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Abstract

W
�

e consider the problem of computing the inverseof a large classof infinite systemsof
l
�
inearequations,which aredescribedby a finitesetof data. Theclassconsists of equationsin

whi� ch the linearoperator is represented by a discrete time-varying dynamical systemwhose
l
�
ocal state spaceis of finite dimension at eachtime point k

�
, and which reducesto time in-

v	 ariantsystemsfor time points 
�� �� . In this generalization of classicalmatrix inversion
t
�
heory, inner–outer factorizations of operators play the role that QR-factorization plays in

cl� assical linear algebra.Numerically, they leadto so-called ‘squareroot’ implementations,
for which attractive algorithms can be derived, which do not require the determination of
spuriousmultiple eigenvalues,aswould be thecaseif theproblemwasconvertedto adiscrete
t
�
ime Riccati equation by squaring. We give an overview of the theoryandthe derivation of

t
�
he main algorithms.The theorycontains both thestandardLTI caseandthecaseof a finite

setof linearequationsasspecial instances,aparticularly instanceof which iscalled ‘matrices
of� low Hankel rank’, recently sometimescalled ‘quasi-separable matrices’.However, in the
general� caseconsideredhere,new phenomenaoccurwhich arenotobserved in theseclassical
cases,� namely the occurrenceof ‘defectspaces’.We describe theseandgive analgorithm to
comput� e them as well. In all cases,the algorithms given are linear in the amount of data.
©
�
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1. Intr oduction

The
�

problem of computing the inverse of an infinite system of linearequations
canbe tackledattractively with (low complexity) numericalmethodsif theparam-
etersthatdescribe thesystemsatisfy certainbroadfiniteness constrains. A particu-
larly interesting caseis whenthe finite setof dataconsistsof a ‘staterealization’ of
th
�

e systemof equationsakin to a state-spacerepresentation of a time-varying linear
dynamicalsystem.

Let
�

theoperatorT repres enta linearmapmapping a (possibly infinite) sequence
of vectors!#"%$'&)(+*-,.'/1032 t

�
o a(possibly infinite) sequenceof vectors 465%798;:=<?>@BA1CED

FHGJILKNM
Each
O PRQ

( SUT ) is a vector belonging to a finite dimensionalvector spaceof dimensionVXW (respectively Y[Z ). Thesedimensionsmayvaryandeven vanish, in whichcase the
entrysimply disappears, it is replacedby a ‘placeholder’(‘ \ ’ – with the convention
t
�
hat the productof a matrix of dimensions ]_^ 0 with oneof dimensions0 `ba is

c
a

matrix of dimensions d%egf consisting of zeros). This formalismhas the advantage
th
�

atit includesfinitesystemsof linearequations, but alsoregularlineartimeinvariant
systemsasspecialcases. T hasa matrix representation hjilk-monqpsrut with vowqxzy a matrix
of dimension {X|~}��[� . If all inputentries �R�N� 0 except �R� , thentheoutputy� is

c
such

th
�

at �;���J�)�������s� . In thesequelwe shall assumethatT i
c
s boundedasanoperator on�

2 sequences, i.e.that�u�����
sup��� �

2
¡ ¢ 1

£¥¤§¦�¨
2 ©«ª

for ¬¥~® 2 ¯ °±'²1³E´¶µ¥·)¸º¹ 2»2» with ¼¥½R¾º¿ 2 t
�
hestandardEuclideannorm(andfor y� like-

wise). We assume furthermorethat T is locally finite, that is, it possessesa time-
vÀ arying state-spacerepresentation. If T i

c
s block-uppertriangular (i.e. if Á�Â�ÃsÄ�Å 0 forÆ�Ç«È

), thenthat meansthat thereexist matrices É�ÊÌËÎÍ ÏÑÐ;Ò Ó§ÔUÕ ÖØ×ÚÙ for
Û

eachk
Ü
, such

th
�

at Ý Þàßzá�â%ãØä;åæoçqèsé�ê%ëÑì-íØî'ï
1 ðÚðÚðòñÌóÚô 1 õLö ÷ for

Û ø�ù«úUûýü
Un
þ

derlying this representation, thereis a time-varying ‘systemrealization’ that pro-
ducestheoperatorT viÀ a the‘l ocal’ state equations:

ÿ����
1 ����� �
	�����������
����������� �"!$#&%�')(�*

Th
�

edimensionsof all thematricesin therealization must of coursebecompatible. If+-,�.0/
is thesequenceof dimensionsof the 1�2 ’s (thestate), thenthedimensionsof 3)4 ,576

, 8 9 , and :); arerespectively <�=?>A@�B�C 1, D?E?FHG�I�J 1, K�L?MANPO and QSR?TAUPV . We
shall alsoassumethat the realization for T is uniformly exponentially stable (ues) in
t
�
heclassical sensefor lineartimevaryingsystems, i.e.thatthereareuniform bounds
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on the normsof the matricesW)X , Y�Z , [ \ and ])^ , and thatthereexistsa realnumber_ with 0 b̀adc 1 suchthat, also uniformly over k
Ü
,

lim
e

supfhgji khl
m�n
1 opoporq
sutwvyx z0{u|�}

Thes
�

econditionsmakeT automaticallyaboundedoperatoron ~ 2 sequences.
In the case that T hasboth upperandlower parts, we shall assume that also its

lo
e

wer part hasa uesrealization,i.e. thereexist matrices���
����������������p� such that for�����
,�
�����w��������)� �¡

1 ¢p¢p¢¤£ ¥¦r§ 1 ¨ ©ª�«
correspondingto a (backward)realization

¬®¯±°
1 ²�³ ´µ0¶
·¸�¹�º�»¼�½�¾¿�ÀÁ®ÂÃ�Ä�Å�ÆÇ�È�ÉÊ

andsatisfying theboundednessrequirementsfor ues.
It is notationally convenient to collect the local realization operators in global

‘diagonal’operators. Connectedto theseries ËÍÌ
Î0Ï wedefinetheoperator A as

ÐÒÑ
. .. Ó Ô 1 Õ

0
Ö ×

1
. . .

Ø

i
c
nwhich wedistinguish the Ù 0 Ú 0Û t� helementbyboxingit. Likewisefor B

Ü
, C andD

Ý
. If,

moreover, we introducethe ‘causal shift’ Z by
Þ

the rule ß�àpàpàâáâã7ä 1 å æ 0
Ö çâè

1 é�êpêpê�ëíìïîð�ñpñpñâò ó ô
1 õâö 0 ÷âø 1 ù�úpúpúüû andby ýÿþ th

�
e inverse,backward shift, thenT will have the

representation���������
	�����������
����� 1 �����! #"%$'&)(�*,+.-0/21�3 1 4 (1)

in termsof its realization.Thepropertyof uniform exponentialstability assuresthe
existence of the inverseof 5,6.708 asan upperoperatorand 9�:�;�<>=2? asa lower
operator.

In this paper, weassumethatasystemrepresentation isgiven. Thealgorithmswill
also leadto systemrepresentations. It is rathereasy to finda realizationfor T, either
fromthestructureof theproblemthatleadsto T itself, fromstandard realization theo-
ry or from approximatingtheoperatorwith alow complexity realization,minimizing
a Hankel normdoingso. We referto therecentlypublishedbook[12] for extensive
information
c

andexamples. Veryattractivecasesarestructuredmatrices, e.g.banded
m@ atrices,their inverses,Toeplitz matrices,matricesthatare‘closeto Toeplitz’, prod-
uA ctsandsumsof those.In thispaper, weshall especiallybeinterestedin theinversion
of systemsfor whichtherepresentation forTbecomes

Þ
LTI for BDC EDF . In thatcase,
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T is representedby a finite amountof data,althoughit is anoperatoronspaceswith
infi
c

nite dimensions. Thereareothercases, e.g. whenthe variationfor GDH IKJ is
c

of the‘low-displacementtype’, but thosearebeyondthepresentpaper. Althoughwe
shall not make specific provisionsfor the case wherethe system is periodic at its
extremities,thatcaseis coveredin principleby thetheory presented, sinceaperiodic
systemcanbeconvertedto anLTI-system, by concatenating a complete period,or,
i
c
f possible, by applying a Fréchettransformation (practically speaking, however, a
lot of additionalmileagecanbeobtainedfrom the periodicity [6,20]).

Themethodthatwepresenthassomekinshipwith theclassical ‘QR-factorization’
method@ for matrices, in which Q i

c
s an orthogonalor unitary matrix, and R

L
is
c

an
upperA matrixwith somespecialinvertibility properties. The(non-finite)substituteof
aunitary matrix in our theory is calledan inneroperator. Isometric andco-isometric
operatorswill playanimportant roleaswell. If T is anoperator, thenits adjoint MON is
definede.g.via theproperty PRQ
S�T�UWVYX[Z]\O^_a`cb , in which the latteris theusual hermitian
conjugate of a matrix. Theoperator U is

c
isometric if ded�fhg]i andco-isometric ifj�k�lnmpo

(thatis for applicationto operandsat theleft sideof theoperatorindicated
by
Þ

‘ qsr ’). It is inneri
c
f it isupper, isometricandt co-isometric.An inneroperatorwhich

is uesand locally finite hasaunitary staterealization, i.e.astaterealization for which
th
�

e transition matrices
u)v wyx
z|{ }�~

arethemselvesunitary. Theconverse is also true,namelythata uesunitaryrealiza-
tio
�

n representsaninner matrix. Thequalification ‘ues’ in thestatement is important:
a realization which is unitary but not uesdoesnot� necessarily leadto an innerop-
eratordue to the probableexistenceof a defectspace,see the discussion and the
computationof thedefectspacein Section5.

