2016 24th European Signal Processing Conference (EUSIPCO)

Spectrum Sensing Using Energy Detectors with
Performance Computation Capabilities

Luca Rugini, Paolo Banelli

Department of Engineering
University of Perugia
Perugia, Italy
{luca.rugini,paolo.banelli} @unipg.it

Abstract—We focus on the performance of the energy detector
for cognitive radio applications. Our aim is to incorporate, into
the energy detector, low-complexity algorithms that compute the
performance of the detector itself. The main parameters of inter-
est are the probability of detection and the required number of
samples. Since the exact performance analysis involves compli-
cated functions of two variables, such as the regularized lower
incomplete Gamma function, we introduce new low-complexity
approximations based on algebraic transformations of the one-
dimensional Gaussian Q-function. The numerical comparison of
the proposed approximations with the exact analysis highlights
the good accuracy of the low-complexity computation approach.

L INTRODUCTION

In cognitive radio networks, spectrum sensing plays a cru-
cial role, since it allows to determine if a given frequency band
is available or not for the signal transmission of a secondary
(unlicensed) user [1], [2]. Among the various criteria for spec-
trum sensing, energy detection is perhaps the most famous [1],
[2], and is particularly appropriate for low-complexity applica-
tions [3]. This paper examines the possible incorporation of
some performance computation capabilities into an energy de-
tector (ED). This way, an ED can be able to self-estimate its
own probability of detection and to automatically select the
sample size that is required for a given performance level.

Although the exact performance of the ED is well estab-
lished [4], the mathematical relation among the various per-
formance parameters usually involves complicated functions of
two variables [4], [5], such as the incomplete Gamma function
[6], whose implementation into a low-complexity device is
prohibitively expensive. As a consequence, some approxima-
tions have been proposed in the literature [5], [7]-[10], with the
aim of reducing the computational complexity while preserving
a sufficient accuracy. These approximations differ in two main
aspects. First, the assumed model for the signal of the primary
(licensed) user may be either deterministic [5], [8]-[10], or
random Gaussian [5], [9] or unknown [7]. Herein, we focus on
the random Gaussian model for the primary signal [4], [5], [9].
Second, different functions have been proposed for approxi-
mating the probability density function of the test statistic [5],
[71-{10].

The conventional way to approximate the test statistic of
the ED invokes the central limit theorem and considers the de-
cision variable as Gaussian [4], [5]. Although this approach
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works quite well when the number of samples is large, the ac-
curacy of the Gaussian approximation worsens significantly
when the sample size is low [9]. Note that the reduced sample-
size scenario is of practical interest for spectrum sensing appli-
cations, because the sample size is constrained by time-
bandwidth product considerations. As a consequence of the
reduced accuracy of the Gaussian approximation, [9] proposed
an improved approximation based on the cube transformation
of a Gaussian random variable. This transformation belongs to
a wider class of approximations, known as power (or root)
transformations [11]-[13], where the power exponent can be
different from that used in [9].

This paper investigates power transformations with generic
exponents in the context of low-complexity approximation of
the performance of the ED. In addition, linear combinations of
power transformations are also considered [13], [14], because
of their potentially increased accuracy. Specifically, this paper
derives new closed-form expressions for the probability of de-
tection as a function of the probability of false alarm, of the
signal-to-noise ratio (SNR) and of the sample size, for power
transformations and for suitable linear combinations of power
transformations. In addition, in the context of power transfor-
mations, new closed-form expressions for the required sample
size are also derived (as a function of the probability of detec-
tion, of the probability of false alarm, and of the SNR). For
linear combinations of power transformations, we propose a
fast algorithm that exactly finds the required sample size with
logarithmic complexity. In order to validate the accuracy of the
proposed approximations, we include some numerical results
that highlight the superior accuracy of the linear combination
approaches.

