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Space-Time and Space-Frequency Block Coded Vector OFDM Modulation
Jing Han, Member, IEEE, and Geert Leus, Fellow, IEEE

Abstract— Vector orthogonal frequency division multiplexing
(OFDM) is a promising modulation scheme, which allows for
a flexible configuration and connects OFDM and single-carrier
frequency domain equalization in a unified framework. In this
letter, we design Alamouti-like space-time block coded and space-
frequency block coded vector OFDM systems. Based on these
schemes, we prove that, with two transmit and one receive
antenna, the diversity order of the zero-forcing receiver is fixed
to 2 over frequency selective fading channels, while that of the
minimum mean square error receiver depends on the channel
memory length, the vector block size, and the spectral efficiency.

Index Terms— Vector OFDM, space-time block coding (STBC),
space-frequency block coding (SFBC), diversity order.

I. INTRODUCTION

CURRENTLY, orthogonal frequency division multiplex-
ing (OFDM) and single-carrier frequency domain equal-

ization (SC-FDE) are two primary techniques widely adopted
in wireless systems. Although both schemes have the merit
of low complexity based on frequency-domain processing,
each one has its relative drawbacks. Specifically, OFDM
suffers from the well-known large peak-to-average power
ratio (PAPR) and high sensitivity to carrier frequency offset,
while SC-FDE leads to an unbalanced complexity in the
transceiver as well as an inflexible bandwidth and energy
management.

To solve this problem, a generalized modulation scheme
named vector OFDM (V-OFDM), which was first proposed
in [1], has seen a revival. By introducing the so-called vec-
tor block (VB), V-OFDM provides a unified framework to
trade off resource management flexibility with PAPR, and
thus bridges the gap between OFDM and SC-FDE. More-
over, its system performance is analyzed based on maximum
likelihood (ML) and linear receivers [2], [3].

So far, most V-OFDM research focuses on configurations
with a single transmit antenna. To the best of our knowledge,
the cyclic delay diversity (CDD) V-OFDM scheme in [4] is
the first attempt on a multiple-antenna extension. In this letter,
we alternatively propose two Alamouti-like schemes, namely,
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space-time block coded (STBC) and space-frequency block
coded (SFBC) V-OFDM, to collect diversity in the spatial
domain. The main contributions are listed as follows.

• The proposed V-OFDM schemes operate on a VB basis
aided by a vector-specific phase rotation. Each of them
yields a generalized framework, which incorporates the
existing Alamouti-like OFDM and SC-FDE systems as
special cases.

• Linear receivers based on zero-forcing (ZF) and minimum
mean square error (MMSE) criteria are presented in
the frequency domain. Moreover, a theoretical diversity
order analysis is performed, which reveals that, with
two transmit and one receive antenna, the diversity
order of the ZF receiver is fixed to dZF = 2 over
frequency selective fading channels. In contrast, for the
MMSE receiver, we obtain the diversity order dMMSE =
2

(
min

{⌊
M2−R

⌋
, D

} + 1
)
, where �·� denotes the integer

floor operation. D, M and R are the channel memory
length, VB size and spectral efficiency, respectively.

Notation: (·)∗ stands for conjugate, (·)T for transpose, (·)H

for Hermitian transpose and Tr{·} for trace. ⊗ represents
the Kronecker product. We define [a]n as the n-th entry of
the vector a, diag {x} as a diagonal matrix created from the
vector x, and Diag {A1, . . . , AM } as a block diagonal matrix
created with the submatrices A1, . . . , AM . 1M×N and 0M×N

denote the M × N all-one and all-zero matrices. FM , IM and
PM are the M × M unitary DFT, identity and permutation
matrix satisfying [PM a]m = [a](−m) mod M , respectively.