Equi
�

valence. T
�

wo upperrealizations���������y�����y��������� and ����)������y���[��y�� �¡¢�£�¤ are
s¥ trictly or Lyapunov equivalent if thereexists a uniformly boundedsequenceof in-
vÀ ertible square matrices ¦¨§ª©¬« such that the �®)¯ 1°²± areuniformly boundedaswell,

andsuch that ³´)µ�¶]·�¸ 1¹²º)»�¼ª½¨¾ 1, ¿ÀyÁ[Â]Ã|Ä�ÅªÆaÇ
1, ÈÉ�Ê[Ë]Ì)Í 1Î]Ï�Ð and ÑÒ�Ó[Ô]Õ�Ö

(the
collection of ×�ØÚÙ¬Û ’s is calleda Lyapunov statetransformation).In otherwords, an
equivalentrealization is givenby the quadruple

Ü)Ý 1Þàß)á�âªãaä 1 å�æ 1ç]èyéêyë�ìªí¨î
1 ï�ð ñ

A realization isminimal if thedimension of all ò�ó ’s is assmall aspossible.Minimal
realizations canalways befoundthrougheithera minimal realizationprocedure,or
a reduction of an existing one[12]. A realization is in inputnormal form if all the
pairsô õ¬ö÷ùø areco-isometric.It is in output normal form if

c
all the pairs úüû)ýeþ�ÿ�� are

isometric. It is an interesting question, in general, whether a given realization can
be
Þ

broughtto input, respectively, outputnormalform throughastrict equivalency. If
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onestartsout from auesrealization �������
	������� , thentheanswer isas follows. Let�������
be
Þ

theboundedsolution of thecollection of Lyapunov–Stein equations�����
1 ���
 !#"�$#%
&('*),+-/.1032

Theclassical Lyapunov–Stein theoremstatesthattheseequationswill indeedhavea
uniA queboundedsolution givenby the (fixedpoint) seriesexpansion

4�576 8
9;:

1

<
=>@?
1 A@A@ACBEDFHGJI;K 1 L,MNHOQPSR1THUJVXW
Y@ZJ[;\ 1 ]@]@]_^E`Ha 1 b

whenthe collection c�d
e#f is ues(theremaybemany unboundedsolutionsbut those
arenot interesting in the present context). The boundedsolution will of course be
posô itive semidefinite as can be seenfrom the series expansion. If the solution is
actually uniformly positive definite, i.e. if thereexistsa positive g so that for all k

Ü
,h�ikjmlon

, then we call the system s¥ trictly reachable and an adequate set of state
trans
�

formationmatricesp_qsr�t canbederived from u�vwyx
zJ{|~}
� 1� . Thecorrespond-

ing strictly equivalent realization ����
������1��������3����E�@� will be both ues and in input
normalform. The ��� obtainedin the procedurehave an important physical inter-
pretation,� they form the Gramiansof the reachabilityoperatorsat eachtime point,
of the system underconsideration.Thecase for the output normalform is dual: the
observability Gramiansare given by thebackward equations:���H�

1  �¡
¢�£�¤@¥E¦§©¨�ª�«3¬,®/¯
If the °�±�²#³ form astrict transformation, thenthesystemis s¥ trictly observableandthe
r´ esulting statetransformation to bring the system in output normal form is defined
by
µ ¶�·E¸º¹¼»C½

1 ¾À¿ÁCÂ 1.
Thecasefor the lowerpart is similar, thestatetransformation then isgivenbyÃÄ
ÅÆ ÇÈ,ÉÊËÌ,ÍÎ 0 Ï

Ð
Ñ 1ÒÔÓ
Õ�Ös×�Ø 1 ÙEÚ 1ÛÝÜ,Þß�àá�âsã�ä 1 0

andthetransformation to inputandoutputnormalform aresimilar asbefore,mutatis
mutå andis.

The solution method. Starting out from an operator given in the form of (1), we
wish to compute the inverse æç 1 of T, or, if T is not invertible, its Moore–Penrose
ps� eudoinverse, è †

é
, whichgivestheminimalnormsolution for inf ê�ëíì 2 îðïòñôó�õ÷ö 2 asøúùüûsý †. Our method consistsin the following steps:

1. First we convert the general(upper–lower)operator to the upperform, using a
miå nimal inneroperator U chosensuch thatUT i

þ
s upper. This will convert (1) to the

form ÿ
���������
	����������� 1 ��� (2)

in which the realization is minimal, and T is bounded.This step is equivalentto the
classicalQR-factorization step.

2.T in theform (2) isnotnecessarily upperinvertibleor doesnotnecessarily have
anupperMoore–Penrosepseudoinverse—thisprovidesfor theaddedinterest of the
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inversion problem consideredhere.The next, andcentral part of the strategy then
consists in a system theoretical equivalent of the URV-factorizationof numerical
linear
�

algebra.We shall show how T canbe factoredas ��� �"!$#&%('*) , in which +",
is co-isometric ( -
./10*2�3 4 ), 5"6 is isometric ( 7*8$9
:;=< > ) and ?&@ is ‘outer’, i.e. it is
causally invertible in a sense to be madeprecise (although A&B will be well defined,
it will not necessarily beboundedly invertible, but it will be invertible in a weaker
sense—seeSection 7 on the relation between‘outerness’ and ‘ invertibility ’). The
Moore–Penrosepseudo-inversefor T th

C
enfollowsasD † E F
GHJI�K 1L M
NO

and it will satisfy the minimality requirement for the same reason as in the al-
gebraiccase (we have: PRQTS�UWVYX 2Z2Z []\R^T_�`Wa"b$c&d(e*fhg 2

Z
2
Z i]jRkmlonqpsr
tu1v*wyx{z}|�~m����=��W�"�$�&�����*��� 2Z

2 �����m�o���s�
��1�*����� 2
Z
2  ¢¡¤£�¥m¦
§¨ª©�«¬*®°¯&±�²�³*´hµ 2

Z
2. The first term cannotbe

influenced
þ

by u, while thesecond will bezeroif ¶¸·º¹m»�¼½¿¾
À 1Á Â�ÃÄ wheneverdefined,
i.e.
þ

on adensesubset.Minimality of this u is
þ

easily established).Theproceduregoes
in two sub-steps. First we compute a so-called left outer–innerfactorization of T:Å�ÆÈÇ&ÉyÊ$Ë*Ì

, in which Í*Î is
þ

causal isometric (hencenot necessarily inner), and Ï°ÐyÑ
is left invertible, thereis an acceptablecausal operatorÒ�ÓÔ such that Õ×ÖØ�Ù&ÚyÛÝÜ Þ (as
alreadymentionedbefore,it may occur that ß&àyá doesnot have a boundedcausal
l
�
eft inverse, but only one that can be approximated with a sequenceof bounded
operators, but thatis inherentto thesituation).It turnsoutthat â&ãyä is IVI when T is—
this
C

follows immediatelyfrom its state-spacerealizationwhichwederivefurtheron.
Ne
å

xt, we factor, in adualway: æ&çyè�éÈê"ë&ì&í to
C

yield thedesiredoverall factorization.
W
î

e shall derive state-spacerealizationsfor the factors. Thestate-spacerealizations
for the inverses thenfollow immediately. ï
ðñ and òôóõ areanticausal andhave real-
izations which are the Hermitian conjugatesof those for ö"÷ and ø*ù , respectively,
while for úôû 1ü it

þ
is given in termsof the realization ý�þôÿ�����������	�
������������� of ��� as���������! �"�#%$'& 1(�)�*,+�-%.�/10'2 13�4�5,6�798�:�;�<%='> 1?�@�A�B'C 1D�EGF , in which H�I�J is invertiblebecause

of theouternessassumption.In otherwords, thestatecomplexity of the inverseisof
th
C

esameorderasthestatecomplexity of theoriginal.
3. However, thereis more.As in the classical case, we may want to extendthe

operatorsKML and NMO so that they becomeunitary, and (try to) construct the ‘row-
nullspace’andthe ‘column-nullspace’for T. In doing so, we shall encounter new
phenomena.� In contrast to theclassical algebraiccase, theoperatorsPRQ and SMT mayå
be
µ

such that they cannotbeextendedto causal unitary operators, althoughtheir real-
izations
þ

canindeedbeextendedto unitary. Whenthathappens, thereis anadditional
nullspacewhich we call a ‘defectspace’.We shall show how a basis for it canbe
computed, yielding acompletesolution to the inversion problem.

Minimal
U

state-spacerealizationsfor theoperatorsencounteredareadvantageous,
notV only becausethey allow usto find inversesof systemswith aninfinite numberof
equationsusing a finite numberof computations, but also because they areeconom-
ical, even for finite systemsof equations, whenthe dimension of the state-spaceis
small. Calculations on finite matricesform a special simplified caseof the theory
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pres� entedhere.When such matriceshave scalar entries(which is not necessary
for
W

the theory to go through) and can be represented by a low order model, say
maxiå mizedby b, then matrix–vector multiplication becomesof O X�YRZ\[ (if n] is

þ
the

dimension of thematrix), while inversion goeswith acomplexity of atmostO ^�_R` 2
a b

,
althoughthis figurecanbereducedif a properrepresentationof theoriginalsystem
is choosen. The ideaof using time varying system theory for the purpose of ma-
niV pulating matricesis probably dueto the work of the authorsin the late 1980s, in
conjunctionwith AlpayandDym,asexemplifiedin thepapers[1,2,11,13,14,31–34].
A comprehensive treatmentis the subject of the thesis [29]. Of course, therewere
forerunners
W

