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ABSTRACT observe. The second windowing technique will be based
We consider a single-carrier transceiver, which abides with both On the so-called extended data model (EDM), which still
fast channel fading and severe inter-block interference. To en-utilizes the ODM, but extends it to a larger scale. This
able a low-complexity frequency-domain equalizer, it is desired time, the resulting windowed FD channel can be related in
that 1) the channel matrix be approximately banded; and 2) the the time domain to an oversampled complex exponential
inter-block interference be. red_uced. In this paper, We propose ang e ((O)CE-BEM) [7]. The connection between these
extended data model, v_v_hlch incorporates a receiver window to two windows with the (C)CE-BEM and (O)CE-BEM, re-
enforce these two conditions. ) . - X ) '
keywords: single-carrier, BEM, time-varying channels, IBI. spectively, will be explored in our window design. S_.lnce

the (C)CE-BEM and (O)CE-BEM generally render differ-

ent modeling performances as shown in [8], the resulting
receivers will also exhibit unique behaviors, which even-
tually have an impact on the equalization performance.
Notation: We use upper (lower) bold face letters to de-
note matrices (column vectorsj:)*, (-)7 and(-)? rep-
resent conjugate, transpose and complex conjugate trans-
pose (Hermitian), respectively€{-} stands for the ex-
pected value® represents the Schur-Hadamard (element-
wise) product. We usx],, to indicate thep + 1)st ele-
ment ofx, and[X], , to indicate thgp+ 1, ¢ + 1)st entry
of X. Further, we lely denote anV x N identity matrix,
0/ «nv anM x N all-zero matrix, and p;« vy anM x N
all-one matrix.e; stands for a unit vector with a one at the
(k + 1)st position.F  denotes the unitaryv-point DFT
matrix with [F x], , = —e =7 574,

1. INTRODUCTION

In a single-carrier transmission system over a lengthychan
nel, it is more efficient to carry out the equalization in
the frequency domain. However, when neither the inter-
block interference (IBI) can be totally eliminated nor the
channel’s time-variation within a single block can be ig-
nored, the resulting frequency-domain (FD) channel ma-
trix is not diagonal but full. This implies that the simple
one-tap equalizer [1], which is successfully applied te IBI
free time-invariant systems, is not viable any more. To
equalize such a full-matrix channel is expensive. There-
fore, many low-complexity equalizers rely on the assump-
tion that the FD channel matrix is approximately banded

[2, 3, 4]. To enhance the equalization precision, we need VN

to reduce the band approximation error as well as the im-

pact of the IBI while still maintaining the same low com- 2. DATA MODEL

plexity. This can be achieved, e.g., by using a receiver

window as shown in [2, 3, 4]. Let us consider a communication system, where the chan-

In this paper, we will propose two new windowing tech- nel is assumed to be a finite impulse response (FIR) filter
niques. The first will be based on the original data model With order L, i.e., if we useh,; to denote théth chan-
(ODM), which describes the actual input/output (I/0) re- nel tap at thepth time-instance theh,,; = 0if [ < 0 or
lationship. Neglecting the out-of-band interference, we ! > L. Conform the FIR assumption, we can express the
can show that the resulting windowed FD channel can |/O relationship as

be related in the time domain to a special basis expan- L

sion model (BEM)[5], referred to as the critically-sampled _

complex exponential BEM ((C)CE-BEM) [6]. Actually, Up = wp 3 syt vy, @)
such alink also exists in [2], but it is not straightforwaod t

=0

wherew, stands for thepth element of the window that
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and Signal Processing (ICASSP), 2007. instance, respectively; ang thepth data symbol.
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N N s similarly defined ay ¢ v. Hy n := FyD{wy}HyFZ
§ stands for the FD channel matrix. In the ODM scheme,
N the size of the DFT equals the number of observation sam-
= + (Spre — Spost) ples. This will be in contrast with the EDM scheme of the

next section, where the size of the DFT is larger than the
number of observation samples.

