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ABSTRACT

In this paper, compressive sampling (CS) based energy detectors are
developed for sparse communication signals, namely, pulse-position
modulation (PPM) and frequency shift-keying (FSK) signals so as to
reduce the complexity and sampling rate at the receiver. We focus on
noncoherent detection, thereby avoiding the channel estimation step.
Exact bit error probability (BEP) expressions for receivers sampling
at the Nyquist rate are derived to ascertain the performance of CS-
based energy detectors. Simulation results provide insight into the
choice of measurement matrices for a practical implementation of
CS.

Index Terms— Compressive sampling, pulse-position modula-
tion, frequency shift-keying, bit error probability, measurement ma-
trix.

1. INTRODUCTION

Digital communications has been witnessing a phenomenal growth
in applications that involve signals of very high bandwidth, e.g.,
ultra-wideband (UWB) and frequency-hopping spread spectrum (FH-
SS) signals, etc. Pulse-position modulation (PPM) and frequency
shift-keying (FSK) have gained quite an importance in the realiza-
tion of such systems. A big hurdle in this regard is the efficiency
of the analog-to-digital converters (ADCs). According to the classi-
cal Shannon-Nyquist-Whittaker-Kotelnikov sampling theorem [1],
a low-pass signal x(t) (or X(ω) = 0, |ω| > ωm in frequency
domain) can be determined completely from its samples x(nT ) if
T ≤ π/ωm. The sampling rate should be at least twice the high-
est frequency. Therefore, if the bandwidth of the signal is too high,
ADCs can be heavily stressed causing an increase in the power con-
sumption. It could take ’decades’ before the ADC technology can
become fast and precise enough for the high-bandwidth applications.
It is described in [1] that most of the signals with a large bandwidth
have a small rate of information. This property of wideband sig-
nals makes them sparse in information and has led to methods of
sampling based on the amount of information (or the rate of inno-
vation). The combination of sparsity with finite rate of innovation
is described in [2] primarily for the non-discrete domain. Compres-
sive sampling (CS) [3, 4] offers more flexible options to deal with
sparse signals in terms of the location of the information and the
non-uniformity of measurements as we shall elaborate upon in sub-
sequent sections. We take advantage of the sparsity of the PPM and
FSK modulated signals, which are sparse in the time and frequency
domains, respectively, through CS. In order to reduce the overall
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system complexity and power consumption, we concentrate on non-
coherent reception of signals through energy detection.

2. SIGNAL MODEL

Let the N × 1 vector s represent the transmitted signal in terms of
its samples taken at the Nyquist rate. The signal s can also be repre-
sented in terms of a set of basis functions as

s = Ba

where B is the N ×N matrix containing N basis vectors and a is a
sparse coefficient vector with only a few nonzero elements. For PPM
B = I (identity matrix), and in case of FSK, B = FH where F is
the normalized discrete Fourier transform (DFT) matrix and F H is
its Hermitian so that FHF = I. For PPM, a will have a nonzero
component at the beginning of a pulse. In case of a 2-PPM symbol,
a1 = 1 or aN/2 = 1. For FSK, each element of a corresponds to
a carrier frequency. Therefore, its nonzero elements represent the
active carriers. Let h be the channel response vector with L taps and
H be the respective convolution matrix. Assuming a cyclic prefix of
length L−1, H can be represented as circulant. The received signal
is

x = Hs + n

where n is the N×1 noise vector containing additive white Gaussian
noise. If x is sparse in some basis then according to the CS theory
[3, 4] it can be represented by M linear measurements with M �
N . The compressed received signal is

y = Φx (1)

where the M × N matrix Φ is the transform operator or measure-
ment matrix with M linear functionals as its rows. For PPM, (1) can
be written in the standard CS form as

yPPM = ΦHa + Φn

= ΦΨPPMrPPM + Φn

where ΨPPM = I and rPPM = Ha. For FSK, we can express (1)
as

yFSK = ΦHFHa + Φn

= ΦFHDa + Φn

= ΦΨFSKrFSK + Φn

where ΨFSK = FH and rFSK = Da with the N × N diagonal ma-
trix D := FHFH containing the eigenvalues of the channel matrix.