II.  ENERGY DETECTOR

A.  System Model

We consider a cognitive radio network, where secondary
(unlicensed) users perform spectrum sensing in a preselected
frequency band in order to detect the possible presence of one
or more primary (licensed) users. We assume that the aggregate
signal of the primary users is random and zero-mean Gaussian
distributed, and that the noise at the input of the secondary-user
receiver is zero-mean Gaussian as well. After baseband conver-
sion and sampling, the complex-valued received signal
y=[»,...,yy]" canbe expressed by
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y=0os+w, (1

where s =[s,,...,s,]" represents the primary-user signal, as-
sumed complex Gaussian with zero mean and covariance
X =o0cl,, N is the number of samples, w =[w,...,w,]" is
the secondary-user receiver noise, assumed complex Gaussian
with zero mean and covariance X, = oI, , independent from
the primary-user signal s, and « € {0,1} denotes the absence
or presence of s, referred to as the H, or H, hypothesis, re-
spectively. Using (1), the ED calculates the test statistic

N
2
T(y)=llyIF=2|» @
i=1
and then compares it to a threshold ¢ : if T(y) >¢ the ED de-
cides that a primary user is present, whereas if 7(y) <t the ED

assumes that primary users are absent.

B.  Exact Performance Analysis

The exact performance of the ED can be determined by sta-
tistical analysis of the test (2). Under the H, hypothesis,
2T(y)/ oy, is a chi-squared random variable with 2N degrees
of freedom (DOF): this leads to a probability of false alarm [4]

B, =Pr{T(y)>t|a=0i=1-F, (2«/0y), ()
Fy @) =TT [ v ey, (4)

where I'(N) is the Gamma function [6]. Under the H, hy-
pothesis, 2T(y)/(o; +0y,) is a chi-squared random variable
with 2N DOF: hence, the probability of detection is [4]

B, =Pr{I(y)>t|a=1}=1-F, (2t/(c: +03,)). (5

By eliminating the threshold ¢ from (3) and (5), the receiver
operating characteristic (ROC) is expressed by

B, =1=F, (1+ 0" Fy(-Fy)), (6)

where ¥ =0; /oy, is the SNR and x = F,(p) is the inverse
of p=F,,(x) withrespectto x.

The ROC (6), which summarizes the relation among the
four parameters F.,, B,, N, and ¥, can be inverted in order
to find either the probability of false alarm F., or the SNR y

as a function of the other three parameters, as expressed by

By =1-F, (1+F(1-PRy)), (7)
_ E’i(l—PpA)_l_ ®
FzN(l_PD)

Unfortunately, the equations (6)—(8) are not suitable for im-
plementation into a low-complexity device, since they depend
on complicated functions, such as the regularized lower incom-
plete Gamma function F,,(x) in (4) and its inverse F,,(x).
Moreover, since both F,, (x) and F,,(x) are functions of two
variables, storing their values into a lookup table (LUT) would
require significant memory overhead. In addition, the equations
(6)—~(8) cannot be inverted with respect to N : therefore, if a
sensing ED device wants to calculate the minimum number of
samples N as a function of £, , F,, and ¥, an iterative nu-
merical approach is required for the multiple evaluations of
F,y(x). As a consequence, when a low-complexity device
wants to automatically select either £, , or B,, or N, some
approximations are necessary.

III. APPROXIMATED PERFORMANCE COMPUTATION

A. Gaussian Approximation

In the spectrum sensing literature, there exist different ap-
proximations for the performance of the ED [5], [8]-[10]. For
both cases of deterministic signals and random signals, the
conventional approach approximates a chi-squared random
variable with a Gaussian random variable characterized by a
suitable mean and variance [5], [8]. Using the statistical signal
model of Section II.A, the conventional Gaussian approxima-
tion corresponds to

5 L x—2N] 0

Fyy (%) = Fyy (%) Q( Nidls ®
1 e 0

Q(X)ZEJ‘X e dv. (10)

As summarized in [5] and [9], the Gaussian approach of (9)
produces both simple approximations of (6)—(8) and an analyt-
ical expression for the required sample size N . Therefore,
these approximated expressions can be easily implemented
into a low-complexity ED, provided that a LUT is available
for the evaluation of the one-dimensional Q-function in (10)
(and of its inverse). On the other hand, the accuracy of the
Gaussian approximation is quite low [5], especially for small
sample sizes [9]. Noteworthy, the sample size N cannot be
arbitrarily large, due to time and bandwidth constraints.

