant. Note that the
presented results can also be extended to linear system theory,
if the analogies of Remark 2 in Section III-B are used.

FIR: The following proposition formally states an upper bound
on the average variance of the output signal of the FIR i filter.
Proposition 3: Consider the FIR i graph filter (5) with aran-
dom graph process living on a RES graph. The average variance
among all nodes of the FIRk filter output is bounded by

— . z|?

var[z:11] < (@' 9)? (Var[wt] + H]\l' ) , (13)
with vectors @ and ¢ respectively, defined as o=
[17Q7 927' . 'aQK]T and‘P = [@07%017 .. '7%0[&']1—-

The result of Proposition 3 suggests that despite the drastic
variation of the graph topology, the average variance of the
output signal over the nodes is finite and thus also the variance
of the output signal at a given node. We can see that the filter
order K has indeed an impact on the bound.
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ARMA: As for the FIR, the following theorem gives an ex-
pression on how to upper bound the average variance across all
nodes of the ARMA graph filter output.

Theorem 3: Consider the ARMA[ graph filter (7) with a
random graph process living on a RES graph and additionally
assume that the initial filter state y,, is independent of x; with
zero mean E[y,] = 0. The limiting average variance among all
nodes of the ARMA [ filter output is bounded by

1|2
<Var[:cf] + ”:]B\l' > (14)

where 1, = max{y(), ... P}

According to Theorem 3, the bound depends linearly on the
filter order K and on the sum of the squared coefficients ¢.

We now continue with the recursive approach to exactly cal-
culate the variance of the filter output. We directly consider the
case of graph process with time-varying statistics, since, differ-
ently from the bounds (13)—(14), the recursive variance is less
challenging to compute. Recalling that the graph Laplacian at
time t, i.e., L;, is a random reahzauon with mean L, it can be
written as L; = L + Lt, with Lt being the related zero-mean
process. We then define the matrices

K|el?
(1 -0 WJIHHXDQ

lim var[z; 1] <
—00

A=UQL A =%@L, andB=p®Iy (15)

and rewrite the ARMA  filter (7) as
Y1 = Ay, + Atyt + Bz, (16a)
zi11 = Cyyyy, (16b)

with ¥ = diag(y(!), (?) , ) a diagonal K x K coef-
ficient matrix and C = 1T ® I'y with 1 a K x 1 vector. The
instantaneous expected value of the output signal of (16) is
calculated as

(17a)
(17b)

Y1 = Ay, + B

zi1 =CyYyq,

which suggests a way to recursively track the expected value of
the output signal at time instant ¢ + 1 based on the knowledge
of the first order statistics at the previous time instant ¢. With
this in place, we can state the following

Proposition 4: Given the ARMA[ graph filter (16) operat-
ing on a random graph process with time-varying statistics over
a RES graph model and given first and second order moments
of the filter output at time instant ¢. Then, the covariance matrix
of the output signal at time instant ¢ 4+ 1 can be calculated as

3, [t+1] = C(AZ,[t]AT + B, [t|B")CT
+CE [AtRy [t}jﬂ c’ (18)
where Ry [t] = E,[y,y!] with E 4[] the expected value only

with respect to the random variable A.
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The entry (4, j) of E 5[A; Ry[t]A]] can be calculated as
|:Af :| Z OAjl Am

n=1
N
+ E CAJZ7A111 [ y 'n 2

n=1

y[ Hn.l

+ZCA1\ A,,,

n=1

[ ]]n N
19)

with CAO(];ATS
the (0, q)-th and (r, s)-th entries of the matrix A,, which can
be expressed as a function of the link activation probability and
filter coefficients.

The result of Propositon 4 gives a way to track recursively
the variance of the filter output signal, and thus to stochastically
characterize how far a given realization may be at each node.
Further, as expected, the lower the variance of the input signal
the lower the variance of the output. We conclude this section
with the following remarks.

Remark 3: We see from both bounds and the recursive vari-
ance, that the order of the filter and the sum of the squared
coefficients have an influence on the average variance. Thus,
our handle on obtaining a small variance are the filter order and
the coefficient values. The latter can be a problem for the FIR
filter, where the magnitude of the coefficients is much greater
than for the ARMA filter. Further, their value tends to increase
with the filter order. One way to reduce the filter coefficients
value and therefore the variance is to work with the shifted
Laplacian L = Lq — Ayyax /21, or L = L,, — I, instead of us-
ing directly the discrete Laplacian Lg4, or normalized Laplacian
L,. Also, considering that the spectral norm of L (i.e., o) has an
impact on the bounds (13), (14), the use of Laplacian matrices
with small spectral norms, such as the ones mentioned above, is
recommended to achieve a small variance in the output signal.

Remark 4: For the particular case where only the graph sig-
nal is random time-varying, living on a deterministic time-
invariant graph, the variance can be calculated in closed form
in complete analogy with linear system theory and using the
derivations for the ARMA; in [18].

Remark 5: While the above derivations concern the graph
filter behavior in a stochastic environment, one could extend the
analysis in the properties of random graph signals over random
graphs. Thus, for a deterministic graph signal « living on a
random graph G;, the 2-Dirichlet form (Dfs) defined as Df; =
a2 Lz [5] will be arandom variable, with mean E[Df,| = 2" Lz
and variance var(Dfy) = E[(x"(L — L)x)?]. In this setting,
smooth graph signals over random graphs are characterized by
being smooth in the mean and by having var(Dfy) as small as
possible. Similarly when « is a random process, the reasoning
extends by incorporating also the statistics of o in the Dfy
analysis.