Thus the sampling rate (M ) for the compressed signal is much
less than the Nyquist rate (N ) at the receiver side. For both kinds



of signals we reconstruct x using the orthogonal matching pursuit
(OMP) [5] and basis pursuit (BP) algorithms. We shall apply our de-
tection rules on x̂ (the reconstructed x) which will lead to a decision
on s or a.

3. ENERGY DETECTION OF PPM

In order to reduce the overall system complexity and power con-
sumption, we concentrate on noncoherent reception of PPM signals,
which is akin to a generalized maximum likelihood (GML) detec-
tor [6]. The symbol decision is based on finding the pulse position
that contains the maximum energy. The symbol-by-symbol detec-
tion process does not require the estimation of the channel param-
eters. The energies of the multipath components are combined to
increase the detection probability of the actual transmitted pulse.

Let us focus on 2-PPM for simplicity. The symbol vector s con-
tains the pulse in the first or second half. The received signal vector
x shall reflects the same situation but with increased energy as a
result of the accumulation of multipath components. We consider
two kinds of detection scenarios: (i) the quasi-synchronous case in
which the exact start of the received pulse is not known exactly; and
(ii) the fully-synchronous case in which it is known perfectly. As-
suming that the signal spread L � N/2, the starting point for the
quasi-synchronous signal detection can be written as

0 ≤ i0 and i0 + L − 1 ≤ N/2 − 1,

N/2 ≤ i1 and i1 + L − 1 ≤ N − 1

where i0 represents the starting point if symbol 0 was transmitted
and i1 if symbol 1 was transmitted. For the received signal sampled
at Nyquist-rate, the quasi-synchronous decision rule is

u1 =

N/2−1∑
i=0

x2
i

0

≷
1

u2 =

N−1∑
i=N/2

x2
i , (2)

while for the fully-synchronous case, the rule is

u1 =

L−1∑
i=0

x2
i

0

≷
1

u2 =

N/2+L−1∑
i=N/2

x2
i . (3)

We apply the similar detection rule on the received signal recon-
structed from compressed samples, i.e., x̂PPM. In this way we com-
pare the performance of our CS-based energy detector with the one
which is sampled at Nyquist rate. In the following, we derive the
theoretical performance of the detectors (2) and (3) for Nyquist-rate
sampling to provide us a benchmark for CS-based detectors.

3.1. Quasi-Synchronous Detector

We assume that the channel and noise coefficients, hi and ni, are in-
dependent and identically distributed (i.i.d.) Gaussian random vari-
ables such that hi∼ N(0, 1) and ni ∼ N(0, σ2) for i = 0, 1, . . . , N−
1. Assuming that a zero is transmitted, we can write xi = (hi + ni)
∼ N(0, 1 + σ2) for i = 0, 1, . . . , N − 1.

From (2), we can write the BEP for the case where a zero is
transmitted as

Pe = P (u1 < u2|0 is sent),

where u1 =
∑N/2−1

i=0 (hi + ni)
2 and u2 =

∑N−1
i=N/2 n2

i . Since
L < N/2, u1 can be written as

u1 =

L−1∑
i=0

(hi + ni)
2 +

N/2−1∑
i=L

n2
i .

Let u1a =
∑L−1

i=0 (hi + ni)
2 and u1b =

∑N/2−1
i=L n2

i . The prob-
ability density functions (pdfs) of these chi-square random variables
can be written as [9]

pU1a (u1a) =
ua1

L
2 −1

σL
1 2

L
2 Γ
(

L
2

) e−u1a
2σ2

1 ,

pU1b (u1b) =
u1b

N−2L
4 −1

σ
(N−2L)/2
2 2

N−2L
4 Γ

(
N−2L

4

) e−u1b
2σ2

2

where σ2
1 = 1 + σ2 and σ2

2 = σ2. The pdf of u1 is

pU1(u1) =

∫ ∞

0

pU1a(u1a)pU1b(u1 − u1a)du1a. (4)

Using [7, Eq. (5.26)], a solution of (4) can be written as

pU1(u1) =
1

2σ1σ2Γ(N
4

)