II. STBC AND SFBC V-OFDM

The STBC and SFBC V-OFDM system structure is shown
in Fig. 1. We consider a scenario with two transmit and
one receive antenna. At the transmitter, each data block of
N = M L symbols with mean zero and variance σ 2

x is first
partitioned into L transmit VBs, i.e.,

xk �
[
xT

k,0, xT
k,1, . . . , xT

k,L−1

]T
, (1)

where k is the block index and
{
xk,l

}L−1
l=0 are the length-M

VBs. Then, at each transmit antenna μ ∈ {1, 2}, the space-
time or space-frequency encoding is performed on a VB basis,
from which the coded VBs {x̄(μ)

k,l } are obtained. Using a size-L
vector IDFT, the signal forwarded to the antenna μ is

s(μ)
k =

[
FH

L ⊗ IM

]
x̄(μ)

k , (2)

where x̄(μ)
k � [x̄(μ)T

k,0 , x̄(μ)T
k,1 , . . . , x̄(μ)T

k,L−1]T . Finally, a cyclic
prefix (CP) is inserted and the resulting signal is transmitted
through the μ-th channel, which is assumed to be frequency-
selective over block k and is modeled by the (D + 1) × 1
impulse response vector h(μ)

k � [h(μ)
k,0 , h(μ)

k,1 , . . . , h(μ)
k,D ]T .
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Fig. 1. Structure of the STBC and SFBC V-OFDM communication systems.

Fig. 2. STBC V-OFDM transmit block format.

At the receiver, after removing the CP, the baseband
received signal can be expressed as

rk = H(1)
k s(1)

k + H(2)
k s(2)

k + zk, (3)

where zk ∼ CN (0, σ 2
z IN ) is the complex Gaussian noise

vector, H(μ)
k is the N × N circulant channel matrix with first

column equal to h(μ)
k appended by N − D − 1 zeros. Using a

size-L vector DFT, we have

yk = [
FL ⊗ IM

]
rk, (4)

where yk � [yT
k,0, yT

k,1, . . . , yT
k,L−1]T , and yk,l is the l-th

receive VB of the form

yk,l = UH
l H̄(1)

k,l Ul x̄
(1)
k,l + UH

l H̄(2)
k,l Ul x̄

(2)
k,l + zk,l , (5)

where H̄(μ)
k,l � diag

{[
H (μ)

k,l , H (μ)
k,l+L , . . . , H (μ)

k,l+(M−1)L

]}
is the

channel matrix with entries H (μ)
k,n = ∑D

d=0 h(μ)
k,d e− j 2πdn

N , Ul =
FM�l and �l � diag

{[
1, e− j 2πl

N , . . . , e− j 2π(M−1)l
N

]}
. zk,l is

the noise vector. In order to decouple the VBs in (5), STBC

and SFBC V-OFDM schemes are detailed as follows.

A. STBC V-OFDM Scheme

Our STBC V-OFDM scheme is depicted in Fig. 2, where
the encoder generates the coded VBs

[
x̄(1)

k,l x̄(1)
k+1,l

x̄(2)
k,l x̄(2)

k+1,l

]

=
[

�H
l xk,l −�H

l PM x∗
k+1,l

�H
l xk+1,l �H

l PM x∗
k,l

]

, (6)

for l = 0, 1, . . . , L − 1. It is assumed that the channels are
fixed over two consecutive blocks, i.e., H̄(μ)

k,l = H̄(μ)
k+1,l = H̄(μ)

l ,
μ ∈ {1, 2}. Then, by substituting (6) into (5) and defining
Xk,l = FM xk,l , Ȳk,l = Ulyk,l and Z̄k,l = Ulzk,l , we have

Ȳl �
[

Ȳk,l

Ȳ∗
k+1,l

]
=

[
H̄(1)

l H̄(2)
l

H̄(2)∗
l −H̄(1)∗

l

][
Xk,l

Xk+1,l

]
+

[
Z̄k,l

Z̄∗
k+1,l

]

� �lXl + Z̄l , (7)

Fig. 3. SFBC V-OFDM transmit block format.

which can be further transformed as Ỹl = �H
l Ȳl , i.e.,

Ỹl �
[

Ỹk,l

Ỹk+1,l

]
=

[
H̃l 0
0 H̃l

] [
Xk,l

Xk+1,l

]
+

[
Z̃k,l

Z̃k+1,l

]
, (8)

where H̃l = H̄(1)H
l H̄(1)

l +H̄(2)H
l H̄(2)

l ; Z̃k,l and Z̃k+1,l are noise
terms with auto-correlation matrix equal to σ 2

n H̃l .