The nuisance terray y is caused by the IBI, and will not
disappear even at a high signal to noise ratio (SNR). The
IBI can be mitigated by the utility of a guard interval of
lengthL., e.g., a cyclic-prefix (CP), a zero-prefix (ZP)[9]
or a non-zero prefix (NZP) [10]. In the CP case,

This paper deals with time-varying channels, which im-

plies thath,; # hq, if p # ¢. The channel can be char- [5—1.,-- ,8-1] =[sn—L., " ,SN-1], (%)
acterized by a statistical model. For instance, assuming

a wide-sense stationary uncorrelated scattering (WSSUS)while in the ZP and NZP case,

channel, we have

g{hpqlh;fm,lfn} = 0127m5n' (2)

Here,d,, denotes the Kronecker delta? the variance of ~ With p being a zero or non-zero pilot vector, respectively.
the Ith channel tap, ang,, the normalized time correla- FOrL: > L, the Bl can be completely suppressed. In this
tion. paper, we will focus on the scenario whdrgassumes an
For the remainder of the paper, we assume these statisticrPitrary value.

are perfectly known. Further, we assume the data symbolsAside from the IBI and noise, the non-zero off-diagonal
are zero-mean white with unit variance, i&{s,s;_,,} = elements oH y prevent the viability of a one-tap equal-
., and the noise prior to windowing is zero-mean white izer. To facilitate a low-complexity equalizer, we can ap-

with variances2. Taking the window into account, this ~ProximateH; y with a circularly-banded matri%l; v,

N (]
YN D{wn}Hy s D{wny}H; n

Figure 1:The noiseless original data model.

[S—Lz, te ,5—1]T = [SN—LZW" »SN—I]T =p, (6)

impliesE{v,v}_,,} = 025mwpw;,m- which has only non-zero power on the main diagonal, the
/2 super- and sub-diagonals in a circulant sense Qith
3. FD EQUAL IZATION BASED ON THE ODM being a design parameter. Further, if we assume that the
IBl € n is small enough to be ignored and use the statis-
3.1. Equalization Scheme tical assumptions given before, a minimum mean square

error (MMSE) block equalizércan be found as
Suppose that we are interested in thie— . data sym-

bols[so,--- ,sny_r_1]7, whose information is present in 5 — F%I:I?N(I:If.NI:IfN +RoN) yrn, (7)
the observation samplgsy := [yo,- - - ,yn—_1]. The /O ’ ’ ’ ’ ’
relationship in (1) can be expressed in a block formas it R, v = E{vy NV?N} = ?’FyD{wyow} }FE.

yn = Diwy}Hys + ex + Vi, 3) !n _the a_bove, most gomputatlopal complgxny is mvesf[ed
in inverting the covariance matrix. Assuming that the win-

wherewy := [wo, -+ ,wn_1]T, s =[50, ,sn_1]", dow is properly designed such ti,  is strictly banded
andvy := [vg, -+ ,vy_1]T. Hy stands for anV x N with bandwidth2@ + 1, just like the producH ; yHY
channel matrix with entriefH ], = hp modp—n,N)- (7) can be computed with a complexity that is lineaf\Nin
ex = D{wy }H; n(Spre—Spost), WhereH; y isanN x L and square iig) [3].
matrix with entrie§SH; x]p n := hppniL; SpreiS & VEC- In order to improve the precision of the equalizer in (7),
tor containing the data symbols from the previous block we need to design the window such that the IB w2
Spre = 5L, "+ ,5-1]"; andspostis a vector containing  as well as the band approximation erf#;,y —Hy,
the lastL data symbolSpos: := [sy—r, -+, sy—1]"- The |l he minimized in an average sense. Besides, due to
above I/O relationship in the noiseless case is illustratedhe ysage of the banded MMSE block equalizer, the noise
in Fig.1. covarianceR,, v should also be banded. This will be dis-

Transformed into the frequency domain, (3) becomes - ssed next.

yrn =HynFys+epn +vin, (4) 1Although this paper considers only the MMSE block equalizer