[
u1

2σ2
1

]L−1
2
[

u1

2σ2
2

]N−2L−2
2

×e
−u1
2σ2

2 1F1

[
L

2
,
N

4
;
(σ2

2 − σ2
1)2

2σ2
1σ2

2

u1

]
,

where 1F1 [., .; .] is the Kummer confluent hypergeometric function
which is defined in [8, Eq. (9.210.1)]. The pdf of u2 can be written
as [9]

pU2 (u2) =
u

N
4 −1

2

σ
N/2
w 2

N
4 Γ
(

N
4

) e−u2
2σ2

w

where σ2
w = σ2. The probability of a correct decision given u1 and

given that a zero is transmitted can then be written as

Pc = P (u2<u1|u1) =

∫ u1

0

pU2 (u2) du2

=

∫ u1

0

u
N
4 −1

2

σN
w 2

N
4 Γ
(

N
4

) e−u2
2σ2

w du2 =
γ
(

N
4

, u1
2σ2

w

)
Γ
(

N
4

) ,

where Γ(.) is the gamma function and γ(., .) is the lower-incomplete-
gamma function such that γ(n, u) =

∫ u

0
tn−1e−tdt [8]. The average

BEP for the quasi-synchronous PPM detector is

Pe = 1 −
∫ ∞

0

PcpU1 (u1)du1

= 1 −
∫ ∞

0

γ
(

N
4

, u1
2σ2

w

)
Γ
(

N
4

) pU1(u1)du1. (5)

Because (5) is not in closed form, it has to be solved numerically.



−10 −5 0 5 10 15 20
10

−3

10
−2

10
−1

10
0

avg. SNR [dB]

av
g.

 B
E

P

 

 

Nyquist−rate, theory
Nyquist−rate, simul.
CS−based detection

Quasi
Synchronous

Fully
Synchronous

Fig. 1. Average BEP of 2-PPM with L = 3 taps, measurement
matrix = DFT matrix, reconstruction algorithm = OMP.

3.2. Fully-Synchronous Detector

In this subsection we present the average BEP expression for fully-
synchronous PPM detector in closed form. We have similar assump-
tions for the channel and noise distributions as in Subsection 3.1
with the difference that now we are aware of the exact start of the
received pulse. From (3), we can write the BEP for the case a zero
is transmitted as

Pe = P (u1 < u2|0 is sent),

where u1 =
∑L−1

i=0 (hi +ni)
2 and u2 =

∑N/2+L−1

i=N/2 n2
i . Following

the steps in 3.1, the average BEP expression for this case can be
found as

Pe = 1 − 2Γ(L)

L[Γ(L
2
)]2

[
σ1σ2

σ2
1 + σ2

2

]L

2F1

(
1, L;

L

2
+ 1;

σ2
1

σ2
1 + σ2

2

)

where 2F1(., .; .; .) is the Gaussian hypergeometric function that is
defined by [8, Eq. (9.14.2)].

3.3. Simulation Results

In this subsection, we present the performance results of our CS-
based energy detector for 2-PPM signals. We consider a channel
of length L = 3. Since we have assumed a zero-mean Gaussian
distributed channel with variance one, the average channel energy is

Ēh = E

{
L−1∑
i=0

h2
i

}
= L,

the average singal-to-noise ratio (SNR) is defined as

η̄PPM =
Ēh

Nσ2
=

L

Nσ2

where N is the number of Nyquist-rate samples of a PPM symbol.
Figure 1 shows the results of our PPM detector. We can see that
the theoretical curves are closely followed by the Nyquist-rate de-
tection. For the CS-based detector, we assume a compression ratio
of 50 per cent with N = 8 and M = 4. We use a DFT matrix as the
measurement matrix (Φ) and OMP as the reconstruction algorithm.
We observe a moderate average SNR loss of about 2-3 dB for both
quasi- and fully-synchronous CS-based detection. Figure 2 shows
the performance of the quasi-synchronous detector for the case when
the measurement matrix is Gaussian matrix and the reconstruction is
with OMP, as well as BP. Both algorithms are not able to give a
good performance when a Gaussian matrix is used as the measure-
ment matrix. It should be noted that the order of sparsity for this
example is K = L = 3. When we reduce the order of sparsity to
K = 1, we find a better performance within this set-up. Similarly
keeping K = 3 and increasing N (while M/N = 0.5) also results
in a better performance. This means that the performance of Gaus-
sian measurement matrices depends both on the order of sparsity and
the value of N . In general, we have found in many simulations that
when M/N = 0.5, the relationships K ≤ 0.044708N [11] and
K ≤ 0.0016N [12] hold true for good-to-best performing Gaus-
sian measurement matrices, as well as other random matrices. Thus,
according to [11], we have N ≥ 67 for K = 3, and according to
[12], it is N ≥ 1875 for K = 3. These relations provide a lower
bound on N for a given order of sparsity and can also be modified to
represent an upper bound on K for a given value of N .

