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Equalization for OFDM Over
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Abstract—In this paper, we propose a time-domain as well
as a frequency-domain per-tone equalization for orthogonal
frequency-division multiplexing (OFDM) over doubly selective
channels. We consider the most general case, where the channel
delay spread is larger than the cyclic prefix (CP), which results in
interblock interference (IBI). IBI in conjunction with the Doppler
effect destroys the orthogonality between subcarriers and, hence,
results in severe intercarrier interference (ICI). In this paper, we
propose a time-varying finite-impulse-response (TV-FIR) time-do-
main equalizer (TEQ) to restore the orthogonality between
subcarriers, and hence to eliminate ICI/IBI. Due to the fact that
the TEQ optimizes the performance over all subcarriers in a joint
fashion, it has a poor performance. An optimal frequency-domain
per-tone equalizer (PTEQ) is then obtained by transferring the
TEQ operation to the frequency domain. Through computer
simulations, we demonstrate the performance of the proposed
equalization techniques.

Index Terms—Basis expansion model (BEM), doubly selective
channels, orthogonal frequency-division multiplexing (OFDM),
per-tone equalization (PTEQ), time-domain equalization (TEQ).

1. INTRODUCTION

RTHOGONAL frequency-division multiplexing

(OFDM) has attracted a lot of attention, due to its
simple implementation and robustness against frequency-selec-
tive channels. In this paper, we consider OFDM transmission
over doubly selective (time- and frequency-selective) channels.
In doubly selective channels, the time variation of the channel
over an OFDM block destroys the orthogonality between
subcarriers and so induces intercarrier interference (ICI). In
addition to this, interblock interference (IBI) arises when the
channel delay spread is larger than the cyclic prefix (CP), which
again results in ICI. Hence, equalization techniques are required
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to restore the orthogonality and so to eliminate ICI/IBI. In this
paper, we propose time-domain as well as frequency-domain
per-tone equalization techniques (PTEQ) to combat these
channel effects. An emerging application that uses OFDM as
a transmission technique is digital video broadcasting (DVB).
DVB encounters long-delay multipath channels. Using a CP
of length equal to the channel order, results in a significant
decrease in throughput. On the other hand, applying DVB over
mobile channels for high speed terminals (motor way speeds)
induces ICI which has been shown to decrease performance
significantly. The motivation of this paper is to combat these
channel effects for such applications.

Different approaches for reducing ICI have been proposed,
including frequency-domain equalization and/or time-domain
windowing. In [1], [2] the authors propose matched-filter,
least-squares (LS) and minimum mean-square error (MMSE)
receivers incorporating all subcarriers. Receivers considering
the dominant adjacent subcarriers have been presented in [3]
and [4]. For multiple-input multiple-output (MIMO) OFDM
over doubly selective channels, a frequency-domain ICI miti-
gation technique is proposed in [5]. A time-domain windowing
(linear preprocessing) approach to restrict ICI support in con-
junction with iterative MMSE estimation is presented in [6]. ICI
self-cancellation schemes are proposed in [7] and [8]. There,
redundancy is added to enable self-cancellation, which implies
a substantial reduction in bandwidth efficiency. To avoid this
rate loss, partial response encoding in conjunction with max-
imum-likelihood sequence detection to mitigate ICI in OFDM
systems is studied in [9]. However; all of the above-mentioned
literature assume the channel delay spread fits within the CP,
and hence, no IBI is present. Moreover, in this literature, the
time-varying (TV) channel matrix (or an estimated version of
it) is required to design the equalizer. This, in return, requires a
large number of parameters to be identified (tracked).

In this paper, we assume the channel delay spread is larger
than the CP, and moreover, we approximate the TV channel by
the basis expansion model (BEM). In this BEM, we assume that
only the BEM coefficients are known at the receiver which is
easier to obtain [10]. The BEM coefficients are then used to de-
sign the equalizer to equalize the true channel. In[11] and [12], a
frequency-domain ICI/IBI cancellation scheme is proposed for
discrete multitone (DMT) systems without guard interval. The
approach in the aforementioned literature depends on utilizing
the nulled (unused) subcarriers to eliminate ICI/IBI, which is
different than what we propose in this paper.

In [13], a time-invariant finite-impulse-response (TI-FIR)
filter is applied to the time-domain received samples for OFDM
transmission over frequency-selective channels whose delay
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spread is larger than the CP. The purpose of this time-domain
equalizer (TEQ) is to shorten the channel delay-spread to
fit within the CP. For the same problem, an optimum fre-
quency-domain per-tone equalizer (PTEQ) is proposed in [14].
The PTEQ is then obtained by transferring the TEQ operation
to the frequency domain.

Similarly, in this paper, we apply a TV-FIR TEQ to convert
the doubly selective channel whose delay-spread is larger than
the CP into a purely frequency-selective channel with a delay
spread that fits within the CP. By doing this, we restore the or-
thogonality between subcarriers (eliminate IBI and ICI). Hence,
an additional one-tap frequency-domain equalizer (FEQ) then
allows us to estimate the QAM transmitted symbols. The pro-
posed TV-FIR TEQ optimizes the performance on all subcar-
riers in a joint fashion. An optimum PTEQ is then obtained by
transferring the TEQ operation to the frequency domain. The
proposed PTEQ optimizes the performance on each subcarrier
separately.

The proposed techniques in this paper are different from those
proposed in our earlier literature: [15] for OFDM transmission
over doubly selective channels and [16] for single-carrier (SC)
transmission over doubly selective channels.

e With respect to [15]:

1) in this paper, unlike [15], we assume the most general
case, where the channel delay spread does not neces-
sarily fit within the CP;

2) the time-domain equalizer is assumed to be a mul-
titap TV-FIR filter instead of a one-tap TV filter as
in [15], which leads to a more general architecture,
especially in the frequency domain; this new archi-
tecture outperforms the one proposed in [15] [a gain
of 3 dB is obtained for the single-input single-output
(SISO) case]; moreover, this architecture allows us to
approach the performance of the block MMSE equal-
izer (see Fig. 6).