. . other equalization schemes that exploit the circularly lednstructure
wherey; v denotes the observation samples in the fre- o the FD channel matrix are also applicable, e,g, the itadMSE

quency domairy s n := Fnyn, andey y andvy y are serial equalizer in [2].
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3.2. Window Design for the ODM domain agH; y — Hy v||*> = | D{wxHy — Hy|?.
Since we only need to focus on the non-zero elements in

We first address the noise-shaping behavior of the WmeW'D{WN}HN andELy, this leads to

and rewrite the noise covariance matrix as

. H;y—H;n|?=|D H - BxC|?, (@13
Rox = o ExDiwy P ExDwi Ry @ [Haw - HanP= [Pl =Bael, 03

Wi N whereC is a(Q + 1) x (L + 1) matrix collecting all the
' coefficients[C],; = ¢4, andH is anN x (L + 1) ma-
To enforce a strictly-bandéd,, v, we follow the approach  trix collecting all the channel tapgH],,; = h,;. The
given in [3], which expresses the windewy as aweighted RHS of the above equality is reminiscent of those works
sum of@@ + 1 complex exponentials: that use a basis expansion model (BEM), whiclBig
in this context, to fit the TV chann@{wx }H. There-
wy = Bnd, 9) fore, the band approximation error can also be interpreted

as a BEM modeling error. In particular, with the entries

whereB y is comprised of the firsf) /2 + 1 and the last o :
N P /2 + defined agB ], = e~ ¥?(~%), this BEM corre-

Q/2 columns ofF ; dis a(Q+1)-long vector containing Ip. VN )
all the weighting coefficients. It is easy to derive that sponds to a critically-sampled complex exponential BEM
((C)CE-BEM) [6], whose exponential period equals the
Q block lengthN.
Win = Z[d]qFND{BNeq}Fg, (10) In summary, we come up with the following cost function
q=0
arg min

where the produdf yD{B e, }F4 is an identity matrix cwylwyl2=N
put with its columns.circula.rly shifted over— Q/2 posi- - E{ID{wNIH — BNC|*) + QS{HD{WN}Hi,Nq)zp”Q};
tions. HenceWW; y is a strictly banded matrix and so is (14)

R, . Structured as the weighted sum@#+ 1 complex

exponentials, the window design boils down to the design whered is a weight factor. To solve above, we first solve
of the coefficientsl. for C, which leads ta¢ = B, D{wy}H, and thus the
Under the statistical assumption given before, we under-problem becomes

stand that minimizing the IBl|es x||? that is averaged
over the data symbols amounts to minimizifeg, v || ~

| D{wn}H; n®n|? where we have explicitly taken a
possible guard interval into account through a diagonal +6tr (D{wn}R.D{wi}), (15)
matrix

argmin  tr (Pe nD{wn}RuD{Wy}PH v)

wylllwn|]?=N

with Py v = Iy—By(BIBy) 'BY, Ry = E{HH"},
@y :=D{[1ix_1.),01xr.]" }- (11) andR. := £{H; y®yH/}. Under the WSSUS chan-
nel assumption, it is easy to see that
To minimize the band approximation erif ; y —H s ||, .
we are aware that a strictly banded FD mal?I)& N Cor- Rl = Z L
responds in the time domain to &hx N matrix Hy that ’

is a sum of@) + 1 circulant matrices, each weighted by a
diagonal exponential matrix: Likewise, we can derive from (11) thRt. isanN x N di-

(16)
=0

agonal matrix with itgth diagonal equal tElL:szH o}
. Q . if p< L — L,, or zero otherwise. Substituting (9) in (15)
Hy = ZD{BNeq}Cm (12) leads further to
q=0
_ _ _ _ _ arg min dT X yd*, (17)
whereCY; is a circulant matrix whose first column is de- d|||d||2=N
finedagcy0, -+, ¢, 01x(n—r—1)]" Withthe coefficients .
cq,1 Standing for some unknowns. Analogousi¥;  in with X v :=B% (3, 'D{GZ'PB,N}RHD{'P;N&L}-F
(8), the above definition suggests tfffh;_,N = FNﬂNF% GRE)B}‘V. Hence,d is the eigenvector corresponding to

can be considered as a sunpf 1 matrices, where each the least significant eigenvalue af,.