= cov(Ay[t], Ars[t]) the covariance between

V. LEVERAGING STOCHASTICITY

So far, we have analyzed temporal stochasticity on the graph
topology and graph signal as problems that can affect the
filter behavior. In this section, we view the stochasticity from
another perspective. We present two approaches that exploit
stochasticity: one to improve the quality of denoising when
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Algorithm 1: Disjoint Average and Denoise.

1: Given w, initialize v, ¢, y, = 0 and the ARMA;
iterations [

2: foreacht >0

3: compute local average Ty ; = %((t — D& +x)

4: procedure COMPUTE THE ESTIMATE OF u; ,

50 fore=1to/

6:  collect y;[v — 1] from all neighbors j € N;

70 compute yi[t] =Y e n Lij(yile — 1) —y; [0 — 1))
+ Ty ;

8:  send y;[1] to all neighbors N;

9:  end for

100 setuf; = yi[l]
11: end procedure
12: end for

multiple realizations of the graph signal are available, and one
to estimate the output of a graph filter with a graph filter of
lower communication complexity.

A. Graph Signal Denoising in the Mean

Consider a noisy graph signal of the form = = u + n, with
u the signal of interest and n the zero mean additive noise. The
goal is to recover w using the a-priori knowledge on its behavior
w.r.t. the underlying graph.

Tikhonov denoising: Tikhonov denoising recovers the signal
of interest u by exploiting the smoothness prior of the latter
w.r.t. the underlying graph [5] (and references therein). For
instance, this can be the case of temperature measurements,
where adjacent nodes share similar values. The solution for u
can be cast as

u’ = argmin [ju — z||> + wu' Lu, (20)

ue RN

where the regularizer w' Lu is the prior assumption that the

graph signal varies smoothly on the graph which is weighted by

the constant w. In (20), admitted choices of L are limited to the

discrete Laplacian Ly or the normalized Laplacian L,, (without

shifting). Under this prior, problem (20) attains the closed form
solution

N
u' = (I +wl)'z= Z

n=1

1

m<ma ¢n>¢n'

@1

As can be seen from (21), the optimal solution «* can be ob-
tained through filtering of a with a rational frequency response
filter. Then, from the results of [13], an ARMA; filter can be
used to exactly find w*. In this case, the task can be solved
without knowing the full graph topology since: 4) the filter co-
efficients can be found avoiding the eigendecomposition, i.e.,
only the value of w is necessary; and i) in a distributed imple-
mentation nodes just need to know who are their neighbors to
run the filter.

Denoising in the mean: When multiple realizations of x are
available (e.g., in a sensor network) one may consider to general-
ize (20) so as to improve the accuracy of the denoising problem.
In this case, we have for every realization ; = u + n; with u
equal to the desired signal. The graph signal denoising problem

Algorithm 2: Joint Denoise in the Mean with Input-Output
Averaging (JDMIOA).

1: Given w, initialize ¢, ¢ and y, = 0

2: foreacht > 0

3: compute local average T, ; = %((t — D&, +x0)
4: procedure COMPUTE THE ESTIMATE OF v; ,
5: '
6

collect y;_1 j from all neighbors j € N;
compute y; i =1 Y n Lij (i1 — Yi-15)
+ o

7 send y; ; to all neighbors N;

8 seruj; = ¢ ((t = Duj_1; + i)

9: end procedure

0: end for

can then be performed in the mean. Similar to (20), the related
optimization problem is

v =argminE [||u— 23] + wu'Lu, (22)

ue RN
where we aim to find the best solution in the mean squared error
sense over different time realizations. Analogous to the solution
of (21), the optimal solution of (22) can still be written as an

ARMA filter of the form

S
* — ]E

u Zl+w/\n< [wt]a¢n>¢na

n=1

(23)

which has two interpretations: (i) it can be considered the output
of an ARMA, graph filter applied to the mean &, or (ii) the mean
output of an ARMA applied to x;.

In this regard, the time-graph denoising can be performed as:

i) Disjoint average and denoise (DAD): One approach for
solving (23) is to first perform a running average up to time
t, independently at each node Z;; = %((t —D&_1 +x04),s
and then to run a recursive ARMA; on the average signal
Ty = [Ty, .. ,EtﬁN}T. Hence, these recursions are not in time,
but they are carried out for every ¢ separately. This approach is
summarized in Algorithm 1. Since the noise is zero mean the
local average [cf. line 3 of Algorithm 1] reduces the noise level
proportionally to the number of collected samples, effectively
facilitating the work of graph denoising. However, computation-
ally this algorithm needs to run the graph filter till convergence
for each available sample of the input signal ;. We refer to this
approach as disjoint average and denoise.

ii) Joint denoise in the mean: The complexity of denoising
in the mean can be reduced by performing the local averaging
and the denoising jointly, an approach which we refer to as joint
denoising in the mean. In virtue of the results in Section III, we
distinguish between three different cases to perform the local
averaging.

ii-a) The more general case of joint denoising in the mean
with input-output averaging (JDMIOA), where aregular ARMA
filter? is run in time with as input signal at time ¢ the local running
average of the past history of x; and as the final solution of (23)
at node ¢ the local running average of the filter output up to
time ¢, i.e., u; ; = 1/t((t — 1)u;_; ; + yi). This procedure is
summarized in Algorithm 2. '

2From [13], the ARMA; enjoys a stable implementation for all w > 0.
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ii-b) The particular case of joint denoising in the mean with
input averaging (JDMIA), which differently from JDMIOA sets
the final solution of (23) at node ¢ as the filter output at time
t, i.e., in Algorithm 2 this differs only in line 8 which should
be “set u;; = y;;”. Note that this procedure is a direct online
implementation of the DAD algorithm.

ii-c) The particular case of joint denoising in the mean
with output averaging (JDMOA), which differently from the
JDMIOA has as input signal at time ¢ the collected sam-
ples, x; = u + n;. Referring again to Algorithm 2, this dif-
fers only in line 3 which should be “collect the local sample
Ty =W +ngq.