* With respect to [16]:

1) SC transmission is considered in [16], whereas the
current paper assumes OFDM;

2) in [16], the channel delay spread fits within the CP;

3) only time-domain equalization is considered in [16],
whereas in this paper, we consider time- and fre-
quency-domain equalization techniques;

4) in [16], the BEM resolution is assumed to be equal
to the window length; in the current paper, we con-
sider a BEM resolution that is an integer multiple
of the window size; increasing the BEM resolution
(which corresponds to frequency oversampling) re-
sults in a better fit when realistic fading channels are
considered; note that in [16], applying the proposed
equalizer on a Jakes’ channel results in a high error
floor; this error floor is significantly reduced by fre-
quency oversampling as proposed in this paper; the
fact that the BEM resolution is considered to be an
integer multiple of the block size also leads to a more
general architecture.

5) in [16], the time-domain equalizer is considered to
completely equalize the channel, whereas in this
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paper, it requires us to shorten the delay spread in
order to fit within the CP and to remove the channel
time variation; the latter design criterion gives more
degrees of freedom.

This paper is organized as follows. In Section II, we present
the system model along with the basis expansion channel model.
The proposed TEQ is presented in Section III. In Section IV, we
introduce the PTEQ. An efficient implementation of the pro-
posed PTEQ is discussed in Section V. In Section VI, we show
through computer simulations the performance of the proposed
equalizer. Finally, our conclusions are drawn in Section VII.

Notation: We use upper (lower) bold face letters to denote
matrices (column vectors). Superscripts *, 7, and ¥ represent
conjugate, transpose, and Hermitian, respectively. We denote
the Kronecker delta as §[n] and £{ - } denotes expectation. We
use + to denote convolution. We denote the NV x N identity
matrix as Iy, the M x N all-zero matrix as 0,7« n and the
all ones vector of length M as 1,;. The kth element of vector
x is denoted by [x]j.. We denote Z™ the set of positive integers
without zero. Finally, diag{x} denotes the diagonal matrix with
vector x on the diagonal, and diag{Ay,...,Ap—1} denotes
the block diagonal matrix with the submatrices Ag, ..., Anr—1
on the diagonal.

II. SYSTEM MODEL

We assume a single-input multiple-output (SIMO) OFDM
system (see Fig. 1) with IV, receive antennas, but the results can
be easily extended to MIMO systems. At the transmitter, the
conventional OFDM modulation is applied, i.e., the incoming
bit sequence is parsed into blocks of IV frequency-domain QAM
symbols. Each block is then transformed into a time-domain
sequence using an N-point inverse discrete Fourier transform
(IDFT). A CP of length v is inserted at the head of each block.
The time-domain blocks are then serially transmitted over a
multipath fading channel. The channel is assumed to be TV.
Focusing only on the baseband-equivalent description, the re-
ceived signal (") (t) at the rth receive antenna at time £ is given
by

oo

yO ()= > gt — nD)wn] + 0 (t)

n=—oo

where ¢(")(t;7) is the baseband-equivalent of the doubly se-
lective channel from the transmitter to the rth receive antenna,
n(")(t) is the baseband-equivalent filtered additive noise at the
rth receive antenna and x[n] is the discrete time-domain se-
quence transmitted at a rate of 1/7" symbols per second. As-
suming Sy [7] is the QAM symbol transmitted on the kth subcar-
rier (k € {0,..., N —1}, N is the total number of subcarriers in

the OFDM block) of the ith OFDM block, x[n] can be written
as

N-1

1 .
aln] = —= Z Sy [i]e??m(m—r)k/N
VN i

where i = |n/(N 4 v)] and m = n — i(N + v). Note that this
description includes the transmission of a CP of length v.
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Fig. 1. System model.

The baseband-equivalent doubly selective channel g(")(¢; )

includes the physical channel ggl)(t; 7) as well as the transmit
filter g, (t) and receive filter grec(t)

t T / / grec gtr T—85— H)gch (t—S,g) dsdéf.

Sampling each receive antenna at the symbol period 7T', the
received sample sequence at the rth receive antenna y(")[n] =
y")(nT) can be written as

oo

>

f=—o0

yn] = 9 [n: O — 6] + 0 [n] (M

where n(")[n] = 7 (nT) and ¢ [n; 0] = ) (nT;0T).

Most wireless links experience multipath fading propagation
due to scattering and reflection of the transmitted signal. Each
resolvable path corresponds to a superposition of scattered rays
that arrive at the receiver almost simultaneously with a common
propagation delay, called a cluster. Each ray within the cluster is
characterized by its own complex gain and Doppler shift. Hence,
the physical channel ggl) (t; T) can be written as [17], [18]

Z‘S(T‘T )ZGEZZ I ()

g ch

where 77

is the propagation delay of the cth cluster of the
rth receive antenna, and GE’& and fc(rlz are the complex gain
and the frequency offset, respectively, of the pth ray of the cth
cluster characterizing the link between the transmitter and the
rth receive antenna.

Assuming the time variation of the physical channel g( i (t;7)

is negligible over the span of the receive filter grec(t), we obtain

gt

)
( [~ relsdaatr =5 - 0)ds ) 0§ (1:6) do

/ Pb(r —6)g% (t:6)d8

=Y 0 (=) Yo aerrl 3)

c 12

where 1(t) = gi:(t) * grec(t). Hence, we can express g [n; ]
as

g0 = 30 (07 = ) 30 GO erniinT,
(& I

The channel model described in (3) is a rather complex
model, with a huge (possibly infinite) number of parameters to
be identified/equalized. This motivates the use of an alternative
channel model with fewer parameters. In this paper, we use
the BEM to approximate the discrete-time baseband-equivalent
doubly selective channel.

A. Basis Expansion Channel Model

In this section, we describe the BEM channel [19]-[22]. In
this BEM, the doubly selective channel ¢(")[n; 6] is modeled
as an FIR filter where the taps are expressed as a superposition
of complex exponential basis functions with frequencies on a
discrete grid. Assuming g(")(¢;7) = 0 for 7 ¢ [0, (L + 1)T),
each channel g(")[n; #] can be approximated for n € {i(N +

vitv+d-L,. .., i+ 1)(N+v)+d—1} (L' and d to be
defined later) by a BEM
L Q/2 _
R 2 | I M T €
1=0 4=—Q/2

where  and K should be selected such that Q/(KT) > 2 fmax,
with fi,.x the maximum Doppler spread of all channels

Under this BEM the TV channel can be modeled as shown in
Fig. 2.