These observations highlight some very important aspects of CS
when used in practical communication environments. In most of
CS theory, Gaussian (or other random matrices) are presented as a
favorable choice but this mostly holds in the asymptotic sense as
N → ∞ [3]. It is in this context that the random matrices exhibit
restricted isometry property (RIP) [4] and the number of measure-
ments required for exact reconstruction with high probability are
M ∝ K log(N/K). In the field of communications this may not
be always realizable since N is limited because of the signal proper-
ties and/or processing complexity. Thus, structured matrices such as
the DFT matrix may perform better as is clear from Figure 1.

4. ENERGY DETECTION OF FSK

For FSK we use noncoherent energy detection and thereby circum-
vent the complications of phase estimation, which leads to further
simplification of the detection process. We consider single-tone (i.e.,
one carrier is active at a time) and dual-tone (i.e., two carriers are
active) FSK. Single-tone FSK is frequently used in FH communi-
cation. Dual-tone FSK has been presented in literature (e.g., [10])
as a solution for limited frequency bands to improve multiple access
performance in FH-SS. The benefit of dual-tone is in terms of the
ability to increase multiple access but at the same time, the tone en-
ergy is half of that of the conventional FSK. Therefore, dual-tone
trades noise performance for multiple access enhancement [10].

The decision process boils down to finding one or two coef-
ficients (for single- or dual-tone, respectively) in a which contain
maximum energy since the elements of a correspond to the N car-
rier frequencies. Similar to PPM, a decision on x (for the non-CS)
and x̂FSK can lead to a decision on a. Since xFSK = Da, we can
exclude the process of channel estimation. xFSK would be 1-sparse
for single-tone FSK and 2-sparse for dual-tone FSK. The decision
criterion on the elements of x for the case of single-tone FSK is

d = arg max
i:∈{1,...,N}

‖xi‖2
2 (6)
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Fig. 2. Average BEP of 2-PPM with L = 3 taps, measurement
matrix = Gaussian matrix, reconstruction algorithms = OMP and BP.

where d is the decision variable and for the dual-tone FSK it is

d′ = arg max
i,j:∈{1,...,N}

i�=j

∑
i,j

(‖xi‖2
2 + ‖xj‖2

2

)
.

For the dual-tone N(N − 1)/2 unique combinations are possible
where each combination consists of two frequency bands [10]. Since
these combinations can potentially produce dependent variables, we
consider only independent combinations to derive the theoretical
BEP expressions for the sake of simplicity. We consider the N/2
combinations with two consecutive tones, and compare the energies
of these combinations so that the detection rule is

d′′ = arg max
(i,j)∈{(1,2),(3,4),...,(N−1,N)}

∑
i,j

(‖xi‖2
2 + ‖xj‖2

2

)
. (7)

Similar detection rules are applied to x̂FSK for the CS-based
FSK energy detectors. In the following, we derive the theoretical
performance of these detectors, i.e., (6) and (7) for Nyquist-rate sam-
pling to provide us a benchmark for CS-based detectors.

4.1. Single-Tone Detector

We assume that the channel coefficients are Rayleigh distributed
with unit-variance, and the noise components ni are i.i.d. zero-mean
Gaussian distributed with variance σ2, for i = 1, . . . , N . Supposing
that the first carrier was transmitted, define u1 =

∥∥h1e
−jφ1 + n1

∥∥2

2

and ui = ‖ni‖2
2 where h1 is the respective diagonalized channel

coefficient and φ1 is the respective carrier phase. The pdfs of these
variables can be derived to be

pU1 (u1) =
e

−u1
2σ2

1

2σ2
1

, (8)

pUi (ui) =
e

−ui
2σ2

2

2σ2
2

(9)

where σ2
1 = L + σ2 and σ2

2 = σ2 [9]. The probability of correct
decision in comparison to the ith carrier, given that the first carrier
was transmitted, is

Pci = P (ui<u1|u1, first carrier) =

∫ u1

0

pUi (ui) dui

=
1

2σ2
2

∫ u1

0

e
−ui
2σ2

2 dui = 1 − e
−u1
2σ2

2 .