. We mention the extension theory for generalpositive definite band
matricesbased on a generalization of the Levinson and Schur algorithms to the
time-v
C

aryingcase[7,8,15]andthetreatmentof a(restricted)classof matricesthatde-
composein asum of adiagonalmatrix, an upperanda lowermatrix whoserowsare
p� artial multiplesof eachother called‘semiseparable matrices’by the authors [17].
Ho
c

wever, these publicationsdo not use thegeneraltime-varying state-spacemodel
for
W

matrices. Thefirst publicationto doso seemsto be[14], whichsolvestheminimal
Hank
c

el normapproximation problemfor generalmatrices. Thefirst comprehensive
p� ublication settling the inversion problem for time-varying systemsand matrices
describedby a time-varyingstate-spaceformalism seemsto be[30], whose method
weadoptandextendhere.Recently, in [16]anew term‘quasiseparablematrices’ was
introduced
þ

to indicatematriceswhose lower andupperpartsadmit representations
as time-varying systems. This classof matrices is of course identical to the class
of ‘matriceswith low Hankel rank’ consideredin [12,34],andthereferencesgiven
earlier. The authors of [16] give some invertibility theorems for a sub-classof such
matriceså basedondeterminantaltheory. They follow anotherapproachthantheURV
approachwefollow here,andwhich hasaninterest in itsown right, but whosescope
is
þ

morerestricted.
As announced,we concentrateour effortson theinversion of systemswhich be-

comeLTI for dfe gfh , a case which we shall call ‘the IVI case’ (a special instant
of whicharejust finite matrices). If thereis indeedanon-trivial LTI partat ifj , then
i
þ
t will turn out that we must find the inner–outer factorization of an LTI-system in
state-spaceform. During the redaction of this paperit was broughtto our attention
that
C

the inner–outerfactorizationof rational LTI systemswas recentlyconsidered
by
µ

Oară and Varga[26]. These authorsuse a methodbasedon the determination of
eigenvaluesof a relatedpencil characteristic for the zerosof the system, followed
by
µ

a regularspectralfactorizationof a reducedsystem via thesolution of a regular
Riccatiequation.They facetheproblemof theremovalof boundaryzeroswhichthey
address by what they call ‘a recentlydevelopedtechniqueof poledislocation’.The
p� rocedure presented by theseauthors parallelsto a certainextent the presentation
in this paper, althoughit doesnot make use of the squareroot form. Al thoughtheir
approachseemsto yield good results, it strikes us as unnecessarily complex (we
belie
µ

vethattoo many dislocationsareperformed,which must haveanegativeeffect
on theoverall performance).
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In thepresentpaper, we endeavour to presentdirect inner–outerfactorizational-
gorithmsbasedon the square-rootequation which results directly from the transla-
tion
C

of theinner–outerfactorizationto state-spaceterms. As in thepencilapproach,
we areforcedto consider a numberof cases. Thereis a dichotomybetweencases
which lead to a restricted eigenvalue problem(Cases I and II), and cases which
leadto a completionproblem(Cases III andIV). It turnsout that in the first two
cases only a simple direct eigenvalue problem needsto be solved, no conversion
to
C

a spectralfactorizationis neededat all. In Cases III andIV we arealso forced
t
C
o consider possible zeroson the boundaryseparately, but we believe that we can
do that in an elementary, classical way (poleandzerodislocationtechniqueswere
developedin the1960sandmust by now beconsideredasstandardsystemtheoretical
t
C
echniques—wegivethebasic algorithm in appendix). Oncethedislocation of zeros
on theboundaryis done,a regular reducedspectralfactorizationproblemremains,
which canbesolvedin aclassicalway. But herealso, thesquareroot equation yields
anattractive alternativeand just asclassical route.It results in a doublingalgorithm
which is capable of quick convergence.This method is well known from Kalman
filtering theoryandhasbeenpioneeredby Kailath andhis students, we reproduceit
herefor thesake of completeness(see thereferencesfurtheron in the text).

All in all, it turnsout that inner–outerfactorizationcan indeedbe solved gen-
erally, for LTI and IVI cases, using attractive, stable and elementaryalgorithms,
which needno recourse to potentially ill-conditionedeigenvaluedeterminationon
th
C

eHamiltonianmatrix.

2. From general to upper operator

The
l

first stepin thealgorithmic treatmentof thegeneraloperatorT is
þ

theconver-
sionof its lowerpart to upper. Thegoalis to computean inneroperator U sothatUT
is upper. We summarizethebasic result from [12].

Theorem1. Suppos
m

e that T has the realization (1) andn that the pair o�p�qsr�tvuxw is
sy trictly reachable, thenthereexist inneroperatorsU such thatUT isupper. A U with
minz imal statedimension hasa realization givenby

{}|�~ 1������%����� 1 �}� ���v�������� 1 �}��v������ ����� �¡ ¢
in which £¥¤§¦©̈�ª\«¬®�̄ 1° , ±�²´³�µ is the solution of the collection of Lyapunov–Stein
equations

¶¥·¹¸
1 º¼»�½�¾¿�À¥Á�Â�ÃÄÆÅÈÇvÉËÊÌÎÍvÏÐ

andn ÑvÒÓ�Ô andn Õ�Ö×�Ø arn e matricesderived from the isometries Ù�Ù�Ú�Û 1ÜÞÝ�ßà%áãâåä 1 æ�çéè�êvëìí�î�ï
1 ð�ñóò by an orthogonalcompletion procedure which makes thecompletedmatrix

atn stagek unitary.
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The derivation of the upperform is easy and goesas follows. An equivalent,
non-uniV tary realization for U is

þ
ô�õ�ö÷ øvù�úû
üvý�þÿ������� �	��
�� �

If we compute UT by
µ

brute force(dropping the indicesk
�

for ease of computation),
and utilize the identity

����������������� 1 �! #"%$'&#(*)�+',�-	.0/�132�465�7 1 8:9
;=<�>	?A@�B!C�D6E�F 1 GIHKJML�NPORQ!S3T�U6V�W 1 X�Y3Z�[

with M
\

definedabove, we obtain

]_^a`cbed	f%ghjilk#m%noqpsrut!v�w�xzy�{�|�}s~�� 1 �#���6�������:�3���P�K�s�6������� 1 �s�'�#�
�������� �¡�¢P£R¤¦¥�§�¨ 1 ©#ª

«c¬#%®¯q°!± 1 ²#³µ´·¶	¸%¹ºP»K¼l½#¾%¿ÀqÁsÂuÃ!Ä�ÅPÆRÇ�È�É�ÊsË�Ì 1 ÍÏÎ�Ð�Ñ�ÒMÓ#ÔµÕlÖ:×�ØÚÙaÛ
Ü�Ý	Þ�ßà	á�â�ã�äPåRæ¦ç�è�é 1 êìëlí:î�ïðqñsòuó�ô�õPöR÷!ø�ù'ú�û�ü 1 ý#þ�ÿ��������	��
����� 1 ���

Thi
�

s transfer operator expressioncorrespondsto the realization:

�� ���� �� �
�! #" $&%#')( *!+#,.-0/2143652798):
0 ; <=&>?A@�B CED9FGEH I&J#KLNM!O 1 P&Q4RTSVU#WX	Y

Z

The
�

Lyapunov–Stein equation hasthe appearanceof a recursiveequation.However,
if
[

the systemis locally LTI (e.g. for \N] ^N_ ), thenthe equation canbemadenon-
recursive,and thetimeinvariant or ‘algebraic’ solution, in which `badc 1 e6fbg should
be
h

used. It is worth observing that the property ‘ the system is LTI for iNj kNl ’
is preserved underthe transformation monp qsr . This case we shall call ‘the IVI
case’ henceforth.We see also that all the calculationsarepurely local, in the case
of finite matriceswith scalarentries, the upperform canbe computedin at most
O tvuAw 2 x calculations, wheren] is the dimension of the matrix and b anupperbound
on the size of the state space.If care is exercised to make the realizationsalge-
braically
h

minimal (see [12, Chapter14]), then the complexity can be reducedto
O yvzA{}| .

The strict reachability assumption canalways be satisfiedin the IVI case.To see
that,
~

it sufficesto choose a minimal realizationat eachtime point.Thereachability
operatorwill thenautomaticallybe strictly positive definite, because lim �������b�
becomes
h

asquarenon-singularmatrix andlikewise for (thedifferent) lim����������� .
As
�

a global operator, M
�

will then be boundedly invertible, since the inverse
is given by a diagonalmatrix consisting of the local inverses �v��� 1��� and hence
will bebounded.
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3.
�

Outer–inner factori zation

The computation of theleft-inner–outer factorization. We are now given T upper�
in minimal state-spaceform (2). We wish to find �4��� andV such that �o ¢¡4£�¤d¥ , V
i
[
s upperisometric and ¦4§�¨ i

[
s left outer. Thebasis for the algorithm is givenby the

following theorem.

Theorem2. Let© fo
ª

r each k, «¬ be a unitary matrix, andn ¯® an uniformly bounded
sequencey of matriceswhich satisfythefollowingequalities(fo

ª
r all k):°�±³²¯´�µ

1 ¶¸·¹»º)¼¯½�¾
1 ¿!À Á

0 Â¯Ã ÄÆÅ�Ç
0 0 È ! É � Ê

ËÌ³Í
(3)

andn which aresuch that
(1) Î¯Ï is such that ke

Ð
r Ñ�Ò³Ó³Ô#Õ×Ö 0 andØ hasmaximaldimension, andØ

(2) ker Ù�Ú!Û�Ü¯Ý#Þàß 0.
Let
á

âãåä
æ�çéè êëíì
îï�ð ñ&òôó
õ�ö}÷ øù}ú

be a conformal decomposition of ûýü . Then þv ÿ����������
	�����
�����������is an isometric
realization for V, �������� "!$#�%'&)(�*�+-,).0/ is a realization for 132)4 andØ 5�6�7�8�9�:�;�<�=�>@?BA$CD�EGF�H

is a realization for a (maI ximal) causal isometric operator for which J�KML-N 0.

Pr
O

oof (Sk
P

etch). Theproofof thetheoremisgivenin [12]. It isbased on theBeurling–
Lax
Q

theorem(first provenin this context in [29]) anda systemtheoretical interpre-
tatio
R

n of the operator SUT diagVXW�Y0Z in
[

termsof basesfor the observability spaces
of T andV. If [] \_^a`�bdc�e is invertible, thenEq. (3) caneasilybe obtained from a
state-spaceexpansion of f3gihkj-l-m :

n-oqpsrut-v]w_xay�zq{}| 1 ~��
���������M�-�]�_�����q�0� 1 ������������s����d ]¡_¢�£�¤}¥-¦ §©¨0ª 1 «�¬$�®¯±° (4)

and the application of the following basicmixed partial factorization lemma.