summand denoted &y D{Bxe,}CLFX is actually a A similar windowing strategy is also presented in [2], which
diagonal matrix, but with its columns circularly shifted maximizes the signal to interference and noise ratio (SINR)
overq — /2 positions. With such a link established, we directly in the frequency domain. The difference is that
can translate the band approximation error into the time this paper translates the interference coming from the band
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approximation error into the (C)CE-BEM modeling error. with (19) taken into account, can be expressed as
Actually, it can be shown that in the absence of noise and
IBI, and assuming the WIndOW is as ang as _the observa- D{WN}HLK<[O(K—N—L)><1] + U*1XZN—LSpost),
tion sample block, the window of [2] will admit the same Spre
expression as the ODM window. Indeed, as we will ob- ) o (20)
serve in the simulation part, the performances of these two"/hich can only be eliminated by the ZP. _
approaches are very close to each other. Transformed into the frequency domain, the EDM in (18)
¢From the above, it is not difficult to understand that a becomes:
weakness of the ODM window, and hence that of [2] as
well, is associated with the relatively large BEM model-
ing error. This is typical to the (C)CE-BEM, which in wherey; e == Fxyx, ande; x andv; i are similarly
general is not very good at fitting a realistic TV chan- defined ay x. H; x stands for the FD channel matrix
nel as demonstrated in [8]. The same paper shows thaqu,K = FKHKF% which is in principle a full matrix.
the (O)CE-BEM [7], which is equipped with a larger ex- Like in the previous section, we use a strictly banded ma-
ponential period, can improve the BEM modeling perfor- trix ﬂﬁK to approximateH ; x with ﬂny having non-
mance considerably. This idea will be explored in the next zero entries only on the main diagonal, th¢2 super- and
section. the /2 sub-diagonals. Besides, we assume that the IBI
€. can be neglected af{s s} ~ I. The resulting
MMSE block equalizer can thus be expressed as

vk =HpkFrsg +€rx + Vi, (21)

4. FD EQUALIZATION BASED ON THE EDM
' . s = Z%-NFgHIEK (HﬁKH?K‘FRv,K)_lyﬂKa (22)
4.1. Equalization Scheme

with
For reasons that will become clear later on, we extend the
data model in (3) by appending — N zeros to the end Zr-n =[N, Onx(x-n)]",
of yy with K > N + L, and thereby coin a virtual data Ry i= 0?FrZi_n(wy @ wi) 21 FI.

model of a larger scale:
- It can be imagined that to enhance the equalization per-
[ YN } _ [D{WN}HK ’D{WN}HLK:| ﬁ formance, the window in the EDM assumes a three-fold
Ok-Nyx1| X U task: 1) to make the noise covariance maRix x strictly
banded; 2) to minimize the 1B|ef «||?; and 3) to mini-
] mize the band approximation erroH ; o — H; x||?.