If all decision variables ui, i = 2, . . . , N , are i.i.d., we can write
the correct probability for the joint pdf as

Pc = P

(
N⋂

i=2

ui < u1|u1, first carrier

)
=

[
1 − e

−u1
2σ2

2

]N−1

and the BEP can be derived as

Pe = 1 −
∫ ∞

0

PcpU1(u1) du1

= 1 − 1

2σ2
1

∫ ∞

0

[
1 − e

−u1
2σ2

2

]N−1

e
−u1
2σ2

1 du1.

Using [8, Eq. (3.312)], it can be simplified in the following closed
form

Pe = 1 − σ2
2

σ2
1

B

(
σ2

2

σ2
1

, N

)
where B(., .) is the beta function [8].

4.2. Dual-Tone Detector

For dual-tone, we use similar assumptions on the channel and the
noise as in subsection 4.1. Because two carriers are transmitted, we
need to find two consecutive elements of x which give the maxi-
mum energy according to (7). Given that the first two carriers are
transmitted, define u1 =

∑2
i=1

∥∥hie
−jφi + ni

∥∥2

2
, and the vari-

able for any other combination, uq =
∑q+1

k=q

∥∥hke−jφk + nk

∥∥2

2
for

q ∈ Q = {3, 5, 7, . . . , N − 3, N − 1} with |Q| = N/2 − 1. The
pdfs of these variables are similar to (8) and (9) but with twice their
degrees of freedom, i.e.,

pU1 (u1) =
u1e

−u1
2σ2

1

4σ4
1

,

pUq (uq) =
uqe

−uq

2σ2
2

4σ4
2

.

The probability of correct decision given that the carriers of de-
cision variable u1 were transmitted is

Pcq = P (uq<u1|u1, first two carriers) =

∫ u1

0

pUq (uq) duq

=
1

4σ4
2

∫ u1

0

uqe
−uq

2σ2
2 duq, q ∈ Q.



Using [8, Eq. (3.351.1)], it simplifies to

Pcq = 1 − e
−u1
2σ2

2

(
1 +

u1

2σ2
2

)
.

If all the decision variables uq are i.i.d., we can write the correct
decision probability for the joint pdf as

Pc = P

(⋂
q∈Q

uq < u1|u1, first two carriers

)

=

[
1 − e

−u1
2σ2

2

(
1 +

u1

2σ2
2

)]N/2−1

.

The average BEP can then be found as

Pe = 1 −
∫ ∞

0

PcpU1 (u1)du1

= 1 −
∫ ∞

0

[
1 − e

−u1
2σ2

2

(
1 +

u1

2σ2
2

)]N/2−1

pU1 (u1)du1.

4.3. Simulation Results

We consider 8-FSK with L = 3 Rayleigh distributed channel taps.
The average SNR can be written as η̄FSK = L/mσ2 where m =
log2 N . Figure 3 shows simulation results for both single- and dual-
tone FSK energy detection, validating the analytical expressions. For
the CS-based detection we use M = 4 and a Gaussian measurement
matrix in case of single-tone, and M = 6 and identity matrix as
the measurement matrix for the dual-tone. Despite the multipath ef-
fects, the order of sparsity is K = 1 for the single-tone and K = 2
for the dual-tone FSK because of the diagonalization of the circu-
lant channel matrix H as described earlier. We see that Gaussian
matrix does a good job for the single-tone but for higher order of
sparsity we have to resort to a structured matrix (identity matrix in
this case) for comparatively better performance. Therefore, the ob-
servations regarding the measurement matrices described in Section
3.3 hold true. For simulations of Nyquist-rate detection of dual-tone
FSK, correlated carriers are employed. This explains the gap be-
tween the simulation results and the theoretical Nyquist-rate average
BEP curves, whose derivation considered independent carriers.

5. CONCLUSION

We have presented CS-based energy detectors for PPM and FSK
modulated signals in multipath fading. The receivers do not require
channel estimation and the sampling rate is much below the Nyquist-
rate. We provide exact analytical BEP expressions to ascertain the
performance of the detectors, which were validated by simulation
results. Our results provide insight into the choice of measurement
matrices. We show that the random matrices are not always the best
choice for practical communication scenarios.
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