B.  Power Transformation

In order to increase the approximation accuracy, [9] and
[10] discuss different options that are valid for the cases of de-
terministic signals [9], [10], and random signals [9]. Specifical-
ly, the cube-of-Gaussian approach of [9] approximates a chi-
squared random variable with the cube of a Gaussian random
variable with suitable mean and variance [11]. This cube-of-
Gaussian approach is quite promising, since the obtained ex-
pressions are more accurate than the Gaussian approximations,
but with similar complexity [9]. In this section, we generalize
the cube-of-Gaussian approach of [9] to accommodate different
power exponents 7. The motivation for this generalization lies
in the statistical investigation done in [12], which analyzes the
Kullback-Leibler (KL) divergence of a power-transformed chi-
squared random variable from a Gaussian random variable with
suitable mean and variance: the results of this analysis clearly
show that the KL divergence is minimized for power exponents
ranging from »=3 to »r=4. A similar result is obtained by
[13], which compares the cumulants of a power-transformed
chi-squared random variable with the cumulants of a Gaussian
random variable: if we match either the skewness or the kurto-
sis of the two random variables, we obtain integer power expo-
nents 2<r<4. As a consequence, herein we propose to ap-
proximate a chi-squared random variable x , normalized by the
number of DOF 2N , with the rth power of a Gaussian random

variable, as expressed by
Jx/(2N)—-m (N
FreM -mm)
NAW)

where m, (N) and V. (N) are the mean and the variance of the
Gaussian variable, expressed respectively by [11], [13]

F2N<x)zﬁm<x>:1—Q[
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r—1
m(N)y=1-——,
L (N) AN

(12)

For r =1, the approximation (11)—(12) corresponds to the con-
ventional Gaussian approximation (9), while for » =3 corre-
sponds to the cube-of-Gaussian approximation of [9]. Howev-
er, (11)—(12) can be used also for other values of », which
could also be noninteger. For the special cases »=2 and
r =4, other approximations for the mean have been suggested

in [11] and [12], as expressed by
m,(N)=31-(4N)" . (13)

my(N) = 1-(4N)™",

We now derive new simplified expressions for the probabil-
ity of detection P,, the probability of false alarm P, , and the
required SNR 7. From (11), we obtain

Fi() = By (0 =2N[J,(N) 0" (1=x)+m, V)], (14)
which together with (11), (6) and (8) leads to

FA’

O (Fy) 1 | m(N)
B = -[1- 15
3 Q[ e [ Tw] T(N)]’ (15)
- -1 - m,(N)
:Q(,/l+yQ (B)+(4fi+7-1) V,(N)]’ (16)
3 [\/V,(N) 0B+ m(N)J” )

17
JV(N) 07 (By)+m,(N) an

Note that the results in (17) are valid only when the fraction is
larger than one. In addition, using (11)—~(12) and (14)—(16), we
can express the sample size in closed form as

Nzhiz (b,+«/b,2+2(r—1))21, (18)

0'(Py) 1Y)
b =b _— .
r r(77PFA7 ) ( m Q ( D)J[l mj (19)

For =1 and r =3, the expressions (11)—(12) and (15)-
(19) coincide with those already obtained for the conventional
Gaussian approximation [5] and for the cube-of-Gaussian ap-
proximation [9], respectively. Therefore, the proposed 7th pow-
er transformation approach generalizes the previously proposed
approximations to a broader range of values of the power ex-
ponent ». For the special cases » =2 and r =4 that use the
mean (13) instead of that in (12), the expression (18) is not
valid and can be replaced, respectively, by

2 2\
Y2 IC2N U VAR 1 S (1l (N O Y
4 2\ 4 ) 16

Interestingly, the expressions (15)-(20) are characterized by
a low complexity, especially when r is integer, since these
expressions only require few algebraic computations and one
LUT for the (inverse) Q-function. As a consequence, (15)—~(20)
can form the basis for incorporating some performance compu-
tation capabilities into a low-complexity ED, in place of the
complexity-demanding exact equations (6)—(8). The accuracy
of the different approximations (15)—(20) will be evaluated in
the numerical section.

C. Linear Combination of Power Transformations

In order to further reduce the approximation error of the
simplified performance analysis, we propose other new trans-
formations obtained by linearly combining different power
transformations [13], [14]. Basically, this second proposed ap-
proach approximates as Gaussian the linear combination of
different powers of a chi-squared random variable. Aiming at
good accuracy, suitable linear combinations can again be cho-
sen by using KL divergence minimization approaches or cumu-
lant-matching methods. Aiming at low-complexity expressions,
we focus on simple linear combinations obtained using few
power exponents and simple coefficients.