B. SFBC V-OFDM Scheme

Similarly, our SFBC V-OFDM scheme is depicted in Fig. 3,
where the encoder generates the coded VBs

[
x̄(1)

k,l x̄(1)
k,l+1

x̄(2)
k,l x̄(2)

k,l+1

]

=
[

�H
l xk,l �H

l+1xk,l+1

−�H
l PM x∗

k,l+1 �H
l+1PM x∗

k,l

]
, (9)

for l = 0, 2, . . . , L−2. Under the assumption that the channels
are constant between adjacent VBs, i.e., H̄(μ)

k,l = H̄(μ)
k,l+1 =

H̄(μ)
l , μ ∈ {1, 2}, by substituting (9) into (5), we get

Ȳ′
l �

[
Ȳk,l

Ȳ∗
k,l+1

]
=

[
H̄(1)

l −H̄(2)
l

H̄(2)∗
l H̄(1)∗

l

] [
Xk,l

X∗
k,l+1

]
+

[
Z̄k,l

Z̄∗
k,l+1

]

� �′
lX

′
l + Z̄′

l , (10)

which as before can be transformed as Ỹ′
l = (�′

l)
H Ȳ′

l , i.e.,

Ỹ′
l �

[
Ỹk,l

Ỹk,l+1

]
=

[
H̃l 0
0 H̃l

] [
Xk,l

X∗
k,l+1

]
+

[
Z̃k,l

Z̃k,l+1

]
. (11)

It can be seen from (8) and (11) that, after space-time or
space-frequency decoding, the transmit VBs are decoupled in
a similar manner. Therefore, ZF and MMSE equalizers for
each VB have the same form and are given by

WZF
l = H̃

−1
l , WMMSE

l =
(

H̃l + ρ−1IM

)−1
, (12)

where ρ = σ 2
x /σ 2

z is the input signal-to-noise ratio (SNR).
Remark 1: As shown in (6) and (9), the proposed STBC

and SFBC V-OFDM schemes perform coding on a VB basis,
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with vector-specific phase rotation matrices {�H
l } inserted to

guarantee a decoupled detection in (8) and (11).
Remark 2: It can be validated that STBC V-OFDM reduces

to STBC OFDM [5] and STBC SC-FDE [6] when M = 1
and M = N , respectively. Meanwhile, SFBC V-OFDM is
equivalent to SFBC OFDM [7] when M = 1, and SFBC
SC-FDE [8] when M = N/2. 1

III. DIVERSITY ANALYSIS

We analyze the performance of STBC and SFBC V-OFDM
systems in terms of their diversity order, which is defined as

d � − lim
ρ→∞

log Perr

log ρ
, (13)

where Perr denotes the pairwise error probability (PEP). How-
ever, since the direct computation of (13) is not tractable, we
here adopt an alterative approach proposed in [9] and [10].

Specifically, we first consider STBC V-OFDM. In this case,
the output VB of the equalizer is ŷk,l = FH

M WlỸk,l , where
Wl stands for WZF

l or WMMSE
l . Following the notation in [9],

we define the outage diversity and probability as

dout � − lim
ρ→∞

log Pout

log ρ
, (14)

Pout � P

{
1

M
I
(
xk,l; ŷk,l

)
< R

}
, (15)

where R is the spectral efficiency in bits/symbol, and
I
(
xk,l; ŷk,l

)
is the effective mutual information between xk,l

and ŷk,l . Also, we say that two functions f (ρ) and g(ρ) are
exponentially equal, denoted as f (ρ)

.= g(ρ), if

lim
ρ→∞

log f (ρ)

log ρ
= lim

ρ→∞
log g (ρ)

log ρ
. (16)

It has been proven in [9] that the diversity order d = dout,
i.e., Perr and Pout are exponentially equal. Moreover, the
following result provided in [10] is here repeated as a lemma.