In this expansion model, L represents the delay spread (ex-
pressed in multiples of 7', the delay resolution of the model),
and Q)/2 represents the Doppler spread (expressed in multiples
of 1/(KT), the Doppler resolution of the model). Note that
the coefficients hl(l i [#] remain invariant over a period of length
(N 4+ L')T but may change from block to block.

Substituting (4) in (1), the received sample sequence at the
rth receive antenna can be written as

Sfmax = max{ f(r)

T,C, M

L QJ/2
W= Y il = 0+ 0] )
1=0 ¢=-Q/2
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Fig. 2. Block diagram of the BEM realization of a doubly selective channel.
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Fig. 3. Block diagram of the TEQ.

Note that in (4) and (5), due to the equalizer filter span L’
(to be defined later), some overlap between consecutive blocks
occurred. This overlap implies that some channel samples and
received samples are defined twice, which may be inconsistent.
Upon block processing of the received sequence, we take first
the block index 7, and accordingly we take n € {i(N +v)+v+
d—L',...,(i+1)(N +v)+d—1}. Note that the definitions
in (4) and (5) are merely approximations of the true channel and
the received sequence, respectively. These equations are used to
simplify the derivation of the proposed equalizers (time domain
and frequency domain), which are then used to equalize the true
channel.

III. TIME-DOMAIN EQUALIZATION

In this section, we introduce TEQ for OFDM systems over
doubly selective channels. We assume the most general case,
where the TV channel delay spread is larger than the CP. The
TEQ is implemented by a TV-FIR filter, i.e., at the rth receive
antenna, we apply a TV-FIR TEQ denoted by w(")[n; §]. The

purpose of the TEQ is to convert the doubly selective channel
into a frequency-selective channel with a delay spread that fits
within the CP, i.e., to convert the doubly selective channel of
order L > v and fnax # 0 into a target impulse response
(TIR) b[#] that is purely frequency selective with order L"” <
v and fpax = 0. The purpose of the TV-FIR TEQ is thus to
mitigate both IBI and ICI. As shown in Fig. 3, we require to
design a TV-FIR TEQ and TIR such that the difference term e[n]
is minimized in the mean-square error (MSE) sense, subject to
some decision delay d.

The output of the TV-FIR TEQ at the rth receive antenna
subject to some decision delay d can be written as

2] = Z w M n; 0lyMn + d — 9],

f=—o0

(6)

Since we approximate the doubly selective channel using the
BEM, it is also convenient to model the TV-FIR TEQ using the
BEM. In other words, we design the TV-FIR TEQ w ") [n; 6] to
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have L’ +1 taps, where the time variation of each tap is modeled
by Q' + 1 time-varying complex exponential basis functions.
Hence, we can write the TV-FIR TEQ w ") [n; §] forn € {i(N+

v)+uv,...,(t+1)(N+v)—1} as
Q2 »
w ;6] = Z S0 —11 Y wlile )
1'=0 =Q'/2

Substituting (7) in (6), we obtain

L' QY2

Z Z w() [i] eﬂﬂqn/h yMn+d—1]
I'=0q¢'=-Q’'/2

L' QJ/2 L Q/2

=3 X X X wl

=0 ¢'=—Q'/2 1=0 g=—Q/2

(T) [n] =

x W) [iled2ra /K a2 an/ Kyl 4 d — 1 — )
L' Q)2 '

£3 X e O -],
U=0q¢'=-Q"/2

®)

It is more convenient at this point to switch to a block
level formulation. Defining z("[i] = [2[i(N + v) +
v], ..., 206G+ 1)(N +v) =17, x[i] = [a:[z(N +v)+v+
d—L—L,...,z[(i + 1)(N +v)+d—1]]7, and g [i] =
[n(">[(N+u)+d r,..., n(’“>[(z+1)(N+z/)+d—1]]T
then (8) on a block level can be formulated as

r Q'/2 L Q/2

2Pi=> > > X w

U'=0q¢'=—Q"'/21=0 ¢=—Q/2
x W\ [iDy [i1Z0D g [i) Zix[i]

q' l/[z

L’ Q'/2
+3 Y Wl Dy il Zimli] ©9)
U=0q'=—Q'/2

where
Dy [i] =ding [T CVFIEI/K
7274 (+)(N+0)=1)/K|Ty
Zl’ =[0nx(z/—1r), In, O xrr]
D, [i] =diag{[e?2m 1N +)+v= Ly
o727 ((i+1) (N+0)— 1>/K] )
and

Z) =[0(niryx(r-1), IN+17s O vy ryxi]-
Using the property Z;D,[i] = e/274(X'=')/KD [{]Z;, and
definingp = ¢+ ¢’ and k = [ + I’, we can write (9) as
(Q+Q)/2  L+r’

S Y hliDylZaxi]
p=—(Q+Q")/2 k=0
N, L' Q'/2
+33 Y WDy iZenli] (10)

r=11'=0¢'=—Q' /2

z[i] =
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where z[i] = E 12, Zy = [On s+ -1 In, On i),
and f, x[4] can be ertten as

N. Q/2 L
fp k|t = Z Z Z 6]27T(p q )l /K (T) [I/]hp q k— ll[ ]
r=1¢'=—Q’'/21"=0

(11

Deﬁning f[l] = [f_(Q+QI)/270[i]7 ey f(Q-I—Q')/?,L-I—L/ [l]]T, we

can further write (10) as
z[i] = (fT[ ] @ In)Ali]x[i]

+Z(

(fT[ | ® Iy)Ali]x[1]

“li] @ Ly ) Bliln[i]

+ (w'li] @ Iy) (Iy, @ Bi]) n[i] (12)
where w("[i] = [w(r) /2, old; - w(Q')/2 LT wli] =
[W(l)T[i]7.”7W(NT)T[L]]T nli] = [n(l)T[z] n(NT)T[z']]T,

and A[i] and B[i] are given by
D_(q+q)/2[i1Zo
A[Z] = D—(Q+Q’)/2[i]zL+L’