Among the possible choices, two interestingly simple ex-
pressions have been suggested in [13] and [14], respectively:

L, (x)=\x/(2N) + 4 x/(2N), 1)

L, s(x)= %\/x/(ZN) —% Yx/@2N) + §x/2N), (22)

where x is again a chi-squared random variable with 2N
DOF; in (21)+22), L, ,(x) and L,;(x) are approximated as
Gaussian with mean and variance expressed respectively by

1 9
Ny=5-——, Vv, (N)=~——, (23
() =5 L= @)
my (V)= L Ve a () =—— . (24)
236 6 18N’ 236 36N

This corresponds to the approximations

()= By () =1- Q{M] L)

V24 (N)

Fyy(x) = By (x) = 1—Q£L“’6(x) _m“*”(N)J Q)

VVas6(N)

Since both (21) and (22) are monotonic increasing functions of
x , the inverse functions of (25) and (26) exists, and, due to the
simple form of (21) and (22), these inverse functions can be
found analytically. By substituting y =[x/(2N)]"* in (21), we
obtain the quadratic equation L, , =y’ +4y , whose unique
positive solution for y can be found as y= (L2 D=2,
Hence, by (21) and (25), we obtain F,, (x) = F2 N(x) where

i) = 2N{(\/V2,4<N> 0™ (1=x)+my (N)+4)° —2} .@n

and m,,(N) and V, ,(N) are expressed by (23). Analogously,
by substituting z = [x/ (2N )]"® in (22), we obtain the cubic
equation 6L, =2z’ —3z” + 6z, which has a unique real solu-
tion for z (since this cubic function is strictly increasing). This
real solution can be calculated as in [6] using Cardano’s formu-
la, leading to

z= %"' [\IA(LZ,M) +a(L, ):F - |:, JA(Ly56) — a(Lz,s,s)]% , (28)
A(L2,3,6) =

a(L2,3,6) =

From (22), (26), (28)~(30), we obtain F;;. (x) =

[a(L,, ) +(3/4), (29)
(12L,,,~5)/8. (30)

F;l(x), where
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Fil(x)= ZN{ [\/[A(x N +G/4) +A(x, N)TB

—|:\/[A(X,N)]2 +(3/4) —A(x,N)]m} .31

AN =[P eW) 07 (=0 my (M]3, (32

and m,,((N) and V,,(N) are expressed by (24). The inverse
approximation functions (27) and (31)~(32) can be used in or-
der to derive approximated expressions for the probability of
detection F,, the probability of false alarm F,, , and the re-
quired SNR y. Hence, the ROC can be approximated as

(BRNT | 4BERN)  ma) | o
JEV, N s pr WF )

By N)=(oa(V) Q7 (B +my (N)+4) —2,  (34)

H =0

[C(P..,N)I
3J1+7)

_[CB N
23/a+y)

VV256(N)

OB M) =5+ [T R WP + 674 + 40 W) |

Clhy. )_mzs‘s(N)

P =0 Jarn ) 3s)

V=B NP+ G4 - aa-R, W] (6)

where m, ,(N), V,,(N) , my;((N), Vy5,(N) and A(x,N)
are expressed by (23), (24) and (32). The required SNR can be
approximated as

BN CRLN)Y)
(—B( N)J 1, y= (—C( N)j 1. (37)

The expressions (33)—(37), despite being slightly longer than
the corresponding expressions (15) and (17), only require alge-
braic operations that can be easily done with low-complexity
processing, and hence are suitable for device implementation.
In order to find the required number of samples N , we
should analytically invert (33)—(37) with respect to N . For the
linear combination in (21), this procedure leads to a quartic
equation and hence can be solved analytically, whereas, for the
linear combination in (22), since the degree of the resulting
equation is larger than four, an analytical solution is not guar-
anteed due to the Abel-Ruffini Theorem [6]. As a consequence,
we propose a low-complexity iterative algorithm that finds the
required number of samples N with O(log,(N)) complexity.
Basically, the main idea behind the proposed algorithm is ex-
plained in the following. When N is too small, the threshold of
the ED is not able to simultaneously ensure both the required
probability of detection F, and the required probability of false
alarm F,, , for a given SNR 7. Hence, when N is too small, a
threshold that ensures the given B, is necessarily greater than
a threshold that ensures the given F,. Therefore, the iterative
algorithm looks for the minimum N such that the F,, -based
threshold is less than the P, -based threshold: this way, the
F,, -based threshold surely guarantees that the probability of
detection is equal to (or larger than) P, . The pseudocode of the
proposed iterative algorithm is included in the following.