Lemma 1: Assuming {λ̃m}M
m=1 are independent and identi-

cally distributed (i.i.d.) Gamma random variables with shape
parameter J , for a real-valued constant i ∈ (0, M), we have

P

{
M∑

m=1

1

1 + ρλ̃m
> i

}
.= ρ−J (�i�+1). (17)

Based on this lemma, our diversity analysis of STBC
V-OFDM is presented as follows.

Theorem 1: In 2×1 frequency-selective channels with i.i.d.
zero-mean complex Gaussian taps, the diversity order of the
STBC V-OFDM system with MMSE equalization is

dMMSE = 2
(

min
{⌊

M2−R
⌋
, D

}
+ 1

)
, (18)

where D, M and R are the channel memory length, VB size
and spectral efficiency respectively.

Proof: Since the channels are assumed to be time-
invariant, we drop the block index k here for simplicity.

1The only difference is that, when M = N/2, SFBC V-OFDM uses the
first and second half of the block as two VBs, while SFBC SC-FDE in [8]
divides the block into even and odd symbols.

With this notation, for the l-th VB, the detection signal-to-
interference-plus-noise ratio (SINR) of its m-th symbol is

γ MMSE
l,m =

[
1

M
Tr

{(
IM + ρH̃l

)−1
}]−1

− 1, (19)

which does not depend on m. Consequently, we have the
outage probability

Pout = P

{
1

M

M−1∑

m=0

log
(

1 + γ MMSE
l,m

)
< R

}

= P

⎧
⎪⎨

⎪⎩

M−1∑

m=0

1

1 + ρ
∣
∣∣H (1)

mL+l

∣
∣∣
2 + ρ

∣
∣∣H (2)

mL+l

∣
∣∣
2 >

M

2R

⎫
⎪⎬

⎪⎭
. (20)

Since it is easy to show that the joint probability density
function (PDF) of {H (μ)

mL+l| μ = 1, 2; m = 0, . . . , M − 1} is
independent of l [3, Lemma 1], all VBs have identical Pout
and thus identical diversity order dMMSE.

Furthermore, to determine the specific value of dMMSE, we
adopt the strategy used in [3], which separately considers two
cases, i.e., M ≥ D + 1 and M < D + 1. For the former
case, the analysis will be the same as that of STBC SC-FDE
presented in [10] and the diversity order is obtained as

dMMSE =
{

2(D + 1) for R ≤ log M
D ,

2
(⌊

M2−R
⌋ + 1

)
for R > log M

D ,
(21)

which can also be expressed compactly as (18).
However, for the STBC V-OFDM system, there exists

another possibility that M < D + 1, which is not covered
in [10]. Without loss of generality, we choose the VB l = 0
to simplify the derivation in this case. We define the M × 1
vectors h̄

(μ)
l and h̃l containing the diagonal entries of H̄(μ)

l
and H̃l , respectively. Then, if D + 1 is divisible by M , i.e.,
D + 1 = QM , we have h̄(μ)

0 = GAh(μ), where

GA �
√

M
(
11×Q ⊗ FM

)
. (22)

Since GAGH
A = (D + 1)IM , the entries of h̄(μ)

0 are i.i.d.
Gaussian random variables, and thus the entries of h̃0, i.e.,
{|H (1)

mL+l|
2 + |H (2)

mL+l|
2} in (20) are i.i.d. Gamma variables

with shape parameter J = 2 when l = 0. By recognizing
M/2R ∈ (0, M) for R > 0, we invoke Lemma 1 to obtain

Pout
.= ρ−2

(⌊
M2−R

⌋+1
)
. (23)

On the other hand, if D + 1 = QM + S and 0 < S < M ,
we have h̄(μ)