Despite being particular cases of JDMIOA, the JDMIA
and JDMOA perform differently depending on the scenario.
Note that the joint denoising in the mean approaches follow
the same filtering strategy as a classical graph signal denois-
ing filter, and thus do not require extra memory, computa-
tions or communication efforts. Again, the noise being zero
mean, averaging the filter input and/or output reduces the noise
power that will be introduced by the filter in every succes-
sive iteration, while performing the online denoising in the
mean.

iii) Local averaging (LA): As a benchmark we will consider
also the local averaging, i.e., the nodes ignore the presence of
the graph and they directly set u; = 1/¢((t — D)uj_; + ;).

Numerical results show that the joint denoise in the mean
algorithms outperform pure local averaging when the noise
level is high and when the number of measurements are lim-
ited. Further, as the number of available samples increases,
the joint algorithms ensure the same performance as the DAD
algorithm at a smaller computational cost. We conclude this
section stressing the fact that our ideas are not restricted to
denoising or simple ARMA, filtering. It can be used for any
filter, ARMA or FIRy, as long as we are able to make multi-
ple observations of a signal corrupted with additive zero mean
noise.

B. Stochastically Sparsified Graph Filtering

To decrease the communication and computational complex-
ity of graph filtering, we propose, instead of filtering a deter-
ministic signal  on the deterministic graph G, to filter « using
realizations of a sparser random graph G, obtained as a ran-
dom edge sampling of G. This means that the filtering will be
performed on a sequence of time-varying graphs which abide
to the RES graph model with a uniform probability p € (0, 1]
for all links. What we prove in the following is that, when the
filter coefficients are modified accordingly, the filter output in
G: will be statistically close (the first and second moments of
the error are zero and bounded, respectively) to the original fil-
ter in G. Our results imply a reduction in the communication
and computational complexity of graph filtering that is linear
inp.

Denote by L the Laplacian of the deterministic graph
G, where (for now) L is chosen as the discrete Laplacian
Ly.

FIR: With a slight modification of our results in Section III
(since the graph signal is now deterministic), we find that in
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expectation the filter output will be
K
#) =E[2] =B | Y el et t—k+1)e
k=0
K K
=Y oL =Y o (pL)rx, (24)
k=0 k=0
where zii)l is the stochastic sparsification output and <p§:) are
the new coefficients. Therefore, if each coefficient <p,(:) is @

scaled by p~*, the expected output will be identical to what
would have been obtained if the original FIR filter was used
ing

(s) (s)

El)] =z for o) =g, @9
or equivalently, the expected sparsification error is zero
E {zgil - zm} —o0. (26)

The above expression implies that we can linearly reduce the
communication and computational complexity of FIR graph
filters from O(M K) to O(pM K). To see how p influences how
far the error can lie from its mean, in the following, we derive
an upper bound on the average variance of the output signal.
Directly from Proposition 3, we have that

2l
N )
27)
with r = [(o/p)°, (o/p)*, ..., (0/p)¥]". Though the provided
bound is not tight (as is witnessed by the fact that for p = 1 the
variance is not zero), it illustrates the impact of 1/p on the error
variance.

varlz),] < (o)’ (Var[fv] + ”:EN”) =(r'p)

ARMA: As for the FIR, we can derive that the expected sparsi-
fied output nggl of the ARMA i filter is

_(s,k < —(s,k 3
gk =P L)yt + P e

K

(s _(s.k
2521 = ZySrl)?

k=1

(28)

where again the superscript (s) refers to the sparsified filtering.
We now notice, that as long as 1% = (k) /p the expected
output of (28) is identical to the same ARMA filter operating
on the complete graph. This sparsification will again reduce
the communication and computational complexity by the same
order as for the FIR. Further, from Theorem 3, the average
variance of the sparsified filter can now be upper bounded by

_ KlelPllz]*
N(1— gYme

)2

As for the FIR, the bound (29) does not reach zero for p = 1,

but it indicates that the variance is upper bounded by a quadratic

rate of 1/p.

We conclude this section with the following observations.
Remark 6: Our numerical simulations show that, even

though in practice the sparsification error variance is much

2

s ——r_(s)
tlir?c var(z; ] <

(29)
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smaller than what is claimed by (27) and (29), p has indeed
the claimed impact on the output variance.

Remark 7: The above theoretical derivations provide a use-
ful way to modify the filter coefficients, in order to avoid a bias in
the sparsified approach. These derivations stand only for the dis-
crete Laplacian L = Lq (or its translated version L = Lgq — I),
meaning that the expected graph Laplacian can be expressed as
a scaled version of the Laplacian of the underlying graph G. This
is not the case for the normalized Laplacian L, (or its translated
version L = L,, — I). Finding a closed form expression of the
mean normalized Laplacian is a challenging task. Even if it can
be found, its (i, j)-th entry will depend on the node degrees in G,
which renders formulating L, as a scaled version of the normal-
ized Laplacian L, difficult. However, the use of the (translated)
normalized Laplacian is useful to improve the stability region
of the ARMA filter and also in some cases it provides FIR co-
efficients with lower magnitude (and as a consequence lead to a
lower error variance). As we will see in the simulation results,
the use of L = L,, — I, even without changing the filter coeffi-
cients, will lead to an error with practically a very small mean
and variance.