Iterative Algorithm to find the sample-size N

01. Set N «1 .

02. Compute A, (N)=F,y(1=FB,)

03. Compute A,(N)=(1+)FE,y(1-P,)

04. If 4., (N)< A,(N) Then Go-to Line 25
05. ElseWhile 4, (N)> A, (N)

06. Set N < 2N
07. Compute A, (N)=F, (1-P.,)
08. Compute A,(N)= (1+7/)FZN(1 B)

09. End-of-While
10. If N =2 Then Go-to Line 25

11. Else Set N, <~ N/2

12. Set s, < —1

13. While N, >1

14. Set Ngtcp «— N/2

15. Set N <= N +54,, Nep

16. Compute A, (N)=F,y(1-F,)

17. Compute A,(N)=(1+)E,y(1-P,)
18. If g, (N)<AL(N) Then Set s, < ~1
19. Else Set s, <1

20. End-of-If

21. End-of-While

22. Set N «= N+ (54, +1)/2

23. End-of-If

24. End-of-If

25. End-of-Algorithm

The above iterative algorithm finds the required sample size
N using two steps. First, the algorithm calculates a power-of-
two upper bound on N by means of the “While” loop of Lines
05-09; concurrently, a lower bound on N is obtained as half
the upper bound. Second, the algorithm applies a bisection
method to refine the value of N between the two bounds, by
means of the “While” loop of Lines 13-21. Within the iterative
algorithm, A, (N) and A,(N) represent the scaled versions
of the P, -based and P, -based thresholds. The algorithm is
valid for both the linear combinations (21) and (22), since the
computation of Fj, (x) in the Lines 02, 03, 07, 08, 16 and 17
can be performed using either the approximation (27) or (31). It
can be shown that the proposed iterative algorithm evaluates
F '(x) exactly max{4(log2 (N)_l 2} times, where N is the
final solution (we omit the proof for the sake of brevity).

IV. NUMERICAL COMPARISON

We compare the accuracy of the proposed approximations
by means of numerical results. Fig. 1 shows the relative error
on the probability of detection F,, as a function of the proba-
bility of false alarm F;,, when the SNR is y=9 dB and the
sample size is N =5. Among the power transformations, the
cube-of-Gaussian approximation of [9] (r =3) yields the low-
est error. Also the linear combinations L, , and L, give ac-
curate results, which are better than for » =3 ; however, the
relative error for 7 =3 stays below 107 for any value of P,
On the contrary, the approximations with »=1, r=2 and
r=4, can be inaccurate, especially for the conventional
Gaussian approach (r=1). In case of =2 and r=4, we
have used the means expressed by (13); however, we have veri-
fied that using the mean in (12) gives similar results.
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The same conclusions of Fig. 1 are confirmed by Fig. 2,
which exhibits the probability of detection F,, as a function of
the SNR y, when P, =0.001 and N =5. On the other hand,
Fig. 3 displays the (signed) error on the estimation of the re-
quired sample size N as a function of ¥, when £, =0.99 and
P, =0.001. Again, the three approximations =3, L,, and
L, ,, produce very accurate estimates (with minor errors only),
while the other approximations overestimate (or underestimate)
the required number of samples. Note that results similar to
Figs. 1-3 would be obtained for other values of 7., or 7.

(Gaussian)

V. CONCLUSIONS

Relative error on the probability of detection

We have proposed new approximations for energy detec-
tion sensors with self-performance computation capabilities.
The proposed linear combination approaches, due to their supe-
rior accuracy and low complexity, are suitable for device im-
plementation. Future work may include the effect caused by Figure 1. Probability of detection versus the probability of false alarm.
imperfect estimation of the SNR [15].

10° 10° 10
Probability of false alarm PFA
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