Lemma 1. Suppos
P

e that U is a unitary operator, andØ ²
1 andØ ³

2 arØ e contractive
operatorssuch thatthespectral radiusof either ´ 1 µ or ¶ 2 · (or both) is lessthan 1,¸]¹Mº�»

1 ¼u½ andØ ¾]¿_ÀaÁ
2
Â ÃuÄ arØ eboundedly invertible. Let Å beanotherwisearbitrary

operator of appropriatedimensions. Then

Æ]ÇMÈ�É
1 ÊuË0Ì 1 ÍiÎ]Ï_Ð�ÑuÒ}Ó�Ô

2 Õ0Ö 1

×�Ø]Ù_ÚaÛ
1 ÜuÝ0Þ 1 ß àaáãâåäçæ]èMé�êuë}ì�í

2 î0ï 1

ð�ñ]ò_óaô
1 õuö0÷ 1 ø

1 ùuúãû�üþý�ÿ�� �����2 �	��
�������2 ��� 1 � (5)
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in which � is the unique boundedsolution of the (gen� eralized) Lyapunov–Stein
equation� ���

1 ���� �!�"�#2 $&%(' (6)

The proof of the lemmais immediate,by pre- and post-multiplication with the
in
)

vertible operators *	+�,�- 1 .�/ and 0	1�23�4�5�62 7 . A closedform expression for M
�

is
)

givenby theconvergingsummation

8 9 :
;=<

0
>
?A@

1 B�C DFEHG	I�J�K�L2 M NPO

Expansion of thequadratic term in (4) andequating membersleadstoQ�RTSVUXW
1 Y[Z\^]`_VaXb
1 ced

f�g hji kmlnpoqmrspt u�v wpx y 0 zT{ |[}j~
0 0 � e � j � �

Completion of thesecondfactor to unitary andinversion produces(3). Thediagonal
matrix Y satisfies theLyapunov–Stein equation�V�(���[�P�m��p������T�T�=�

1 �e� �p�F�
The
�

proof of the theoremproceedsby showing that (3) is indeedsolvable and
produces� a bounded��� diag�V� , and that the kernel and maximality requirements
onY and  �¡ indeed

)
produceanouterfactor ¢¤£ . ¥

Eq. (3) indeedgives an algorithm which is capable to compute ¦¨§ , ©Vª , «�¬j and®e¯j°
from
±

theknowledgeof ²V³X´ 1 andtheoriginalsystemmatricesµA¶�·P¸V¹[ºT»T¼�½`¾T¿eÀ�Á .
In
Â

fact, Ã¨Ä is
)

a generalized(unitary)JacobitransformationwhichbringsÅ�ÆTÇVÈXÉ
1 Ê[ËÌ^Í`ÎVÏXÐ
1 ÑeÒ

t
Ó
o block upperechelon form, taking careof trivial zerocolumnsin the process. For
self-containmentof this paperthe elementary algorithm is given in Appendix B. It
assumesthatfor somelarge,positivevalueof k

Ô
, ÕVÖX× 1 isknown.Thiswill bethecase

if the systemis LTI for large k
Ô
, but other instancesareconceivable,e.g.the system

is
)

of finite displacementrank,or it is almost periodicfor largek
Ô
. These instancesare

quite interesting but beyondthescopeof thispaper.
Eq.
Ø

(3) canbesquaredto eliminate Ù¨Ú b
Û
y right multiplication with its complex

conjugate,andthis leadsto a recursive Riccati equationin ÜÞÝ^ßáàTâTãåäæ (theconnec-
tion
Ó

of inner–outerfactorizationandRiccati equationsis classical, see e.g.[3], for
treatments
Ó

of thetime-varyingcase,see [18,29]),

çÞèêéìë�íïîñð=ò
1 óeôõ÷öùø�úPûmüýþ ÿ �������	� 1 
 ������������������������ "!$#&%('*),+ 1 -/.021 †346587�9�:/;<�=?>&@BA*C,D 1 EGFHJI�K (7)
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Onemay be temptedto solve the Riccati equationto solve the outer–innerfac-
to
Ó

rization problem, but that leads to great difficulties as is amply documented in
th
Ó

e literature [22]. It is already not advisable numerically to square an equation to
solveit, and thediscretetimeRiccatiequation hassomenastypropertiesin addition.
W
L

e shall thus endeavour to solve what we shall henceforth call the ‘squareroot
equations’ (following the terminology of [24]). We do it for the time invariantcase
i
)
n the next section,andthengeneralize to thecase wherethe system is only LTI forMON POQ

. In the lattercase,theLTI theory form theessential starting point.
Thekernelconditionsmentionedin the theoremarenecessary for the following

reasR ons:
(1) The maximality conditionon SUT only makessense if at the same time onere-

quiresthat ker V�WUXZY\[^] 0. In that case the column dimension of _U` corresponds
to
Ó

the dimension of a minimal realization for V. In fact,Y so definedhasa nice
interpretation as the ‘angle operator’ betweenthe observability spacesof V and
T, see[12] for furtherdetails. Interestingly enough,this dimension canhave a
va aluerangingfrom zeroto thedimension of thestatespaceof T. Whenit is zero,bUc

ju
d

stdisappears.
(2) The kernel condition on e�fhg is certainly necessary, ikjhl could not possibly be

left-outer if any m�n�o would not have a left inverse.That the condition is also
sufficient is thesubjectmatterof thetheorem.

4. Outer–inner factorization in the LTI-case

No
p

w we turn to the algebraic, i.e. non-recursive or fixed point version of the
squarerootequation (3), to beusedfor theLTI left-outer–innerfactorization qGrtsvuxwykzh{v|t}v~(�2�t���

, in which �k�h���t��� is) left-outerand �Z�t��� causal isometric.Let �t�����G���6�����
b
Û
e a minimal realization for �G�t�v� . Then onehasto solve the algebraic (i.e. non-

recursR iveor fixed point) version of (3), i.e. theset of equations
� �
�  

¡
¢ £ 0 ¤ ¥§¦

0 0 ¨ � ©
ª

(8)

for a Y of maximaldimension such that ker«	¬®\¯^° 0, a ±�² such that ker ³�´ 0 µ·¶^¸ 0
anda W th

Ó
at is unitary, in fact

¹»º
¼§½ ¾�¿
ÀGÁ Â§Ã
Ä&Å Æ�Ç

is suchthat ÈtÉGÊZË�Ì&ÍÏÎ�Ð§ÑÏÒ�Ó�ÔvÕ definesanisometricrealizationof Ö2×tØvÙ , while ÚtÛGÜZÝ�Þ&ßáàâ�ãZä�å�ækç
definesanisometricrealizationfor è§étê�ë , which is such that

ì2ítî�ï
ð§ñtò�ó
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is inner, and ôGõtöv÷�øúù�ûtü�ý^þ 0. ÿ������ definestheorthogonalcomplementaryrangespace
of ���
	�� , which in this caseturnsout to haveabasiswhich is analytic in theunit disc.
Fin
�

ally, aminimal realization for ���� i
)
sgivenby ������������������� � . Theexistenceof all

thes
Ó

ematriceshasbeenshown alongtimeagoin complex functiontheory, for avery
attractive treatmentsee [19], our purpose here is to derive an economicalsolution
t
Ó
o the ‘LTI squareroot equations’ (8). The zerosof !#"�$&% play� an essential role at
leas
'

t in part of the treatment(CasesI and II). They canbe studiedvia the Smith–
McMillan form, or directly via appropriateHankel matricesconnectedto Laurent
seriesexpansionsin the relevantpoint of thecomplex plane,see [35] wherealso the
ensuingfactorizationtheoryis developed.Werecallsomefacts. Let sup(&) rankR *,+#-�.�/,/
be
Û

called the‘normal rankof T ’, it is thenormal rank of theSmith–McMillan form.0#1�2&3
will have that rankalmost everywhere.Points of exceptionsarepoints where

oneor moreof the minimal factorsof T have a zero.Such points are called ‘zeros’
of 4�5�6�7 (they may bepolesaswell, whensomeotherminimal factorhasa poleat
that
Ó

point).TheSmith–McMillan theorydefinespolesandzerosproperly, exceptin
t
Ó
he point 8:9<; , which plays a special role in the theory becauseof its utilization
of unimodularmatrices—if it is of interest, it canbedisplacedto someotherpoint
in thecomplex planethrougha bilinear transformation,but we shall avoid having to
work ‘at infinity’ in this paper, we shall solely be concernedwith zerosin the open
uni= t disc of the complex plane,where >#?�@�A doesnot have any polesby definition.
In
Â

the theoryto follow, ananomalycanoccurif T doesnot have normalrankat the
poi� nt B:C 0, for which we have to make the provision explainedin the following
paragraph.�

If
Â D:E

0F doesnot have normal rank, then it can be broughtto the generic case
whereit does, througha simple bilineartransformationon thevariablezG . Let aH be

Û
a

poi� nt in the complex planeC such that IKJMLON 1, andlet

P
1 Q�R�SOTVU

W�XZY
1 []\^O_ `

Then a 1 hasthenew realization:

b
1 cedgfhMikjel:mon,pkqZrts:uov 1 w

x
1 yez 1 {V|~}�� 2� ���,���Z�����o� 1 �

�
1 � 1 ���K�M� 2 �,���Z�t�:�o� 1 ���

�
1 �e V¡£¢¥¤M¦,§k¨Z©tª:«o¬ 1 V®�¯±°#²�³t´,´oµ

If aH is chosen as a point in the openunit disc where ¶:·�¸t¹ hasnormal rank, thenº
1 »�¼&½ will have normal rank at ¾:¿ 0. Properties like outerness and innerness are

pres� ervedunderthis bilinear transformation—awell-known fact from Hardyspace
theory
Ó

. Alternatively, and preferably, the zero at À�Á 0 can be factoredout as an
innerfactor using the techniquedescribedin Appendix C. For brevity, we skip this
t
Ó
echnicalpoint.
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Generic case: Â�Ã 0ÄÆÅ±Ç has
È

normal rank. Let É
 ÊÌË�Í:Î�Ï#Ð�Ñ�Ò be
Û

a minimal real-
izatio
)

n for T, and let

Ó]Ô±Õ×Ö
1 Ø 2Ù

Ú
0

0 0

Û�Ü
1Ý�Þ
2

(9)

with d
ß

squareinvertible, àâáäã×å 1 æ 2 ç and èké±êìë 1 í 2 î uni= tary (anSVD would do but
is
)

notreallyneeded,just orthonormalbasesfor kernelsandrangesof D
ï

and ðòñ ). Letóõô÷ö�ø�ùOúZûtü�ý:þ�ÿ����
. Let �����
	�� and ������ . Thena minimal realizationfor ��� is

�
givenby

��� � 1�
2 � � �

1 ! 2 "$#
%

0
0 0 & (10)

in
�

which ' and ( h
)
avebeenpartitioned according to thesub-division of u andv. Let*�+-,/./0

1132 1 4
1.