L D@+ 2lilZrsr
" D_g 2lilZo

Bli] = | D_g lilZp

L Dqr/2li]Zr

Note that the term in f, x[¢] corresponding to the rth receive
antenna is related to a two-dimensional (2-D) convolution of
the BEM coefficients of the doubly selective channel for the
rth receive antenna and the BEM coefficients of the TV-FIR
TEQ for the rth receive antenna. This allows us to derive a
linear relationship between f[i] and w[i]. We first define the

(L' +1) x (L' + L + 1) Toeplitz matrix
R ] K"} ] 0
Z,L"{»l (h((;:l) [’I,]) = ] .
0 Rl R ]

We then define H[] = Qq'Tz,LI+1(h((I’:l) [i]), where £, =
diag{[e??™a%" /K .. 1]} andintroduce the (Q'+1)(L/+1) x
(Q+Q +1)(L+ L'+ 1) block Toeplitz matrix

Ol M) Li] 0

H) )] HE),li]
Introducing the definitions H(™[i] = ’]:LQ/H(H((IT)[Z']) and

H[i] = [HOT[], ..., HY)T[])T, we can finally derive from
(11) that
7] =wT

[i]M[i]. (13)
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As already mentioned, the purpose of the TEQ is to convert
the doubly selective channel into a frequency-selective equiva-
lent channel with order less than or equal the CP. To this aim, we
define the so-called TIR denoted by b[f] and of order L < v,
which can be modeled forn € {i(N+v)+wv,...,(i+1)(N+
v) — 1} as

"

blo] =Y~ 810 — 1"Jbu [i].

1'"=0
As shown in Fig. 3, we will now design a TEQ w[i], a
TIR b[i] = [bo[i],...,br~[i]]" and a synchronization
delay d such that the difference between the outputs of
the upper branch and the lower branch is minimized. Defining
e[i] = [e[i(N + v)],...,e[i( N + v) + N — 1]]T, we can
express e[i] as
eli] = (7 [i] ® In)A[ilx[i] + (w"[i] ® Ly) (I, ® B[i]) nli]
L//

— Z by [i]zlux[i]

1"=0

= (f71i] ® Iy)Afilx[i] + (W' [i] © Iy) (Iy, ® B[i]) nli]

— (b[i] ® In)Ali]x[i] (14)

where the augmented vector b[i] can be written as b[i] = Cbl[i]
with the selection matrix C given by

0(Q+Q)(L+L/+1)/24d)x (L +1)
T
0((Q@+@)(LAL/+1)/2- L/ —d=1)x (L"+1)
Hence, we can write the following cost function:
Ji) = £{e [i]e[i]}
— tr {(£7[i] © In) ALR, A" [i)(£°]i] © In)}
+ tr{(w”[i] @ In) B[R, B [i] (w*[i] © In)}
+tr{(b”[i] @ In) Afi|R, A7 [i](b*[i] ® In)}
— 2tr{R{(f"[i] ® In) A[i|R, A" [i](b*[i] @ In)}}
(15)

C=

where B[i] = Iy, ® BJ[i]. Let us now introduce the following
properties:
tr{(x” @ Iy)X(x* ® Iy)} = x7 subrt {X}x*
tr{(xT @ IN)V(y* ® In)} = xT subrt {V}y*
where subtr{ - } splits the matrix up into N x N submatrices
and replaces each submatrix by its trace.! Note that X is a square
ILet A be the pN x /N matrix
A Alq
Apl qu
where A ;; is the (¢, j)th N X N submatrix of A. The p X ¢ matrix subtr{ A}
is then given by
tr{A} tr{Aiq}
subtr{A} = .

A} - tr{A)
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matrix while V is not necessarily square. Hence, subtr{ - } re-
duces the row and column dimension by a factor N. Therefore,
the cost function in (15) reduces to

TN = wl(HEARALIH ] + Rpli)w'li]
+ b iR A[i]b*[i] — 2R{w! [{]H[i]RA[i]b*[i]} (16)

where Ry4[i] = subtr{A[{JR,Af[i]}, and R[] =
subtr{B[i]R, B [i]}. This cost function is now to be op-
timized with regard to w|[i] and b[¢]. In order to avoid the trivial
solution (zero vector w[i] and zero vector b[i]), nontriviality
constraints need to be added, e.g., a unit tap constraint bg[z] = 1,
a unit-norm constraint ||b[i]||> = 1 or ||w[i]||?> = 1, or a unit-en-
ergy constraint b? [i|R4[i]b[i] = 1 or wH[i]R z[i]w[i] = 1.
More details about these constraints for TI channels can be
found in [23] and [13] for the unit-tap and unit-norm con-
straints, and in [24] for the unit-energy constraint. A TEQ for
the MIMO case is proposed in [25].

In this paper, we only consider the unit-norm constraint and
the unit energy constraint for their superior performance to the
other constraint (this is proven to be the case in DMT systems,
and here is no exception).

1) Unit-Norm Constraint: In this case, we have the fol-
lowing optimization problem:

min J[i] such that ||b[]||* = 1.
wli],bl[i]

The solution to this problem is given by

w

B (i) (M RG] + RS ) MR,

[i
] = eiguin(RT[i])

]
[¢]

where R [i] is given by

T
b

R[] = O (R R, MG + R3'[) .

2) Unit-Energy Constraint: In this case, we have the fol-
lowing optimization problem:

min J[i] such that b7 [i]R 4[i]bi] = 1.

w(i],b[i]
The solution to this optimization problem is given by
. -1

w (i) = 7l (W7 R IHE + R5') - HTIRE ]

bli] = eigpax (R i])
where R™*[i] is given by
- . -1
R*[i] = C" (M7 [iIR G [iHE] + R[]

x HIRZ[iTHR 4[i]C.