VI. NUMERICAL RESULTS

For our simulation results, we consider a graph of N = 100
nodes randomly placed in a square area and two nodes are con-
sidered neighbors if they are closer than 15% of the maximum
distance of this area. The comparison of the filter output is done
at steady-state, i.e., for the FIR the output is considered after
K time instants, while for the ARMA after 20 x K iterations
and its initial state is y, = 0. The empirical results are aver-
aged over 2000 simulation runs. If not explicitly mentioned, in
our simulations, we will run the filters w.r.t. the translated nor-
malized Laplacian L = L, — I. Such a choice has the benefit
to improve the ARMA stability region [13] and produces FIR
coefficients of lower magnitude.

A. Filtering Graph Processes

In our first scenario, we quantify the behavior of the graph
filters under stochasticity. Our goal is to show that graph filters
can handle stochastic variations of the graph topology and graph
signal. This scenario can be considered as the case when we
want to perform the filtering on a deterministic graph with a
deterministic signal, but we have only random realizations of
the latter. We also aim to quantify the variance of the output
signal, both empirically and with upper-bounds. We analyze
both FIR and ARMA filters for K = 1,5, 10 applied to an input
signal of the form x; = & + n,, with

) 1 if\, <1
<m,¢n>—{0 if A, € [1,2]

being low pass, and noise n; which follows a zero mean normal
distribution with covariance matrix 3,, = o2 I. All graph filters
(FIR and ARMA) are designed to approximate a frequency re-
sponse identical to the one of the graph signal . We analyze the
filtering performance for different link-activation probabilities
p and noise powers o2. We compare the filtered signal under
the stochastic model z(®) with the deterministic output signal
24 of the same filters operating on the expected graph with

(30)
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Fig. 1. Empirical average standard deviation among all nodes and all realiza-

tions versus the link activation probability p and for different noise levels o2 .
From top to bottom we have K = 1, 5 and 10, respectively. ARMA filters seem
to handle stochasticity better for low orders, while FIR filters perform better for
K =10.

TABLE I
SQUARE ROOTS OF (13)/(14) FOR THE FIR/ARMA FILTERS

order o2 =106 02 =103 o2 =101
K=1  0.88/0.58 0.88 / 0.58 0.93/0.6
K=3  058/6.9 0.5876.9 0.66 /7.2
K=5 0.82/228 0.82/2238 0.88723.9

graph signal . The expected (translated) normalized Laplacian
is estimated over 1000 runs.
To quantify the performance we define the error

e=2z" 29,

3D

Given the zero mean-error (31), our conclusions will be based
on the empirical average standard deviation among all nodes and
realizations

1 1

Te = {tr (IEZ [eeHD/N} f = {tT(EZJ/N} o
which for a sufficiently large number of realizations approaches
the square root of the average variance used in our bounds,
i.e., 0o & y/Var|z,|. Fig. 1 depicts the empirical average stan-
dard deviation for different values of p and o2. We make the
following observations: First, ARMA graph filters yield smaller
variance for low filter orders (K = 1 and 5), as compared to
FIR. Though the results are not included here due to space

(32)
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—A— IDMIOA,
—<— JDMOA,

(d

Standard deviation of the different denoising algorithms for different time instances. (a) compares the joint denoising in the mean algorithms with the

DAD and LA algorithms for w = 0.5 and 0> = 1. (b) shows the performance for w = 2 (i.e., where smoothness is prioritised over denoising) and o2 = 1.
(c) compares the algorithms for w = 20 and cr,% = 1. Finally, in (d) is shown the error standard deviation for w = 0.5 and O',2L =10"*.

constraints, the order under which ARMA filters are prefer-
able to FIR is K = 8. The increased variance of high order
ARMA filters examined here is mostly related to their higher
convergence time, thus an higher error is introduced in the filter
memory through y, while computing the “steady state” output.
The effect could be ameliorated by imposing a stricter stability
constraint in the design problem, asking now that |p;| > ¢ > 1
for some constant ¢ in (4), which is translated in a faster conver-
gence at the expense of a worse filter approximation. Second,
there is an exponential dependence between the output and in-
put variance. This phenomenon becomes clear when the noise
is the only source of variance (p = 1). The results in Fig. 1
suggest that graph filters can attain a reasonable performance
with stochastically time-varying signals as long as the noise
variance is lower than o2 < 10~!. However, as shown in Sec-
tion VI-B, filtering a stochastic signal can have a beneficial
outcome, for example in the case of denoising, if compared
not to the deterministic filter output z(9) but to the denoising
solution. For o2 > 107, we notice that p has a smaller influ-
ence on 0. Last, we observe that lower-order filters (especially
ARMA ) tolerate a significant amount of edge fluctuation when
the noise variance is small. This finding motivates the use of
graph filters in stochastic time-varying scenarios, as occurring in
distributed systems with message loss. A more comprehensive
analysis is presented in the context of stochastic sparsification
in Section VI-C.

Table I depicts the square roots of the upper bounds (13) and
(14) for the FIR and ARMA filters, respectively. The bounds
are shown here for low filter orders, since for higher values of
K they become increasingly less tight. Despite the difference
between the variance guaranteed by the upper bounds and the
empirical variance, the results in Table I and Fig. 1 suggest that
(i) the filter order has an impact on the actual variance as well
and (ii) in practice the actual variance is much lower.