Lemma 2. 57698 0: w; ill havenormal rankiff < 2 =?>A@CB3D�EGF 1 H
2
� I 0.

A
J

proof of thelemmais givenbelow under‘Case IV’. Theconditiongivenin the
lemmamay serve as a test to determinewhether KMLONQP satisfiesthecondition itself,
else onecanapply thebilinear transformationof the previousparagraph.It should
be
R

clear that an outer–inner factorizationfor SUT will produceone for T and vice
vV ersa (see furtherfor the precise formulas). We assumefrom now on thatT is

�
in the

normalW izedform of (10)andthatit hasnormalrankat XZY 0.
The treatmentof the inner–outerfactorizationwill differ greatly accordingto

whether [ 2
� disappears, or \ 2, or both. Thelast case correspondsto D

ï
being
R

square,
non-singularandcanbesolvedin a particularly simpleway, involvingonly apartial
eigenvalue decomposition of the matrix ]_^�`/acb�dfe 1 g and the solution of a
L
h

yapunov–Steinequation.No recursion is needednor is it necessary to convert to
aRiccatiequation.Theprocedurecanbeextendedin aratherstraightforwardway to
the
Ó

case where i 2
� i
�
sempty, but not j 2

� .
Thenext case, k 2 not empty, l 2 not present, is fundamentally different. It corre-

spondsto the determination of a ‘rangefunction’—awell-known problematic ques-
tio
Ó

n in classicalHardy spacetheory. The standard way to tackle it is to construct
a correspondingRiccati equationand then to solve the latter using an eigenvalue
decomposition of a pencil constructed on an Hamiltonian matrix derived from the
data[22]. Theproblemwith thatapproachisthatthemethodrequiresthenumerically
um nstable determination of intrinsically multiple eigenvalueson the unit circle. Dif-
ferentapproachesarepossible.Oneconsistsin first reducingtheproblemto aregular
Riccatiequation,which thencanbesolvedin a classical, stableway. Thereduction
consists in the determination of the eigenstructureof the zerosof nMoOp�q on the unit
circle followed by a polynomial extraction. This step canbe donein an asstable
way as possible, themultiplicity of theeigenvaluesis not doubledaswould be the
case if onewould work on the original data. An alternative approachwas proposed
by
R

Kailath e.a.as a squareroot algorithm to solve the Kalman filtering problem
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[21]. This recursive solution has an interestingconnectionwith the Szegö theory
of orthonormalpolynomials on theunit circle. Al thoughthe theoryis classical, we
give the recursive solution and its doubling version as the preferredmethod both
from a numericalpoint of view andbecause it solves thesquareroot equationsin a
reasonablydirectway.

Finally, Case IV is thegeneralcase,which combinesthepreviouscasesin a rea-
sonablydirectway. It mayseema little convolutedto distinguish all these different
cases, but thereareverygoodnumericalandmathematicalreasonsto doso. Weshall
go into these in thediscussionat theendof the paper.

4.1. Case I: Thesquarenon-singular case

W
L

eassumethat sMtOuQv3w�xzy|{~}��?�A���M���G� 1 � is minimal with D squareandnon-
singular. SincetheYsoughtis such thatker �?�����7� 0, we canalwaysexpress it as

����� �
0 �

in which � is squarenon-singular andV unitarym , e.g.by an ��� -factorizationor an
SVD.

Proposition 1. Let �_���/���� ¢¡ 1 £ andH let Y beexpressed as

¤�¥�¦ §
0

with; ¨ s© quareandnon-singular andV unitary. Letmoreover

ªZ«Q¬®°¯ ± 11 ² 12³
21 ´ 22 µ

ThenY will bea solution of (8) with; ker ¶?·�̧�¹3º 0 iff
(a) » 21

� ¼ 0;
(b) ½ 11 is invertible and has its eigenvaluesstrictly outside the unit disc of the com-

pl¾ ex plane;
(c) ¿ÁÀCÂZÃÅÄ�ÆZÇ 1 is the uniquenon-singular solution of theLyapunov–Stein equa-

tionÈ É�ÊÌËÎÍÐÏ�ÑÓÒÅÔ
11 ÕzÖÓ× 1

11

in which Ø�ÙÛÚfÜ 1 Ý�Þàßâáäã 1
11

0
å æ .

The solution will be maximal if ç 11 containsall theeigenvaluesof è wh; ich are lo-
catedoutsidetheopenunit disc (multiplicitiesé counted).

Pr
ê

oof. W
L

e first establish necessityë (i.e.we assumethesolution Y given).
Since D is assumedsquareinvertible, we canwrite down a block upper–lower

factorization
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in which þ�ÿ��������	� 1 
 is thecelebratedSchurcomplementof D in the realiza-
tio
�

n matrix. Hence(8) canberewrittenas� � � � ����� � ������� 1� 0 �  "!
0 0 # % $ & (11)

Looki
'

ngat thesecondblockcolumnof thisequation,wefind
(

0) * + ,
-/.

210/1
22

2 3
0

(12)

andhence46587�9
21 : ;=<

It followsthat > 21 mustbeinvertible,since it issquareby definition ( ? 21 @BA�C )
and D/E21FHG 0 I JLK�M 0 N OHP 0 by thekernelhypothesisonY. HenceQ6R�SUT8VXWZY

21

andsinceY has
[

the left (Moore–Penrose)inverse \ † ]U^`_%a 1 0bdcfe ,
gXhZi

21 j�k †
l mon=p

q�rtsfu 1 0vxwfy{zo| }
0 ~

���%� 1 �
11���

and we have that � 11 is invertible with � 21
� . Hence � 21

� ���������Z�
11 �f� � and since�

21 ����� , the statetransition matrix of an inner operator, �����11 , must have its ei-
genvaluesstrictly insidetheunit disc.From (12) and after multiplication with   †

l
we

find

¡%¢ 1 £
11¤ 0¥�¦ §

¨�©
21
�ª�«
22

¬ 
0 ®

Int
¯

roducing °/±U²	³ 1 ´�µ ¶�· 1
11
0

and inverting theleftmost matrix, wefind finally

¸�¹
21
�º�»
22

¼ ½%¾ 1 ¿�À 1
11 Á 0Â6ÃÅÄ Æ�Ç 1

È
0 É

Expres
Ê

sing the isometry of ËÍÌ 21 Î 22
� Ï and puting ÐÒÑÔÓfÕZÖ�×%Ø 1, we obtain the

Lyapunov–Stein equationÙ Ú�ÛÅÜÞÝàßâá�ãZä
11 åçæ�è 1

11 é (13)
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Since ê�ë 1
11 h
[
as its eigenvaluesstrictly inside the unit disc of the complex plane, this

equation hasauniquesolution givenby

ì í î
ïñð

0
ò
ó`ô�õZö

11 ÷ øÞùÅúÞûoütý�þ 1
11 ÿ � � (14)

M is strictly positivedefinite since � is assumednon-singular. Hencewe find���
21
� �

22�
	�����������11 ��� � ����� �"! #%$
If weplow this result backinto the originalequation,we obtain

&(' )*,+ - .0/
21102
22

3 4
56

21
� 7�8 1

11 9
0

:
which will beequal to ;0< only if = 21 > 0. Thisprovesnecessity.

Suf
?

ficiencywill follow if we show thatthealgorithmderived from theconditions
of the theoremproducea Y which solves(3), and which is left invertible (ker@BADCFEHG
0). Let

IHJLK�M NPO11 0QPR
12 SPT22

UWV
(15)

b
R
e a block Schur eigenspacedecomposition for X , in which Y 11 collects(the)eigen-

vaV lues of Z which arestrictly outside the unit disc. Let now [ be
R

definedas given
in
�

the statement of the theorem,and let next M
\

be
R

the solution of the Lyapunov–
Steinequation (13). We claim that M is strictly positive definite asa consequence
of the minimality of the original system T. This canbe seenasfollows. Since the
eigenvaluesof ]�^ 1

11 arestrictly inside theunit discof thecomplex plane,thesolution
of the Lyapunov–Stein equation given by (14) is unique. It will be non-singular,
if
�

f the reachability pair _a`�b 1
11 c"d i

�
s minimal, which meansthat theredoesnot exist

a vector egfh 0 suchthat ikjml 0 npo"q�r�s11 tvu 0. Let w�x 1
11 y z�{

. Then |v} 0 ~ ��� 0,
and we find that thecondition isequivalent to

��� 1 �,� �
0 � 0 �

��� 1 �,� � 11 � 12
0 � 22

� �
0 � 0 for �� � 1 �

Let � �0< ��� 1. Then � 1 � 0 � ��  0, and thecondition becomes¡k¢m£ 0 ¤v¥§¦©¨«ª 1¬ 0 for ¯®�°²±´³,µv¶ 1 · . It isnow not hard to see(recursively) that thiscondition is
equivalentto ¸k¹mº 0 »�¼¾½À¿«Á 1 Â 0.Sincetherealizationwasassumedstrictly reach-
able,we find Ã 1 Ä 0 and subsequently Å�Æ 0 and Ç�È 0. (Theproof boils down to
th
�

e fact that if the realization for a system is minimal, then the derived realization
fo
É

r the inversesystem is minimal as well, but in the present casethe inversesys-
t
�
em is partially unstable so that the correspondingLyapunov–Stein equation for the
reachabilityGramiancannotsimply besummed.)Factornow Ê Ë�ÌLÍ�ÎÐÏLÑ 1 andput
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ÓÕÔ�Ö ×
0 Ø

Y satisfiesall the necessaryconditionsby construction and is hencethe solution
sought. Ù

4.2. Case II: Ú (0) has full columnrank—Û 2 is empty

Let
'

ÜÞÝ�ß à
0 á

â
b
ã
e a decomposition of D

ä
with u and å uæ nitary matricesand d

ç
squarenon-singular.