YK Hpg SK

N [OD{WN}Hi,K ] [O(KNL)XI:| —a)+ [ v
(K—N)x(K—N) Spre 0

K—N)x1 diag{w }Hx diag{wn}H, s diag{w }H,
& & D
N vfs < N % >
(18) 5 a
whereHy is anN x N matrix with entrieH ], := _ + "
hpp—n; H; k is an N x (K — N) matrix with entries N S
H; rlpn = hppnix—n: Xisa(K — N) x N matrix ] k% g
with entries[X],,., := . p_nin, andUis a(K — N) x i
(K — N) matrix with entriesU], ,, := hyp—n. The cO- v X T .
efficientsﬁm in X andU stand for virtual channel taps,
which are assumed to be zerd i& 0 or! > L. The EDM Figure 2: The noiseless extended data model.
in the absence of noise is illustrated in Fig. 2. Obviously,
to guarantee the validity of (18), especially the introdlice
extra zeros iry i, we requireXs + Ua = 0. Since the ) )
first N — L columns ofX are all zeros, this means 4.2. Window Design for the EDM
. Let us first address the noise-shaping behavior of the win-
a=—-U"XZy_rSpost (19)  dow. Unfortunately, itis impossible f@., x to be strictly
. banded [11]. As a compromise, we relax the requirement
with Zy 1, := [0pxv—r1), Le]" by approximating
It is straightforward to see thaty, the second term on
the RHS of (18) is due to the IBI, whose filstelements, R,k = *FxD{wg © w}}Fg, (23)
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wherewy = [wk,wr_ |7 with wx_ being a non-
zero vector of lengtli — N, whose components are sub-
ject to the window design. Analogous to the previous
section, we sew; = Bgd with Bx standing for a

K x (Q+1) matrix, which is comprised of the fir§/2+1
and the last)/2 columns ofF . Consequently, the win-
dow for the EDM admits the expression

Wy = BKd, (24)

whereB  consists of the firslV rows of Bx.

¢From (20), we understand that to suppress thédBlx ||%,
it is sufficient to minimize||D{wy }H; x® x|, where
we have introduced the matrix

@i = D{[01x(x-N-1), Lix(1—-1.):01x2.]" }, (25)

which takes a possible ZP into account.
To minimize the differencéH x —H¢ x||%, we go back
again to the time domain and consider the matrix [c.f.

(12)]

Hx =) D{Bge,}Ck, (26)

q
whereCY, is a circulant matrix with its first column de-
fined as(cq,0, -+ + g1, 015 (k—r—1))". RegardingH g
as the time-domain counterpart of the strictly banﬁQqK,
we can readily establish the linkH; x — H; |2
|Hx — Hg||2. Recalling that in (18) the virtual chan-
nel tapilp,n contained inX andU is subject to design, we
can simply leth,, , = = Y2 e IR EEN - D,
In this way, the non-zero elements Hfx and Hy will
differ only in the first/V rows. Borrowing the notatiorns(
andC defined in (13), we can express the approximation
erroras|H; x —H; k|| = | D{wn }H—BxC|/>. With
entries Bl , = \/%e*j%p(q*%), the N x (Q+1) ma-
trix B tallies with the definition of an (O)CE-BEM [7],
which has an exponential peridd that is larger than the
block sizeN.
Finally, we come up with the cost function for the EDM
case

arg min
Cwnlllwn|2=N
E(P{wnIH — BiC|*} + 0E{||D{wn}H; k@ [}
(27)
Following the same steps as in the previous section, we
can find the window coefficient$ as the eigenvector cor-
responding to the least significant eigenvaluedif with

N-1

Kk =BE (D D{e}Pg x IRuD{Pf ren} + IR.)Bj,
n=0

PB,K = IN - BK(B%BK)_IBQ
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Figure 3: BER performance.

5. NUMERICAL RESULTS

We test the proposed algorithms over Jakes’ channels [12]
with L + 1 = 31 channel taps. The variance of tfé@

tap iso? = e~ 19, and the normalized time correlation is
Ym = Jo(2mvm), whereJy(-) denotes the zeroth-order
Bessel function of the first kind, andfor the normalized
Doppler spread, which is chosen toibe- 0.004.

To obtain the ODM and EDM window, we uge= 0.4 in

the cost functions. Besides, we $8t Q)] = [256, 2] for

the ODM window as well as for the window of [2], and
[N, K, Q] = [128,256,2] for the EDM window. In this
way, the MMSE block equalizer will have the same com-
plexity for all three schemes. QPSK modulated symbols
are transmitted and we compare the bit error rate (BER)
only on the32 data symbols that lie in the middle of the
block, i.e., we assume a sliding window approach [2].
This is to mitigate the absence of the ZP, i.B,, = 0.
From Fig. 3, we can observe that the ODM window has a
similar performance as the window of [2], both of which
suffer a higher noise floor than the EDM window.
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