B. Denoising in the Mean

We now illustrate the denoising in the mean problem of
Section V-A and compare the performance of all the joint ap-

proaches with both the DAD and the LA approach. For our
scenario, we consider a graph signal x; = u + n;, where the
signal of interest w varies smoothly over the graph. One way
to generate these signals is to consider an exponentially decay-
ing spectrum, i.e., (u, @, ) = exp(—25\,, ). The noise follows a
zero mean normal distribution with i.i.d. realizations and vari-
ance 02 = 1. To quantify the performance, we calculate the
error between the filter output and the signal u at each node as
in (32).

There is a subtle yet crucial difference between the inner-
workings of the three compared algorithms: LA and joint de-
noising in the mean are online algorithms, meaning that the
algorithmic output is obtained in real-time.? The error depicted
in the figures at time ¢ is therefore computed w.r.t. the denoising
output at ¢. On the other hand, the DAD algorithm performs the
averaging and denoising steps in sequence, and subsequently
solves one filtering problem for each computed local average
(i.e., at each iteration t). Since each disjoint filtering requires
sufficient iterations to converge, the error depicted in the figure
at ¢ is in this case computed w.r.t. the filter output at conver-
gence, occurring much later than ¢ (we took ¢ 4 100 in our
experiments, but also ¢ + 10 can be considered as a choice).

Tikhonov denoising in the mean: In Fig. 2 (a) we compare the
LA (solid black line), the DAD and all three joint denoising in the
mean approaches as a function of time for Tikhonov denoising.
In this case w is 0.5. The first thing to notice is that incorporating
the graph knowledge via the smoothness outperforms the LA.
Specifically, the role of the graph is more important when less
samples are available, i.e., small values of ¢. Secondly, while the
JDMIA immediately approaches the DAD (being it an online
implementation of the latter), the JDMIOA and JDMOA for ¢ <
10 perform better. Then, when more samples become available,
the JDMOA matches the DAD. On the other hand, the JDMIOA
prioritizes the noise reduction over the smoothness prior due

3In our experiments, the signal changes with the same rate as our iteration
rate. For this reason, we use the term iteration or more simply time, to refer to
both concepts.
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Fig. 3.  Mean error over all nodes and realizations between sparsified and

deterministic output for different values of p when L = L,, — I.

to the double averaging of the filter input and output (lines 3
and 8 in Algorithm 2, respectively). Thus, when more samples
are available the related &, decays as that of the LA algorithm.
To avoid overcrowded plots, in the sequel, we don’t show the
performance of the JDMIA, since we consistently observed that
it directly matches the DAD algorithm.

Then, in Fig. 2(b) we show the performance of the JDMIOA,
JDMOA and DAD algorithm when the weight given to the
smoothness prior is twice that of the denoising, i.e., w = 2.
As we can see, taking into account the graph structure (i.e., w is
higher w.r.t. Fig. 2(a)) improves the performance as it exploits
the smoothness prior to remove the noise. Once again, when ¢
increases the JDMOA approaches the DAD algorithm, while the
JDMIOA offers a performance between the latter and the LA.

Fig. 2(c) compares the algorithms for w = 20. In this case,
when a large number of samples is available, a large w may
overly prioritize the graph smoothness resulting in a perfor-
mance degradation. Since in this instance the noise becomes
negligible, the smoothness prior is only useful when the number
of samples is limited (¢ < 100). This is not only an issue of our
joint approach, but of graph denoising in general.

This effect is also illustrated in Fig. 2(d) for 02 = 10~* and
w = 0.5. In this case also a choice of w = 0.5 gives more weight
than necessary to the smoothness thus resulting in a lower per-
formance than the pure LA. This includes also the JDMIOA,
which suggests that a Tikhonov prior should be considered in
high noise regimes.

As a general observation w.r.t. the DAD algorithm, we can
say that even though we compute the joint denoising in the mean
online, i.e., the graph filter output is averaged for every collected
sample, our approach gives a better performance than the offline
alternative when the number of samples is limited. The initial
transient behavior is due to the fact that the filters are initialized
to zero. On the other hand, both approaches perform the same
when the number of samples increase.

Solving the joint Tikhonov denoising in the mean leads to a
reduction of the computational and communication complexity
as compared to the disjoint approach. This is due to the fact that
the joint approach does not require many iterations between the
nodes to reach a reasonable performance. For the same reason,
the joint denoising approach is more efficient also in terms of
latency.

As a particular case, the pure Tikhonov denoising error can
be seen for ¢t = 1, when only one signal realization is available,
in the DAD algorithm. With respect to this case, we can no-
tice that taking multiple realizations into account can improve
the performance up to one order of magnitue in only 10 itera-
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Fig. 4. Average empirical standard deviation among all nodes of the error

between the sparsified FIR filter output and the original graph output for different
values of p. The results are shown for two different Laplacians. For L = L, — I,
the filter coefficients are not changed.
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Fig. 5. Average empirical standard deviation among all nodes of the error

between the sparsified ARMA filter output and the original graph output for
different values of p. The results are shown for two different Laplacians. For
L = L, — I, the filter coefficients are not changed. Notice that for the ARMA
filter (useful for diffusion, interpolation and denoising), we can save up to 75%
of communication and computational costs.

tions (Fig. 2(b), w = 2). To conclude, notice that the proposed
approach even with a node variance of 02 = 1 and with 10 sam-
ples, can achieve an error of 1072 for the signal of interest in
only 10 iterations.