Note that eig;,(A) (eig.x(A)) is the eigenvector corre-

sponding to the minimum (maximum) eigenvalue of the matrix
A.
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In conjunction with the devised TEQ, a one-tap FEQ applied
to the filtered received sequence in the frequency domain is still
necessary to fully recover the transmitted QAM symbols. Define
Sk[i] as the estimate of the transmitted QAM symbol on the
kth subcarrier of the ith OFDM symbol. This estimate is then
obtained by applying a 1-tap FEQ to the TEQ output after the
discrete Fourier transform (DFT) demodulation

N, Q)2
m—dk[z Wy > DW iy a7
r=lg'=-Q'/2

where F() is the (k + 1)st row of the unitary fast Fourier
transform (FFT) matrix F, W((;) [i] is an N x (N + L)
Toeplitz matrix, with first column [wéf?L,[i]7 015 (n—1)]F and
first row [wl),[i], ..., wl il 01—, dili] is the fre-
quency response of the TIR on the kth subcarrier of the ith
OFDM block (1/dy[i] represents the 1-tap FEQ), and y(")[i] =
(N +v)+v+d—L), ..., yD[(E+1)(N+v)+d—1])7.

The existence of a perfect shortening TEQ (a TEQ that com-
pletely eliminates IBI/ICI in the noiseless case) requires that H
is of full column rank. A necessary condition for H to have
full column rank is that N7(Q" + 1)(L’ + 1) > (Q + Q" +
1)(L + L' + 1). For sufficiently large ' and L', it is clear that
we need at least two receive antennas, i.e., IV, > 2. This justi-
fies our assumption of SIMO systems. Conditions like column
reduced property and irreducibility can be deduced from the
MIMO time-invariant FIR case. These are discussed in more
detail in [16].

IV. FREQUENCY-DOMAIN PER-TONE EQUALIZATION

In Section III, a time-domain equalizer is proposed to combat
the effect of the propagation channel. The purpose of the pro-
posed TEQ is to convert the doubly selective channel into a
purely frequency-selective channel. The proposed TEQ opti-
mizes the performance on all subcarriers in a joint fashion. An
optimal frequency-domain PTEQ can be obtained by transfer-
ring the TEQ operations to the frequency domain. Hence, the
estimate of the transmitted QAM symbol on the kth subcarrier
in the 2th OFDM block is then obtained as

N, Q'/2
Sl =" S FODL Y Olw[i)/di[i]  (182)
r=1¢'=-Q’/2
N, Q'/2
=Y > FODy YDy Dyw,li]/dili
e ¥ )
(18b)

where Y(")[i] is an N x (L’ 4 1) Toeplitz matrix, with first
column [y [i(N+v)+v+d), ...,y [(i+1)(N+v)+d—1]]"
and first row [y [i(N + v) + v +d], ...,y (N + v) +
vt d— L), wili) = [wfl’“o[i] w( [T, and Dy =
diag{[1,...,ei?™'L'/K]T} Note that the right multiplication
of Y() [L] w1th the diagonal matrix D + in (18b) is done here

to restore the Toeplitz structure in Yq, [L] = D, Y ™]i], which
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will simplify the analysis and implementation as will be clear
later. From (18b), we can see that each subcarrier has its own
(L' 4+1)-tap FEQ. This allows us to optimize the equalizer coef-
ficients VMV(TJE) [¢] for each subcarrier k separately, without taking
into account the specific relation that existed originally between

WP, w i), and dy .

Defining Y("[i] = [Y( c);)'/ [i], . Yg)/z[ ]l and
wrh[i] = [~<T(§)/j;[] ,;:%T[L]]T, (18b) reduces to

N
Seli] =Y FOYO[iw R[], (19)
r=1

Transferring the TEQ operation to the frequency domain by in-
terchanging the TEQ with the DFT in (19), we obtain

N,
Seli] = Y wERT R R iy ) (20)
r=1
. (k)| i . = .
where f‘(k)[ﬂ = (Ig1 ® F )DLy plil..... DG lill",
and .7-'( ) is given by

“I
Il

which corresponds to a sliding DFT operation, which will be
implemented as a sliding FFT.

To compute (20), we require (Q" + 1) sliding FFTs per re-
ceive antenna. Each sliding FFT is applied to a modulated ver-
sion of the sequence received on a particular antenna. The ¢’th
sliding FFT on the rth receive antenna is shown in Fig. 4. To
estimate the transmitted QAM symbol on the kth subcarrier, we
then have to combine the outputs of the V,.(Q’ + 1) PTEQs cor-
responding to the kth subcarrier. This results in a complexity
of (@' + 1)(L' + 1) multiply—add (MA) operations per receive
antenna per subcarrier, i.e., N.N(Q' 4+ 1)(L’ + 1) MA oper-
ations for a block of N symbols. In Section V, we show how
we can further reduce the complexity of the proposed PTEQ by
replacing the Q' + 1 sliding FFTs by only a few sliding FFTs,
the number of which is entirely independent of ()’ but rather de-
pends on the BEM frequency resolution K . The removed sliding
FFTs are compensated for by combining the PTEQ outputs of
neighboring subcarriers on the remaining sliding FFTs.

In the following, we will show how the PTEQ -coeffi-
cients can be computed in order to minimize the MSE.
Defining w¥[i] = [wORT[], ..., w®RT[ET and
yli] = [yOT], ..., y@™IT[E)7, (20) can be written as

Suli] = W] (v, @ FOE]) . @D
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Fig. 4. Sliding FFT of the ¢’th modulated version of the received sequence y(™) [n].

At this point, we may introduce a model for the received se-
quence on the rth receive antenna y(")[4] as

Q/2
yOll = Y Dyli] |01 B[]0 (1 0 P)(1s © F7)
=@z ,
G

s[i — 1]
x | oslil | +a™i] 22

s[i + 1]

ﬂ_/

where O = 0(N+L’)><(N+2u+d -1y, O2 =
O(N—‘,-L’)X(N—l—u d)» H [’L] is an (N + L/) X (N + L + L)

Toeplitz matrix with first column [h( ) [i],01x (n+r—1)]" and

first row [h,(IT)L i, h qo[z] 015 (N+L'—L—1)], and P is the
CP insertion matrix given by
I,,]

To obtain the PTEQ coefficients for the kth subcarrier, we
define the following MSE cost function
}

e { |3 - w7 (1, @ F01) 1)

Hence, the minimum MSE (MMSE) PTEQ coefficients for the
kth subcarrier are given by

_ OVX(N—I/)
P [t

Jli] =

Wi spli] = arg min J[i]. (23)

w(b)]]

The solution of (23) is obtained by solving 9.7 [i]/ ow k) [7] =0,
which reduces to

‘X’l(\/’h)\{SE[] ((IN @ F[ L])

(o omm)
x (INT ® F(k)[z']) Gli|Rse®™

[[(IR:G"[i] + R,)

(24)

where G[i] = [GWT[i],...,GNIT[]]T and e is the unit
vector with a 1 in the position N + k + 1.