We
è

findé êë ì í î
0 0

0 ï 1 ð 2

ñ òó
1 ôõ
2 0

ö
0

0 ÷ùø ú
where ûvüþý�ÿ 1 � 2

� � is
�

a decomposition of u conformal to the partitioning of D
ä

. Let�����	��
���������	�����
andlet �����	�! #"%$�&')(	*�+-,�.�/	0�1 b

ã
e a left-outer–inner decomposition of2�3�4	5�6

. Then 798;:	<!=#>@?BA�C�D�E�Fand GIH	J�K�LNMPO�Q�R will producethe left-outer–innerde-
composition of S�T	U�V . We may just aswell take W�X	Y�Z in

[
the \�]�^	_!` fo

É
rm to startwith,

fo
É

r simplicity of notation. acb	d!e t
f
henhasthe form

g�h	i�jlk m 1 n	o�pq
2
� r	s�t

with u 1 v	w�x a ‘CaseI’ matrix, and y 2 z 0{#| 0. A left-outer–inner factorizationof}
1 ~	�!�#�%� 1��� 1 �	�!� produces� , via thetechniquesof CaseI, aninnerfactor � 1 �	�!� which,

however, maybe‘too large’ for � 2 �	��� in the sensethat � 2 �	�!�-���1 �	�!� maynot beana-
lytic in the openunit disc. Thetrueright innerfactor ������  will bethe largest inner
factorsuchthatboth ¡ 1 ¢	£�¤-¥c¦�§	¨!© and ª 2

� «	¬�-®c¯�°	±�² areanalytic in theopen unit discat
th
³

e sametime.To establish the relation betweeń 1 andV, let now nµ temp
³

orarily be
t
³
he dimension of theoutput spaceand ¶¸·2 t

³
he Hardyspaceof dimension nµ [27]. We

must have ¹¸º2 » 1 ¼	½�¾�¿@À¸Á2 Â and hence Ã 1 Ä	Å!Æ#Ç%ÈÉ!Ê�Ë�Ì-ÍIÎ	Ï!Ð , ÑIÒ	Ó!Ô is a right-inner
f
Õ
actor of Ö 1 ×	Ø!Ù with remainder Ú�Û!Ü	Ý�Þ . We determine ß 1 à	á!â first using the method

of case I, thencompute thepart of ã 1 ä	å�æ th
³

at makes ç 2
� è	é!ê-ëPì

1 í	î�ï non-analytic, and
finally compute a minimal ð�ñ so that ò 2 ó	ô!õ-öP÷1 ø	ù�ú-û�ü!ý	þ!ÿ i

[
s analytic. The squareroot

equation now hasthe form� ��
1 ��
2 0

� � � 0 � 	�

0 0 � �  ��� (16)

W
è

e apply theCase I procedureon� ��
1 �

�
1 � � 0 � 1 ��� 1

0 0 � � �1
�

1  (17)
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This
!

producesa realization" 1 #%$'&)(+*�, 1 -/.1032 1 46587�9;:�< 1=?> 1 @�A
1. Applying BDC1 E%F'G

to
H

the right of I 2 J%K;L givesM
2 N%O'P?Q�R1 S%T'U)VXW 2 Y1Z\[^]�_�`'acb 1 dfehg^ij 1 kmlonp 1 q\r^s�t'ucv�wx 1y?z 1 {'|~}o�� 1 ��� (18)

Reduction of thisequation necessitatesa ‘partial fraction decomposition’ of amatrix
quadratic term.Lemma1 applies. Let M

\
be
�

the uniquesolution of the Lyapunov–
Steinequation� ����������

1 ����� �� 1 �
which is well definedsinceA

�
and ��� 1 both

�
have spectralradiusless thanone(and

hencealso zA� and �;��� 1). Thenwefind in sequence:�\�^���� '¡?¢ 1£?¤f¥o¦§
1 ¨\©8ª¬« c®�¯° 1 ±?² 1 ³�´\µ·¶¹¸�º'»?¼ 1½ ¾�¿ÁÀ/ÂXÃ\Ä·Å¬Æ'ÇcÈ�ÉÊ

1 Ë?Ì 1 Í
Î

2 Ï%Ð'Ñ?Ò�Ó1 Ô%Õ'ÖØ×ÚÙ;ÛcÜ 2 ÝXÞ\ß8à¬á'âcã�äå 1 æ?ç 1 èoéê
1 ë¬ì 2 íXîoïð 1ñóò

2 ô\õ^ö�÷�ø'ù?ú 1 ûýüXþoÿ�
1

��������
1

	�

We
è

see that � 2 ��������1 ����� mayhaveananticausal part

�����
2
� ���! �"$#&%�')(*

1 +�, 1 -/.0
1 1

The
!

computationof 243 andV is
5

now astraightforwardapplication of factorization
th
H

eory for unitary realizations, intended to remove this anticausalpart. We give the
essential steps. Let 6/78/9;: 2 < , and let us find a unitary matrix u which reducesthe
pos= sibly non-minimalobservability pair >@?)A 1 BDCFE , therebydefining the G)H!I and JLK
sought:

M@N4OQPLR
1 SUT&V4WYX[ZF\^]

_L`!a bLc d/ef
0 gLh 0 i

If
j

wenow apply thestatetransformation k4lnm�m�mpo on therealization q�r)s 1 tvu^w 1 xvyDz 1 {|)}
1 ~ , thenunitarity ispreserved,andanequivalentrealization isobtained,whichwill

f
�
actor in thedesiredway. Let usdenote thisnew realization as follows:

�4���L�
1 � ���Y�D� 1�^�

1 � �)� 1

�
�L�!� �L� �/��!�
0 �L� �D��^�!�  /¡¢ £¥¤¦

1

§
in
¨

which we have anticipatednotationwise on the destination of the sub-matrices.
B
©

ecauseof thereductionof thestrictly non-causal partof ª 2
� «�¬&�®)

1̄ °�±�² to
³

minimality,
wehave´�µY¶¸·¹»º!¼¾½;¿)ÀÁ

1 Â ÃQÄ�Å 1 Æ/ÇÈ
1 É�Ê ËvÌ/ÍÏÎÐÒÑ!ÓÕÔ×ÖLØÙ!Ú!Û�Ü�Ý�Þ 1 ß/àá!â�ã

Theequivalent unitary realization of ä 1 å�æ�ç factorsnowèLé!ê ëLì í/îï!ð
0 ñ)ò ó[ôõ^ö!÷ ø¸ùú û�üý

1

þ
ÿ�� � ������	�
�� ����

� ��� ������ ��� �
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in which the quantities to the left of the equal sign are known, and the quantities
to
�

the right must be such that two unitary factors are obtained, this being always
pos� sibledueto theunitarity of theoriginalmatrix anditspartial block triangulariza-
t
�
ion. ��� �"! and #%$'&)("* arenow fully determined (up to equivalence),and it is readily
ve+ rified that,"-/.1032465�798;:�<=?>�@"ACBED 1 F1GH�ICJLKNM)ONP
has
Q

becomecausal (analytic in the unit disc), so that R 2
S T�U is

¨
analytic aswell. In

addition, minimality of V is
¨

also readilyestablished,thanksto standardinner–outer
factorization theory. Theprocedureshown isahandytechniqueto computecommon
factors in innerfunctions. This completely solves Case II in the squareroot form.
Ho
V

wever, criticism on the method is still possible, since in many instancesit may
leadto too many computations: first the determination of a realization for W 1 X)Y"Z vi+ a
t
�
hedetermination of aSchur eigenvalueform, followedby a furtherreduction.

4.3.
[

Case III: \ (0) hasfull row rank– ] 2 is empty

Thi
^

s case is fundamentally different from the previouscases— it corresponds
t
�
o the determination of theorthogonalbasis of a rangefunction and its completion
to
�

a unitarymatrix. We shall seethata specialcase of this instanceis found in the
classical squareroot algorithmfor the Kalmanfilter. If m_ is the input dimension
of `ba)c"d (dimensions egfih)j 1 kml 2 n , with o 1 prq ), thenthe rangefunction for T is
definedasthespacesmt u 2vxwzy 1 {)|"}x~ 2

S � �"��� , in which � 2
S� is
¨

them_ -dimentionalHardy
spaceof the unit disc. The subject of rangefunctionsis both a very essential part
of classical Hardy spacetheory [19], and one in which major problemsoccur in
general,because an analytic rangefunction (that is a rangefunction with a basis
t
�
hat is analytic in the unit disc) neednot have an analytic orthogonalcomplement.
Ho
V

wever, for therationalcase suchananomalitycannotoccurandcompleteresults
areavailable,a rationalrangefunction that hasan orthonormalbasis consisting of
elementsanalyticin theunit disc hasananalyticorthogonalcomplement.Our goal
will beto givenumerically stablealgorithmsthatcomputeboth theorthogonalbasis
and its complement. It turns out that the most attractive algorithm is basedon the
squareroot equation, this time in the recursive form of the Kalman filter. It will
have exactly the sameappearanceas the time-varyingequation(3), executedasa
‘doubling procedure’.A traditionalalternative is thesolution of the relatedRiccati
equation.No numericallystable solution for the discretetime Riccati equationis
pos� sible if thezerosontheunit circleof �b�)�"� arenotremoved first. It mayseemthat
t
�
he recursive squareroot solution doesnot suffer from the presenceof these zeros,
b
�
ut that is not true, as we shall seelater in this section. Therefore, it is necessaryto

perform� a ‘reduction of zeroson the boundary’first. This canbe donein a rather
elementaryway, using the characterizationof zerosof generaltransfer functionas
originally donein [35].
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As in theprevioussection wemayassume �b�)�"�����z� 1 � �"��� 2
S �)�"��� with therealiza-

tio
�

n � �
1 � 2�  
1 0

¡ ¢ £¤ ¥ (19)

in
¨

which ¦ 1 is
¨

square invertible and § 2
S ¨© 0. Letª¬«®)¯N°E±³²´1µ)¶N·�¸�¹ 1 º)»"¼C½³¾1 ¿)À"ÁÃÂrÄ 2