C. Stochastic Sparsification

We now continue with showing some simulation results when
a desired operation is not carried out over the given deterministic
graph G, but on its sparsified version according to the results
shown in Section V-B. For this purpose, we consider a graph
signal characterized by a white unitary graph spectrum with
reference to the graph G. We derive the results for both the FIR
[7] and ARMA [13] graph filters for K = 1, 3,5, 7 designed as
ideal low-pass filters with cut-off frequency equal to half the
signal bandwidth. We use the same error measuring criterion
as in (31) where now z® will indicate the filter output of the
sparsified filter.

Since choices of L with a low spectral norm are preferred
in order to have a lower variance of the filter output and a
larger stability region for the ARMA filters (and as a conse-
quence higher approximation accuracy), we perform our re-
sults for two different scaled Laplacians, i.e., L = L, — I and
L = ﬁLd — 0.51 with A\, .« the maximum eigenvalue of Ly
of the underlying graph G. In case the latter Laplacian is used,
the filter coefficients can be changed according to the results
proposed in Section V-B. Meanwhile, for L = L,, — I this can-
not be done since we do not have a closed form expression of its
expected value. In this instance, we will run the filters with the
same filter coefficients as used in calculating the determinstic
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output, i.e., they will not change. As a consequence the zero
mean error is not guaranteed in this case.

In Fig. 3, we show the mean error for different values of p
and for L = L, — I. We can notice that the introduced bias in
this case is very small and it reduces furthermore when the filter
order is lower. Generally, if p > 0.5 we have that the mean error
is smaller than 1072,

Figs. 4 and 5 show the empirical standard deviation of the
considered error for different values of p. As a common phe-
nomenon for all filters, we can see that the standard deviation
of the error reduces with higher values of p. Further, for all
filters we can notice that a lower filter order yields a lower stan-
dard deviation. A notable result is observed for the ARMA;
filter, where we can solve tasks like Tikhonov denoising, sig-
nal interpolation under smoothness assumptions, some Wiener
based denoising and graph diffusion processes, with commu-
nication and computational costs reduced by 75% with little
or no error. Indeed, for p = 0.25, the average standard de-
viation is 7. ~ 0.035 and a mean error smaller than 0.004.
This result indicates that the signal output obtained in the spar-
sified graph, is closer to the same output obtained operating
on underlying graph deterministically. For higher filter orders,
we suggest p should be around 0.75 to achieve a reasonable
performance.

Similar to the results obtained in Fig. 1, the ARMA filters
provide a lower o, than the FIR filters for the presented orders,
while for higher values of K the FIR filters seem to perform
better. To conclude we can see that the choice of L = L, — I
without changing the filter coefficients yields a good perfor-
mance which suggests that the normalized Laplacian is a good
choice to be robust to link fluctuations.

VII. CONCLUSION

This work extends the analysis of graph filters to the stochas-
tic setting. Based on the statistical knowledge of the graph and
signal distribution, we characterize the first and second order
moments of the output signal. We show that both the FIR and
the ARMA graph filters behave in the mean as the same de-
terministic filter, having as input the mean signal, operating
on a deterministic graph being the expected graph. We further
show that when the graph signal is a stochastic process with
a time-varying mean and covariance, the graph filters behave
as a 2-dimensional filter and they capture the variations in the
mean of the graph signal on the expected graph and time jointly.
For both FIR and ARMA graph filters, we prove that the vari-
ance of the filter output is upper bounded and numerical results
show that the empirical variance in different simulated scenar-
ios is relatively small. Thus the signal realizations remain close
to the expected value. The work is concluded by leveraging the
stochasticity as a tool to improve denoising tasks and to perform
stochastically sparsified graph filtering.

APPENDIX
Proof of Proposition 1

By applying the expectation operator to (5) and considering
that the realizations of the graph topology and graph signal are

4417
independent we have
K
zi11=E thk@L(t,t —k+ 1)wtk+11
k=0
K t—k+1 K .
SRR A ERRED SRt S
k=0 T=t k=0

where 2, is the constant expected value of 2z, after K time
steps. In (33) we substitute the back going product ®,(¢,t —
k + 1) and apply the linearity of the expectation. |

Proof of Theorem 1

Recursion (7) can be differently written as

Y1 = (PR L)y, + oy (34a)

2z =1"T® IN)y;,q, (34b)

with y, = [yEI)T,y§2>T,-~- ,yEK)T]T the NK x 1 stacked
state vector, ¥ = diag(y)"), (2 ... (K)) a diagonal K x
K coefficient matrix, ¢ = [p(1), o) ... oF)Ta K x 1 co-
efficient vector, and 1 the K x 1 one-vector. Then, in the fol-
lowing we consider that all the branches of the parallel filter
bank are stable, i.e., [¢)")| = || ¥||,, < 1/0 imposed in the fil-
ter design phase. Then, by using the linearity of the expectation,
and the independency among time between the realizations of
the random variables we rewrite (34) as

Y1 = E[(¥T ® L)] y; + E[p ® /] (35a)

Zi1 = (1T IN)7 ., (35b)

where z;.1 and ¥y, ; denote the expected values of z;;; and
Y, 1. respectively. Then by using once again the independency
of the graph realizations and graph signal together with the
properties of the Kronecker product we rewrite (35) as

Y1=UL)y +poz (36a)
Zir = 1T @IN)Y,,, (36b)

with & being the expected values of x;. Then we expand (36)
to express it as a function of the initial condition y, and the
inputs as

t
Y= (TeL) Ny +) (FeL) (pow)
7=0

t
= (w oL )y + Y (W) e (Fa), G7)
7=0

where we have used the Kronecker product property
(A® B)(C® D)= (AC)® (BD). (38)