Note that, in contrast to the time-domain approach, where the
BEM resolution of the channel model and the BEM resolution of
the TV-FIR TEQ are assumed to be equal, the BEM resolution
of the channel model and the BEM resolution of the PTEQ can
be different.

V. EFFICIENT IMPLEMENTATION OF THE PTEQ

In Section IV, we have shown that to implement the proposed
PTEQ, we basically require (Q’ + 1) sliding FFTs. In this sec-
tion, we show how we can lower the complexity of the Froposed
PTEQ by further exploiting the special structure of Y [7] (see
(18b)). Our complexity reduction will proceed in two steps.

Step 1: In general, the BEM frequency resolution K
is greater than or equal to the DFT size N. We will as-
sume that K is an integer multiple of the FFT size, i.e.,
K = PN, where P is an integer greater than or equal to 1
(P € Z). We start by defining @ = {—-Q’/2,...,Q’/2}, and
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Q, = {¢ € Q¢ mod P = p}. Based on these definitions,
(18b) and (19) can be written as

N, P-1
r r,k
Seli]=)_ 3" S Akt Y()[]D D w(l (] /di [i]
r=1p=0q¢,€Q, ~~ -
Y7Ll W B
plp

(252)

(25b)

=ZPZ S FEIY W)

p=0 ¢,€Qp

where I, = ((g, — p)/P), and W(T k)[ ] = w(r *)[i]. Note that
(25b) splits the Q" + 1 different terms of (19) into P different
groups, with the pth group containing |Q,| terms, where |Q,,|
denotes the cardinality of the set Q, forp = 0,...,P — 1.
Transferring the TEQ operation to the frequency domain, we
obtain

N, P—
& T — (7, (k_lp) B . .
Selil =" Z > wyTEF T DIyl (26)
r=1 p=0 q,€Q, v
757 1i]
Note that 35 [i] = [15” [i(N +v) +v+d— L],..., 55 (i +

(N +v) + d— 1)|T with 37 [n] = €327/ (" [n], which
is the pth modulated version of the received sequence.

Defining  wy""li] = [..,wUH w0,
v‘vl(:lk)T[z]7 ...]%, (26) can now be written as
N, P—1
= (r k)T L]F(k) (T)[ ] (27)
r=1 p=0
where f‘;k) = [.. ,f(k vT j"(k)T j"(kﬂ) T
Let us now deﬁne F = ; dlag{F(k) Fg,f) 1
JOU = O ST, ad gl =
[y, ..., y(N )Tg]]T Further defining w("F[i] =
Wi, it and  w®[]
[wRT], . .W(NT’k)T[L]]T, (27) can finally be written as

$uli] = wT [ (Ty, @ BV 31l (28)
To implement (27), we require P sliding FFTs per receive
antenna rather than Q' + 1 sliding FFTSs per receive antenna as
in Section IV (in practice and in our simulations P < Q' + 1).
Each sliding FFT is applied to a modulated version of the
received sequence. This reduction in the number of sliding
FFTs per receive antenna is compensated for by combining
|@,| neighboring subcarriers on the pth sliding FFT. Notice
here that apart from the reduction in the number of sliding
FFTs, the implementation complexity remains the same as in
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Section 1V, ie., N, N(Q + 1)(L' + 1) MA operations for a
block of N symbols.

Similar to (23), the MMSE solution can be obtained by min-
imizing the following cost function:

71 = & { Jsulil - w7 1y, 2 70) 510} 0
The solution of (29) is
wiRliselil = ((Tv, @ FO[]) (GUIR: G [i] + Ry)
< (1 5 F07))

X (INT ® F(k)[i]) G[i]Rse® (30)
which is equivalent to the one obtained in (24).

Step 2: We can further simplify the computational com-
plexity associated with the proposed PTEQ by replacing
each sliding FFT by only one full FFT and L’ differ-
ence terms that are common to all subcarriers similar to
the procedure in [26]. To explain this, we will consider
only one sliding FFT. Let us consider the kth subcarrier

of the pth sliding FFT, i.e., 7 )N(T)[] Define Yp(r k)

F®gS ">[(N+y)+u+d] ..... WG+ 1)(N +v)+d—1]]7
as the frequency response on the kth subcarrier of the pth
modulated version of the received sequence on the rth receive
antenna. It can then be shown that

~ (k) _yr A NS
F500 = ) [ P 31
yp [[’] AS’]()T‘) [[}] IL/ %1 ( )

where T is an (L + 1) x
matrix given by

(L' + 1) lower triangular Toeplitz

1 0 - 0
e

T® = ﬁ (32)
Lo 0
[))kL’ . ﬂk 1

with 8 = e=927/N_ The difference terms A\ [i] are given

by the equation shown at the bottom of the page. In a similar
fashion, we can obtain an expression for the neighboring subcar-
riers on the same sliding FFT by replacing the subcarrier index.
The symbol estimate (28) can then be written as follows. We
first define u](f DT = wl k)T[ JT(*+%) and also define the
following |Qp|(L’ +1) (|QI,| + L') selection matrix

1 0 ol +L
} N [ 1><(|¢:% I+ )} © 1,

S, =1
P @ |:0L’><1

where T is the first |@,| rows of the matrix Iig,|+z» and

T is the last L' rows of the matrix Iiq,|+z- Introducing

PN +v)+v+d—1]

(’)[z] _

GSOU(N +v)+v+d— L) —

- g§T>[(z’+ D(N+v)+d—1]

<T>[(L +D)(N+v)+d—L —1]
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Fig. 5. Low-complexity PTEQ on the pth branch of the rth receive antenna.