S Å)Æ"ÇEÈ³É
2 Ê)ËNÌ ÍÏÎ�Ð)ÑNÒ

(20)

be
�

a(left) spectralfactorizationof Ó�Ô)ÕNÖE×³Ø/Ù)ÚNÛ with Ü¬Ý®Þ)ßNà the
�

(left-)outerfactor. Thenáãâ)äNå�æ�ç¬è®é)êNëEìzí
1 î)ïNðòñ 2

S ó)ôNõ�ö i
¨
n which, of course, ÷�ø)ùNúüû�ýzþ 1 ÿ�� ��� 2

S ���	��
����� 1� ���	����
1 ���	��� 2 ���! �" definesa causal isometric matrix function whose rows actually form

ananalyticbasis for therangespace# . V canthenfurtherbeembeddedin aninner
factor$&%�'!(*) +-,�.!/021�3!4 5 (21)

in
¨

which it forms the first block row. As before, we wish to have 687 , V andW in
¨

state-spaceform, therealizationfor thelattercanbechosenisometric,augmentable
to
�

a unitary matrix.
T
^

wo observationsarein orderat thispoint. First, thezerosin theunit disc of 9;:�<	=
(i.e.pointswhereits rankdrops) oftenhavenorelation with thezerosin theunit disc
of >@?�A!B , in contrast to caseI. They will appearin theright innerfactor, but in atrivial
way. Even if T hasno zerosin the unit disc, the embeddingwill have such zerosas
is exemplified by

C@D�E	FHG 1
1I 1

2 J
K

1L 1
2 M (22)

for which

N&O�P!Q*R 1S
2

TU
2V 1W

2
S XY

2

Z (23)

The
^

zeroof W is
¨

at []\ 0, a point at which ^@_�`!a has
b

no zero.Second,the execution
of the spectralfactorizationshown in (20) appearsto be essential in as much asc8d

is normalizing the rows of T t
�
o produceV. The classical way of doing this in

state-spacetermsis to convert theproblemto thesolution of a Riccati equation,in
this
�

case a discretetime (algebraic)Riccatiequation.It is well known (seee.g.[22]
for
e

a comprehensive exposition) that this Riccati equationcanonly be solved in a
numericalstableway whenT hasno zeroson theunit circle, because zeroson the
unitf circle will appeardoublein the subsequentHamiltonianeigenvalueproblem,
makingg it unnecessarily ill-conditioned. In case thereare no zeros(andof course
noh poles) on the unit circle, one speaksof a regular problem. Al thoughwe shall
noth solve theRiccatiequationdirectly—weshall work on thesquareroot form—the
same problemwith boundaryzerosappears. Moreover, it appearsadvantageousto
work on a modified system representation in which an obviousfactor of the inner
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part� hasbeentaken out first. Therefore,a couple of preliminary stepshave to be
executedfirst.

4.3.1. Preliminary innerreduction of j 1 k�l	m
W
n

e start out by using thesimple procedureof Case I to reduceo 1 p�q	r to
�

anouter
matrixs

1 t�u	vxw�y 1z|{�}!~�� 1 ���	�
in which � 1� is outerand � 1 ���	� inner. Then

�@���	�H�����
1�����	��� 2 ���	��� �

1 �� 	¡ ¢
anda realizationfor £�¤ 1¥�¦�§!¨�© 2 ª�«	¬� , given by® ¯

1° ± 2
S² ³

1́ 0

is
¨

such that µ·¶·¸ 1¹»ºH¼ 1
1½�¾ has

b
no eigenvalueslarger than 1. Oncean outer–inner

factorization¿�À
1Á�Â�Ã!Ä�Å 2 Æ�Ç!È�ÉËÊ�Ì�Í8ÎÐÏ�Ñ	Ò 0ÓÕÔ&Ö�×!Ø

has
b

beenfound,then

Ù@Ú�Û	ÜHÝ�Þ�ß8àÐá�â	ã
0ä å&æ�ç!è é

1 ê�ë	ì í
will beanouter–innerfactorizationof theoriginalmatrix,and

deg îðï�ñ	ò ó
1 ô�õ	ö ÷ ø deg ùðú�û	üý deg þ 1 ÿ�� �

(a well-known property of innermatrices). Hence,thispartof the procedureis min-
imal.
¨

We mayandshall now assumethattheoriginalmatrix for Case III is such that�
1 ����� is

¨
outer, and hencehasarealization with d

�
non-sh ingularand 	�
����� 1 � such

that
�

it hasnoeigenvaluesof moduluslarger than1.

4.3.2.
�

Removal of zeros on theboundary
W
n

eshall now reducethespectralfactorizationproblemto aregularproblem.This
is donein anasstable as possible way, by computing a squarenon-singularpolyno-
mialg matrix ������� of dimensions ����� which is such that�! �"�#�$�%'&�(�)+*-,/.�0�132�4'5�6�7+8:9-;

1 <�=�>@? A2S B�C�DFE (24)

for
G HJILK/M�N

stable with no zeros(andof course no poles) on theunit circle. Thepro-
cedurerequiresfirst the determination of candidate zeroson the unit circle. Since
a zero of O!P�Q�R mS ust a fortiori be a zero of T 1 U�V�W , we find a complete collection
of candidatesby computing the eigenvalueson the unit circle of XZYZ[ 1 \�] 1

1 ^ . If_� `baJced3f
1 ghghgji is theset so obtained,thenwe must find k'l�m�n so that it incorporates
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all these zeros, multiplicities anddirectionaldataincluded.This canbe donein a
recurso ive fashion on the candidates p�qsrLt —oneextractsfirst thecompletezeroat u 1
as a polynomial matrix v 1 w�x�y , and then proceedson the remainderz'{ 1

1 |~}���� for
G

which the set of zerosis now ��� 2 �h�h��� , because the extraction will not affect the
lo
�

cation nor themultiplicity structureof thezerosat theotherpoints.Theextraction
of a polynomial with a single zeroat a point a� is an ‘elementary’procedure,which
canbe based on an invariantsub-spacestructureof T characteristic for that zero.
An efficientcomputationis based e.g.on the theoryof surplusspacesasoriginally
propos� edin [35]. We give thealgorithm in Appendix C.

4.3.3. Therecursivesolution
Th
�

e attractive way of solving the regular problem is provided by setting up a
recursivesolutionashasbeenproposedfor thecomputationof theclassical Kalman
filter in thesquareroot form [25]. Themethodcanbeapproachedvia a continuous
Cholesky factorization asexplainedin [12, pp.65–71].

Let a minimal realization for �~����� (with � 1 ����� outer) be as before,and let us
denotea realizationfor anouter ��� such that �������+�-�b����� ��¡£¢¥¤�¦�§+¨-©ª¬«��® by

¯
°£±³² ´ µ+¶· ¸b¹ º

W
n

e assumethata realizationfor »£¼b½�¾�¿ existswith À�ÁÃÂÅÄ Æ asreachability pair—a
well-known fact,which is constructively provenby theprocedureto bederived now.

ApplyingLemma1 on theproductÇ!È�É�Ê+ËÍÌsÎ/Ï�Ð with Ñ 1 ÒÔÓ 2 Õ×Ö , ØÚÙÜÛ andÝßÞàÍà�áJâäã~åæã!ç we obtaina mixedrealization

è!é�ê�ëíìäî!ï�ð�ñ+òJóbô�õ�ö�÷ùøúøüûÍýäþ�ÿ����������	��
��������� 1 ������������ �!#"�$
%'&)(�*,+�-/.#021�3547698:<;>=@?�A@B�C 1 D>E@F�GIH

Let J@KMLON�P�Q�R�S�T�U#V , WYX[Z�\ is the transfer function corresponding to the doubly

infinite Toeplitz operator

...
...

.. .
. . .

. . .
. . . ]^]�_�`�a�b�c#d egf@h i#jlk�m . . .
. . . n,op�q�r s�s^tvu/w�x#y�z {g|�} . . .

. . . ~�����Y�@��� �������� ��������������� . . .

. . .
. . .

. . .
. . .

. . .

�

in which the (0, 0)th entry hasbeenboxed for orientation purposes. The simplest
trick
�

to find arealization for �����[�>� recurso ively is to consideraCholesky factorization
of astrategicallychoosensub-operatorof ���[�>� , namelyof theoperator
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R �' 

. . .
. . .

. . .
. . .

. . . ¡^¡�¢�£�¤�¥�¦#§ ¨ª©@« ¬�l®�¯

. . . °,±²�³�´ µ^µ�¶�·�¸�¹�º#» ¼g½@¾

. . . ¿,ÀÁ�Â�Ã@Ä�Å Æ,ÇÈ�É�Ê Ë�Ë^ÌvÍ/Î#Ï�Ð�Ñ
A
Ò

motivation for thischoicecanbefoundin [12,pp.65–71,369and370],whereuse
is madeof thepartial factorization lemmain the time-varying setting. We attempt to
find aCholesky factorizationfor R Ó , as follows:

R Ô'Õ

. . .
. . .

. . . Ö×Ø
. . . ÙMÚ 2 Û#ÜIÝ 1 Þ#ß�à 0

á
. . . 0 â�ã 1 ä#å 0

á
æ@æ@æ 0 0 ç 0

. . .
. . .