By using once again the stability condition for all the branches,
we have that lim; . ||(¥*1 @ L'"")y,|| = 0. Hence, the
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limiting steady state of the expected value can be written as

|
5

(39)

where once again we made use of (38) and expressed the
Kronecker product as the sum of K terms. By leveraging once
again the fact that all the branches of the filter bank are stable
(|9 )| < 1/0), we rewrite (39) as

K
_\ 1
=Y ¢ (1-vVL) 2
=1

which proves the first part (8). Then from (37) we can see that
the dependency on the initial state y, decreases exponentially
with ¢, thus we can say that (7) converges linearly to the limiting
steady state value of the expected value (8). |

(40)

Proof of Proposition 2

By using the same arguments as in the proof of Proposition 1,
one finds that the output of an FIR x is in expectation

K

_ =k _

Zi41 = E or L@y fi1-
k=0

(41)

Then, by projecting the signal using the GFT into the subspace
spanned by an eigenvector ¢,, of L with associated eigenvalue
An (41) is reduced to

K

_ k—
Zt+1 = E Sok')\nxtkarla
k=0

42)

where T; = ¢Z x; and 2.1 = ¢I Z;41 are respectively the
magnitude of the projections of the filter input and output on the
chosen subspace. By taking the Z-transform and dividing both
sides by z**! the claim (10) follows. [ |

Proof of Theorem 2:

By rewriting the parallel ARMA [ in the form (34) and by
following the same procedure as in the derivation of (36), we
have that the expected ARMA output at time instant £ 4 1 is

Y1 =E[(¥R L)y, + @z = (TR L)Y, + 9@z
z =E[1T @ IN)y ) = (1T @ In)y (43)

In analogy to [13], (43) represents a deterministic 2-dimensional
ARMA i filter with deterministic time-varying input signal x;,
filter memory ¥, and output 2z, operating over the deterministic
time-invariant graph L. With these analogies (11) can be proven
from [13, Th. 3].
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Proof of Proposition 3

We start by computing the trace of the covariance matrix of
the filter output at time instant ¢ + 1 as

tr(SL[t +1]) = tr(E[zi1 271 ]) — tr(Elze1] E[ze41)7).
(44)
Using the linearity of the expectation, the first term on the right
hand side of (44) can be expanded as

K
tr(Elzeazf]) = D oeT(k,0), (45)
k=0,1=0
where
T(k, £) = tr (]E[@L(t,t — ket Va2,
¥ ®p(t,t—1+ 1)“}). (46)

To proceed, note that by the commutativity of the trace with
respect to the expectation and using the cyclic property of the
trace, we can write

T(k,0) =E[tr((®p(t,t — 1+ D ®L(t,t — k+1)
X $t7k+1$?7€+1)]

=tr(E[®r(t,t — 1+ D) ®L(t,t — k+1)]

X E[wt-wwig“]), @7
with matrix
. +zzt, ifk=1¢,
E [@ g1y 0] = {;z;"" otherwise. e

being positive semi-definite. We can therefore use inequality

A+ A"
wap) < A AN p) < jajnm) o
valid for any square matrix A and positive semi-definite matrix
B (B > 0) of appropriate dimensions [45], together with the
triangle inequality and the fact that the realizations of the graph

Laplacian are upper bounded as || L;|| < o to bound T'(k, ¢)

t—0+1 t—k+1
T(k,t) < tr (E[z—razflq ) 1E|(JTLC TTZ]I
T=t T=t

<tr (B +za™) o, (50)

where in (50) we have also applied the Jensen’s inequality for
the spectral norm (||E[A]|| < E[||A[|]). We now can notice that
the second term in the right-hand side of (44) is always positive.
Thus it can be lower bounded as*

tr(E[z:1]E[2]L,] > 0. (51)
Then, combining the results (50), (51) and (45) we can upper
bound (44) as

K

tr(Sylt+1]) < Y prprtr (g + za") o,
k=0.1=0

(52)

4Notice that the goal is to present a bound. A tighter bound can be
obtained using the results of Proposition 1 and writing tr(EHlir'“) =

K SHy k-
Zk:o)z:o ere@ L L.



ISUFI et al.: FILTERING RANDOM GRAPH PROCESSES OVER RANDOM TIME-VARYING GRAPHS

which then can be reformulated as (13) dividing both sides by
N and with simple algebra. ]

Proof of Theorem 3

Let us set C =17 ® Iy for brevity. For the parallel
ARMA [ (34), we can express

lim tr(var(zi41)) = 1tlim tr(var(Cy, 1)) (53)

t—o0

Then, applying the definition and using the linearity of expec-
tation, we have

var(Cy,; ) = CUGT(?JHl)CT
=CE [yt,+13/?+1] C" - CE [yt+1] E[yt,-u]H CT. (54)

To proceed, we use inequality (49) and exploit the fact that
var(y,,,) = 01is positive semidefinite matrix being the covari-
ance matrix of ¢, ;. We can therefore apply (49) to (54) as

lim tr(var(Cy,.,)) = flim tr(CTCvar(y,, )

t—o0
< lim |CTC| (ir [y, v ]) — [y, Ely,)")