0 = GBh(μ) and

GB �
√

M
[(

11×Q ⊗ FM
)
, FM TS

]
, (24)

where TS �
[
IS, 0S×(M−S)

]T
. In this case, GBGH

B =
FM� FH

M and � � Diag {M(Q + 1)IS, M QIM−S }. We now
define g(μ)

0 � FH
M h̄(μ)

0 , and

g(μ)
1 � Diag

{√
Q/(Q + 1)IS, IM−S

}
g(μ)

0 , (25)

g(μ)
2 � Diag

{
IS,

√
(Q + 1)/QIM−S

}
g(μ)

0 . (26)
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Fig. 4. The performances of V-OFDM systems over time-invariant channels.

Also, we define the corresponding probabilities

Pp � P

⎧
⎪⎨

⎪⎩

M−1∑

m=0

1

1 + ρ
∣
∣
∣
[
g(1)

p

]

m

∣
∣
∣
2 + ρ

∣
∣
∣
[
g(2)

p

]

m

∣
∣
∣
2 >

M

2R

⎫
⎪⎬

⎪⎭
, (27)

for p = 0, 1, 2. Similar to [3, (23)], we can obtain Pout
.= P0.

Moreover, since |[g(μ)
1 ]m |2 ≤ |[g(μ)

0 ]m |2 ≤ |[g(μ)
2 ]m |2 for any

μ and m, we have P1 ≥ P0 ≥ P2. Also, considering that the
entries of g(μ)

1 and g(μ)
2 are i.i.d. Gaussian random variables,

based on Lemma 1, we can get P1 = P2
.= ρ−2

(⌊
M2−R⌋+1

)
,

which brings us back to (23).
Therefore, the diversity order for the case M < D + 1 is

dMMSE = 2
(⌊

M2−R
⌋

+ 1
)
. (28)

At last, combining (21) and (28), we have the diversity order
shown in (18), which concludes our proof.

Theorem 2: In 2×1 frequency-selective channels with i.i.d.
zero-mean complex Gaussian taps, the diversity order of the
STBC V-OFDM system with ZF equalization is dZF = 2.

In contrast to its MMSE counterpart, the detection SINR of
the STBC V-OFDM system with ZF equalization is

γ ZF
l,m =

[
1

ρM
Tr

{
H̃

−1
l

}]−1

. (29)

Based on the analyses in [9, Th. 4] and [10, Sec. IV.B], and
following the same procedure as in Theorem 1, it is easy to
show that dZF = 2. The detailed proof is omitted.

Remark 3: Although the discussions here focus on the STBC
system, under the Alamouti assumption, the same analyses
can also be applied to the SFBC V-OFDM system. Besides,
the latter may have a better performance over time-varying
channels, which is shown in the next section.

IV. SIMULATION RESULTS

The symbol error rate (SER) performances of the 1 × 1
SISO, 2 × 1 CDD, STBC and SFBC V-OFDM systems are
evaluated over time-invariant channels in Fig. 4, where QPSK
is adopted, i.e., R = 2 and the channel memory length is set

Fig. 5. The performances of V-OFDM systems over time-varying channels.

to D = 32. It can be seen that the proposed STBC and SFBC
V-OFDM systems outperform their SISO and CDD counter-
parts, and MMSE equalization always has a better perfor-
mance than ZF equalization. Moreover, the SER slope of the
MMSE V-OFDM system increases with M . Also, as special
cases of the V-OFDM system, STBC (SFBC) OFDM and
SC-FDE provide two extreme diversity orders. These obser-
vations verify the theoretical analysis in Section III.

Meanwhile, with the limitation of coherence bandwidth,
the Alamouti assumption of space-frequency coding is not
precisely held, which causes the SFBC systems to have an
inferior performance compared to the STBC ones. However, as
shown in Fig. 5, over time-varying channels with a moderate
normalized Doppler frequency fd T , where T is the symbol
duration, the STBC system exhibits obvious error floors, while
the SFBC system offers a better resilience to time variations.
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