w7 = L a6 u P LT and

v T = ul"M7(i]S,. (28) can then be written as

?v’f'r,k—l)[z.]
R (O el (T Y],(T’k)[i] 11Qyl x1
Skli] = v }N/(T’kﬂ)[i]
r=1 p=0 p
| Ay )<
N, P—1
— Z Vl()r,k)T[,L]
r=1 p=0
01><L’ -'F(kil)
O1xr Fk) < (P2
101y FetD) o'l G3)
I Opyv-ry —Ir )

where I,/ is the anti-diagonal identity matrix of size L' x L.
Defining v"M[i] = [V, vERTET, v0E =
[VARTE] L vNRTET and F® = diag{F, ...,
]?gfll}, (33) can finally be written as

S = v (Ty, @ F®) yi). (34)

TABLE 1
IMPLEMENTATION COMPLEXITY COMPARISON
MA/tone/rx FFT/rx
TEQ Q@ +D)(L"+1)+1 1

PTEQ (Figure 4)
PTEQ (Figure 5)

Q@ +D(L"+1)
PL+1)+Q +1

(Q"+ 1) sliding FFTs
P FFTs

Note that, due to the fact that the difference terms are common
to all subcarriers in a particular sliding FFT, the implementation
complexity is P(L' + 1) + Q' + 1 MA operations per receive
antenna per subcarrier, compared with (@’ 4+ 1)(L’ + 1) per re-
ceive antenna per subcarrier in Section I'V. In Fig. 5, we show
how (34) can be realized for the pth sliding FFT on the rth re-
ceive antenna. Note that replacing the sliding FFT with one full
DFT and I’ difference terms in Section IV will not reduce the
implementation complexity. This is due to the fact that we only
consider a single-subcarrier output for each sliding FFT to es-
timate a particular symbol. The implementation complexity of
the TEQ and the different configurations of the PTEQ is sum-
marized in Table 1.2 On the other hand, the design complexity of
the PTEQ is higher than the design complexity of the TEQ. We
can easily show that the design complexity of the TEQ requires
O(Q+ Q"+ 1)3(L + L'+ 1)%) MA operations, while it re-
quires O((Q’ + 1)(L' + 1) N) MA operations per subcarrier to
design the PTEQs. The design complexity of the TEQ is mainly
due to a matrix inversion of size (Q+ Q' +1)(L+L'+1) x (Q+
Q'+1)(L+ L' +1). The complexity associated with computing
the max (min) eigenvector of an (L” + 1) x (L” + 1) matrix,

2These figures do not take into account the BEM channel coefficients estima-
tion/computation.
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which requires O((L" + 1)?) MA operations [27], is negligible
compared with the above matrix inversion.

We finally note that our approach unifies and extends many
existing frequency-domain approaches, for the case of TI as well
as TV channels as follows.

1) TI channels (Q = 0, and hence Q' = 0):

a) v > L,and L' = 0: the proposed PTEQ comes down
to the 1-tap MMSE FEQ as in [28];

b) v < L, and L' # 0: the proposed PTEQ comes
down to the per-tone equalizer proposed in [14] for
DMT-based transmission (e.g., for DSL modem:s).

2) TV channels (@’ # 0):

a) v > L, I/ = 0,and P = 1: the proposed PTEQ
comes down to the FEQ proposed in [4];

b) v > L, = 0, and P > 1: the proposed PTEQ
comes down to the FEQ proposed in [29].

VI. SIMULATIONS

In this section, we show some simulation results for the
proposed IBI/ICI mitigation techniques. We consider a SISO

system as well as a SIMO system with N, = 2 receive
antennas. The channel is assumed to be doubly selective
of order L = 6 with a maximum Doppler frequency of

fmax = 100 Hz (corresponds to a speed of 120 km/h on
the GSM band of 900 MHz). The channel taps are simu-
lated as independent identically distributed (i.i.d.) random
variables, correlated in time with a correlation function
according to Jakes’ model E{h([ny;l1]h("*[ng;ls]} =
J%Jg(27rfmaxT(n1 — 712))5[[1 — lg](S[T — ’I‘I], where Jg is the
zeroth-order Bessel function of the first kind and o7 denotes the
variance of the channel. We consider an OFDM transmission
with N = 128 subcarriers. Quadrature-phase-shift-keying
(QPSK) signaling is assumed. The sampling time is T" = 50 pus,
which corresponds to a data rate of 40 kb/s, which is suitable
for applications like mobile multimedia (M?). The normalized
Doppler frequency is then obtained as f.x7 = 0.005. We
define the SNR as SNR = o7 (L + 1)ES/U%’ where F is the
QPSK symbol power. The decision delay d is always chosen as
d=[(L+L")/2] + 1.

We use a BEM to approximate the channel. We assume
that the BEM coefficients are known at the receiver (obtained
through an LS fit of the true channel in the noiseless case).
The BEM coefficients of the approximated channel are used
to design the time-domain and the frequency-domain per-tone
equalizers. These equalizers, however, are used to equalize
the true channel (Jakes’ model). The BEM resolution is de-
termined by K = PN with P is chosen as P = 1,2. The
number of TV basis functions of the channel is chosen such
that Q/(2KT) > finax is satisfied, which results in @ = 2 for
P =1,and Q = 4 for P = 2.

* First, we consider a SISO system, where the channel im-
pulse response fits within the CP, i.e., v = L. Hence, the
total OFDM symbol duration is 6.7 ms. We measure the
performance in terms of the BER versus SNR. We con-
sider a TEQ with Q' = 14, L' = 14, and P = 2. We con-
sider the unit-energy constraint (UEC), and the unit-norm

Fig.
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6. BER versus SNR for TEQ and PTEQ, /N,. = 1 receive antenna.

constraint (UNC). For the PTEQ, we use different sce-
narios. More specifically, we consider a PTEQ resulting
from the following:
— apurely time-selective TEQ with Q" = 10 and L' =
0,and P = 1 asin [15];
— a purely time-selective TEQ with Q' = 10 and I/ =
0,and P = 2 asin [15];

— a doubly selective TEQ with Q' = 10 and L' = 6,
and P = 1;

— a doubly selective TEQ with Q' = 10 and I/ = 6,
and P = 2.