= f/li_)rg Ktr(E [ytﬂy?ﬂ]) — Ktr(E [yt+1] E[Z‘/HJH) (55)

where, in the last step, we made the substitution |CTC|| =
(AT ® Iny)T(1T ® Iy)|| = K and we used the linearity of the
expectation and trace: E[tr(A)] = tr(E[A]). To ease notation,
define ®(t',t) := H::t Y@L, fort' >t and ®(t',t) =1
if ! <tand & = ¢ ® xy, after which the parallel ARMA g
recursion (34a) becomes

t
Yoo = B(0)yg + Y Bt —7+ 1) & .
7=0

(56)

After some algebraic manipulation and using the properties of
the trace, we can write

E[tr(yi1u1]) = E[tr(@ (1,0 @ (1,0) yout) |
+Y E [tr(<1> (t.t—7+ 1)@ (1,0) yozz;iT)}
7=0

+Y E {tr({) t, 0@t t—7+1) zbt_TyoH)}
7=0

t
+ZE[tr(<1> (tt—m+ )@t = + 1)y, )]

71,72=0

Due to the independence of signal and graph, as well as since
E[y,] = 0, the second and third terms above are equal to zero.
Notice however that y,yt! = 0 and &; ., 501"42 = 0:yoyl =0
is symmetric with one non-zero eigenvalue equal to ||y,|?,
whereas E[&;_,, &' ] = 0 is a Kronecker product of positive
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semi-definite matrices’

- - H
E[wt*ﬁ CL'?,.,-Z] = E[((P@)wt*ﬁ) (p®xir,) }
= <p<pH ® E [:ct,n CC;LTZ]

_ Jpp ® (B, +z2"),
T e @ zE",

ifr =m,
otherwise.

(57)

We can therefore use again inequality (49), as well as Jensen’s
inequality for the spectral norm (||E[A]| < E[||A]|]), and the
linearity of the expectation and the trace, to write

E[tr(yr1u]) < E[19 (2,019 (2,0))] er(B[youk])

t
+ Y E[1@ (1t -+ DY (ke -+ 1)
Tl,TQZO
x tr(E[z,r, & ., ]) (58)

Next, we examine E[||®(¢1,t2)|/]. Considering that, for all
p-norms and for any matrix A and B ||A ® B|| = || A||||B|l,
the expected spectral norm of ®(¢;,¢) is bounded by

ty
IT ez, |

v=t2

E[|®(t, )] < E[H w® L, || =&

V=t

t ty
= TT I ENZ 1] = TT [dmas IELL]]
Y=t

v=t2

< (@[ tmax]) 2 H (59)
Therefore, in the limit, the first term of (58) vanishes.
. H
lim E [ (¢,0)" |1 (¢, 0)]|| tr (E[yout])
< Jim (0 [Ymax )2 (E[yoyf]) =0 (60)

The last step above is because the filter is stable |0 Pmax| < 1.
Putting (58) and (59) together, while eliminating all terms
that vanish, we obtain a bound for the first term of (55)

lim KE[tr(y,,19141]))

t
S fli}nolo K Z (Q |"/)n1ax|)‘rl e tr(E [:it_Tl djr—ﬁ})

T1 ,T2:0

t
< Jm K Y (0thmax)" 77 tr (0" © (8o + 22"))

Tl,TQZO

H - H
:Ktr(wp ® (B + zx ))’

61
T o0 [Umur])? @D

whereas for the remaining term from (54) we can see that it
cannot be negative. Thus, we can lower bound® (notice that this
term has to be subtracted) it as

Jim Ktr(E[y,1] By, ]"

) > 0. (62)

SIf A= 0and B = 0, then A® B = 0.
©As for the FIR upper bound, also here one can exploit the structure of
limy oo Kt7(E[y,+ 1| Ely,.1]™) to achieve a tighter bound.
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Putting together (53), (61), (62) and after some algebraic ma-
nipulation, we reach the bound

e ® (B, + zah)
(1= 0t¥max|)?

We now use the property of the trace and Kronecker product,
tr(A ® B) = tr(A)tr(B) with tr(ppt) = ||p]|?, since ¢ is
a diagonal matrix. With the latter consideration (63) can be then
reformulated as (14) with simple algebra. |

lim var|z:1] < (K/N)tr

t—o0

. (63)

Proof of Theorem 4

The covariance matrix X[t + 1] of the filter output 2z in
(16) can be expressed as

S t+1] =CE, [t+1]CT
=CE [y,1y,]C" - Cy,,19],,C", (64)

where in the above derivation we made use of the fact that
y, is independent from «;. Then, we can notice that only
the autocorrelation matrix of the system memory R, [t + 1] =
E[y,, 1y, ] at time instant £ + 1 is unknown in (64). The term
CYy 1Yl C'T can be recursively calculated using the statisti-
cal knowledge of time instant ¢. Substituting the expression of
Y;41 in (17a) into Ry [t + 1] we have

Ryt +1] = AR,[]A" + Ay,z/B" + Bz,y] A"
+E4 AR AT| + B (Sl + ma]) BT, (65)

where E[A,y,y] AT] = E 4[A;E,[y,y7|A]] due to the inde-
pendency between the graph realization at time instant ¢ + 1
and system memory at time instant ¢ and linearity of the
expecation. Then, we can see that each entry of the matrix
E 4[A; R, [t]A]] is derived from the standard three matrix mul-
tiplication which can be expressed as (19). Let us now focus on
the term Cg’;Hl@Ll CT. Using (17a) we can expand it as

Cy,.19,.,.CT =CAy, 95/ ATC" + CAy,z/B'CT
+CBz,ylA'C" + CBz, &' B'C.

(66)

Then, by substituting (65), (66) and E 4[A, R, [t] A]] into (64)

the claim (18) follows. [ |
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