As a benchmark, we consider the case of OFDM trans-
mission over purely frequency-selective (TI) channels
where the equalizer is the conventional 1-tap MMSE
FEQ, as well as OFDM transmission over doubly selec-
tive (TV) channels with a block MMSE equalizer. The
block MMSE equalizer for OFDM used here is similar to
the block MMSE proposed in [16] designed for SC trans-
mission with CP. As shown in Fig. 6, the performance of
the TEQ suffers from an early error floor for both UEC
and UNC. The PTEQ exhibits a similar performance
when P = 1 for both L' = 0 and L' = 6. However,
the performance of the PTEQ is significantly improved
when P = 2. For P = 2 with L’ = 0, we see that the
PTEQ slightly outperforms the 1-tap MMSE equalizer for
OFDM over TI channels for low SNR ( SNR < 20 dB),
and it experiences a 3-dB loss in SNR compared with the
block MMSE for OFDM over TV channels. On the other
hand, when P = 2 with I/ = 6, the PTEQ outperforms
the conventional 1-tap MMSE FEQ of OFDM over TI
channels, with an SNR gain of 2 dB at BER = 1072
and coincides with the performance of the block MMSE
equalizer for OFDM over TV channels.

Second, we consider a SIMO system with [V,. = 2 receive
antennas. We consider the case where the cyclic prefix v
is shorter than the channel order, v is chosen to be v = 3.
The OFDM symbol duration is then 6.55 ms. We consider
a TEQ with ' = 8 and I’ = 8. A PTEQ is then ob-
tained by transferring this TEQ to the frequency domain.
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Fig. 7. BER versus SNR for TEQ and PTEQ, V,. = 2 receive antennas.

We consider the case when P = 1 and P = 2. As shown
in Fig. 7, both the TEQ and the PTEQ suffers from an early
error floor when P = 1, where the first exhibits an error
floor at BER = 4 x 1072 and SNR = 20 dB and the
latter at BER = 1072 and SNR = 20 dB. The perfor-
mance is significantly improved when P = 2 for both the
TEQ and the PTEQ. The PTEQ significantly outperforms
the TEQ, where we can see a 6-dB gain in SNR for the
PTEQ over the TEQ at BER = 10~2. The TEQ experi-
ences a 4-dB loss in SNR compared with the 1-tap MMSE
FEQ for OFDM over TI channels, and 6-dB loss in SNR
compared with the PTEQ which coincides with the block
MMSE for OFDM over TV channels.

Third, we examine the effect of the decision delay d on
the BER performance for the TEQ considering the UEC
and UNC, and the PTEQ. We consider again the cases
P = 1land P = 2 for a SIMO system with IV,, = 2 receive
antennas and the same equalizer parameters as before. We
examine the performance at SNR = 15 dB. As shown in
Fig. 8, the performance of the PTEQ approach is a much
smoother function of the synchronization delay than the
performance of the TEQ approach. Hence, for the PTEQ
approach the synchronization delay setting is less critical
than for the TEQ approach.

In our setup so far, we use the BEM coefficients (i.e., the
approximated channel) to design the PTEQ. Here, we con-
sider the performance of the PTEQ when the true channel
is used for equalizer designs as well as evaluations. The
channel is assumed to be a doubly selective channel with
maximum Doppler frequency fn.x = 100 Hz, and sam-
pling time T' = 50 ps. The channel order is assumed to
be L = 6. We consider a SISO system as well as a SIMO
system with N, = 2 receive antennas. For both cases, we
consider an OFDM transmission with N = 128 subcar-
riers and a cyclic prefix of length v = 3. We examine the
performance of the PTEQ for P = 1 and P = 2. For
the SISO system, the equalizer parameters are chosen as
Q' =4and L' =10forP =1and Q' = 8 and L' = 10
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Fig.9. BER versus SNR for the PTEQ, when the true channel is used to design
the equalizer.

for P = 2. For the SIMO system, the equalizer parameters
are chosenas Q' =2and L' = 8forP =1and Q' = 4
and I = 8 for P = 2. Note that, in order to keep the same
subcarrier span, the Q' for P = 2 is chosen to be twice as
large as the Q' for P = 1. As shown in Fig. 9, the PTEQ
with P = 2 outperforms the PTEQ with P = 1 for the
same subcarrier span. For the SISO case, an SNR gain of
4 dB is obtained for the PTEQ with P = 2 over the PTEQ
with P = 1 at BER = 10~2. Similarly, an SNR gain of 2
dB is obtained for the PTEQ with P = 2 over the PTEQ
with P = 1 at BER = 102 for the SIMO case.

VII. CONCLUSION

In this paper, we propose a time-domain (TEQ) and a
frequency-domain per-tone equalizer (PTEQ) for orthogonal
frequency-division multiplexing (OFDM) over doubly selec-
tive channels. We consider the most general case where the
channel delay spread is larger than the CP. The TV channel is
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approximated using the basis expansion model (BEM). The
TEQ is implemented as a time-varying finite-impulse-response
(TV-FIR) filter. We use a BEM to model the TV-FIR TEQ. The
PTEQ is then obtained by transferring the TEQ operation to the
frequency domain. Comparing the TEQ to the PTEQ, we arrive
at the following conclusions.?

While the TEQ optimizes the performance on all subcar-
riers in a joint fashion, the PTEQ optimizes the perfor-
mance on each subcarrier separately, leading to improved
performance.

The design complexity of the PTEQ is higher than the
design complexity of the TEQ.

The implementation complexity of the PTEQ is compa-
rable to the implementation complexity of the TEQ [apart
from the fact that the PTEQ may require additional fast
Fourier transforms (FFTs)].

From the simulations, we arrive at the following conclusions.
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—
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—

The PTEQ always outperforms the TEQ.

The PTEQ is less sensitive to the choice of the decision
delay.

A key role in the performance of the TEQ and PTEQ is the
BEM frequency resolution. We show that a BEM resolu-
tion equal to twice the discrete Fourier transform (DFT)
resolution (the DFT size) is enough to get an acceptable
performance.

The PTEQ outperforms the conventional 1-tap FEQ for
OFDM over TI channels.

The PTEQ approaches the performance of the block min-
imum mean-square error (MMSE) equalizer for OFDM
over doubly selective channels.

Oversampling the received sequence while keeping the
same intercarrier interference (ICI) span pays off.
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