. . . èéê
. . . ë^ìí 2 0 0
... îðïñðò#ó ô�õö 1 0÷@÷@÷ øðùúðûYü@ý�þ ÿ�� � 1

��� ���
0

	 (25)

In other words, we look for a collection of 
����������� 0 ������������� and  �!#"�$&%('�)
0 *�+,+�+,-�.0/ so that 1�243�576�8#9�:�;�<>=�?,@ fo

A
rm a partially time-varying realization for the

Cholesky factor sought. All products in the factorization (25) are finite—for any
finite sub-blockof R B i

C
n its bottom right corner, thereis a finite upper–lower tradi-

tional
D

Cholesky factorization.Eachsuch factorizationexistsandis unique,sinceR E
is
C

strictly positivedefinite,andso iseachfinite mainsquaresub-block.Startingwith
th
D

e right bottom (0,0)th element, we find F 0 such that G 0
á H�I

0 JLK�K�MONQPSRUTSV . Next,
anadequateW 0

á f
A
ollows: X 0

á Y[Z,\^]S_�`
0
á . This initializestherecursion. Let usnow define

anintermediatequantity for acb 1 d�e�e�e,f�g ,

hji�kml n
oqp

0
á
rtsvu�wyx{z}|�~�y�{�v�t�������L�#������� ��������������� 1 �t���,�

with � 0
á  L¡

0
á ¢�£

0. Then it is easy to checkdirectly that the upper–lower Cholesky
factorizationof theblock ¤¦¥m§�¨�¨�¨ 0©mª¬«¦m®°¯�¯�¯ 0± leadsto thefollowing recursion on
th
D

estate-spacedata:

²
1³µ´�¶�·¹¸�º»�¼m½¿¾ 0 À�Á0á ÂÄÃ�Å�Æ�Ç�È 1ÉSÊ#ËÌ
2ÍµÎ{Ï{ÐmÑ[ÒÔÓ�Õ×ÖÙØtÚjÛ�Ü�Ý 1 Þ�ß�à}áSâ�ãä�å�æ (26)ç
3èµé�ê�ëíìLî#ï�ð�ñ�ò ó�ôöõ�÷tøjù�ú�û 1 ü�ý#þ

in which Eq. (1) givesastrictly positivedefinite valuefor ÿ�� ������	� simply becauseof
t
D
he existenceof the Cholesky factorization, Eq. (2) providesan adequate value for
��	 , and Eq. (3) updatesM

�
. We show that the recursion convergesfor ��� � . An

attractiveproof isderived from theSzegötheoryof orthormalpolynomials(although
otherproofsbasedon theWiener–Masanitheoryfor spectralfactorizationareequally
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well possible,wegive thebasic proof in AppendixD because it maynotbetoowell
kno
�

wn).

Proposition 2. The Cholesky recursions(26) converge for ��� � and� producea
realization ������� ��!#"%$�&�'�( of theouter factor )+*-,�.0/ as�

1#243 lim
�57698;:�<>=-?@�ACB
lim
�D7E9FHGJI	KML

Therateof convergencecanalso bededucedfrom theSzegö theory, seein this
connection [10].

It
N

is now straightforward to turn this recursion into a recursive squareroot al-
gorithm. We reintroducethe original data ( OHPRQSQUT VXWZY[W]\ and ^#_a`RbUc�dSeXfgihij ) to find:

k�k�lnmporq�sut;vuw	x7y
1 z|{~}Z���J�	������	�%������S�X���������u�	���
1 �|�i���¡ �¢>£�¤�¥¦	§M¨ (27)©S©�ª¬«®°¯�±�²�³�´	µ7¶
1 ·|¸]¹�º¡»�¼	½�¾+¿ À	ÁnÂÄÃ�Å�Æ�ÇuÈ	É�Ê�Ë

I
N
t is not hard to show that Ì�Í�ÎÐÏuÑ;ÒuÓ	Ô is

Õ
(not necessarily strictly) positivedefine

for
Ö

all k
×
, inductively. With Ø�Ù4ÚÜÛ�Ý�Þ+ßà a minimal factorization of á�â , we canwrite

(27) in factoredform

ã]ä�å#æ
1 çè é�ê#ë
1 ì

í+îï#ð
1 ñZò ó+ôõ0ö 1 ÷iøù�ú û�ü ý þ7ÿ �����

0
���	� 
�� 0��� ��� ������ � (28)

Eq. (28) will be solvedif we find unitary matrices ��� for ��� 1 � 2 � �!�!� such that,
starting with " 0 #%$ 0&�'0,

(*),+.-
1 /021,3.4
1 5

6 0 798 :�;�<
0 0 = ? > � @

A�B
(29)

i.e. anRQprocedureC computing the upperechelon form andproducing the desired
quantities D�E�F , G�H	I and J,K andof coursealso LNM�O recursP ively. In (29) we recognize
t
Q
he squareroot algorithm for the Kalmanfilter as proposed by Kailath and Morf,
adaptedto ourcircumstances(in theKalmanfilter, d

R
and S ha

T
veaspecialform). For

anaccountwith references, see[21]. Sincewe areonly interested in theendresultUWVYX[Z.\
, the doubling procedure,also proposed by Morf and Kailath together with

Dobbi
]

nsandFriedlander[23], yieldsa particularly fast andattractive method—we
givethedoubling procedurein Appendix E. Furtherrefinementsof theseprocedures
ha
T

vebeenderived by Kailath andMorf, andareknown asChandrasekharequations.
Insteadof inductively computing the ^N_�` ’s, they actuallycomputethe incrementsacb�d�egfNh�i,j

1. In our case,theseareall positive definite. The complexity of the
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incremental matrix is usually (much) smaller thanthat of the matrix itself. Both in-
ductiveandsquarerootversionsarepossiblehere,andleadto afurtherimprovement
in
Õ

complexity, at the cost of numericalstability . We referto the literature for further
information [21].

W
l

ith mWn o[prq determined, the result for CaseIII is now written down easily. The
outer factor isalreadyknown,andwehave for the innerfactor

sut[vrwyx{z*| 1} ~[�r�����[�.���
Since �W���[�.� is

Õ
outer(with no zeroson theunit circle if thezeroextractionhasbeen

donefirst, an advisable procedure),it hasa straight inverse, and a simple, direct
calculation gives,with ���%�����!���2� 1���

�u�[�r� �¢¡¤£2¥ 1¦ §�¨ª© 1«¬2®	¯±°³²µ´·¶.¸!¹ 1º!»!¼ª½ 1¾À¿ÂÁ¤ÃuÄÆÅ2Ç	È±É³ÊÌËÎÍrÏ�Ð 1 ÑÓÒ
ÔÖÕ2× 1ØÙuÚÆÛ2Ü 1ÝÞ2ß	à±á³âµã·ä.å�æ 1 ç[è!éëê2ì 1íïîñðÆòÓó�ô

Hence,
õ

ö ÷!ø�ù2ú 1ûüþý ÿ� ������� 1

is a realization of the isometric system 	�
��� . It is not necessarily minimal, e.g. if
t
�
he zeroson the boundaryhave not beentakenout, thenit is certainly non-minimal,
becaus
�

e thezeroson theboundarywill appearaseigenvaluesof � , and these zeros
have to cancelout in ������ . Hence,if the reduction procedureof boundaryzerosof
th
�

e beginning of this section would not have beencarriedout, numerical instability
would result even in casetherecursivesquarerootalgorithm(in itsdoublingversion)
is
Õ

used. There maybe cancellations in the realization of ��������� , but these should not
giveriseto additional difficulties.

4.4.
 

Case IV: thegeneral LTI case

The generalcase is now a reasonablystraightforwardgeneralizationof the pre-
ceeding cases.We assumenormal rank at zero, and the transition matrix for T given
by
�

! "
1 # 2$

1 % 0&
2
' 0 0

(
in which d

R
is square,non-singular. Corresponding to this realization is the decom-

pos) tion of *,+-�. i
Õ
n four blocks:

/102�3 4 5 11 67�8 9 12 :;�<=
21 >?�@ A 22 BC�D

E FHGJI 1 KMLONQPSR1T�U�V 1 W
1 X 1 Y[ZO\Q]S^1_�`�a 1 b

2c
2 dMeOfhgji1k�l�m 1 n

1 o 2 p[qOrQsSt1u�v�w 1 x
2 y
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Thenormalrankconditionsmakesthebottomrowsin thisrepresentationlinearlyde-
pendent) on thetoprows. Thiscanbeseenasfollows. Sinced

R
i
Õ
ssquarenon-singular,z

11 is
Õ

invertible (in fact,with {}|�~���� 1 ��� 1�
1,

�1� 1
11 ����������� 1 ����� 1 �

1 �M�O�h��������� 1 �
1  �¡ 1¢

andhence:

£1¤¥�¦�§ ¨©
21 ª1« 1

11 ¬


11 ®
22 ¯�° 21 ±,² 1

11 ³ 12

´ µ,¶ 1
11 · 12¸

22 ¹
Since º¼»½�¾ has

¿
normal rank at À1Á 0 and Â 11 Ã�Ä�Å i

Õ
s guaranteednon-singular in a

neighborhoodof Æ,Ç 0, we must have that

È
22 É�Ê�Ë�Ì�Í 21 ÎÏ�Ð�Ñ1Ò 1

11 ÓÔ�Õ�Ö 12 ×Ø�Ù�Ú 0 Û
It
Ü

follows that

ÝßÞ
21 à 22áãâåä 21 æ1ç 1

11 èßé 11 ê 12ëíì
Suppose that the outer factor î�ïð and the isometric rangefunction ñßò 11 ó 12ô for

õ
öß÷

11 ø 12ù havebeenfoundby themethodof Case III above, thenwefind

újû üþýÿ�
21 ��� 1

11

���
11 � 12�
	

It
Ü

turnsout that the left factor mayhave polesin the openunit disc. If it is brought
back
�

to analyticity in a minimal way, thenthedesired left-inner–outerfactorization
will follow. The procedureis simple andsimilar to what is donein Case II above.
Let ������ be

�
a minimal innerfactor which pushes � 21 ��� 1

11 to
�

analyticity, i.e. the ������
with lowest possibledegreesuchthat

�
12 ����� �"! 1

11 #�$�%'&(�)�*,+.- /
1 021 13 4

Then
(1) 57698:�;=< > 11 ?�@�ACB9DE�F�G H 12 I�J�K'L is analytic in theopen unit disc and isometric;

(2)
MONQP�R=S'TU�V�W

X
21 Y�Z 1

11 [�\�]'^_�`=a i
Õ
souter;

(3) the left inner–outer factorization for bdc�e�f is givenby

gdh�i�jlk monpQq�r=s'tu�v=wx
21 y�z={ |�} 1

11 ~�����������
�7��������� �

11 ��������������� � 12 ���=�'�
�
As before,theproofisbasedonstandardHardyspacetheory. Numerically theproce-
dureboils down to cancelling theanticausalpart of � 21 �� �¡ ¢"£ 1

11 , whichisdoneexactly
in
¤

thesameway as in Case II above.
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F
¦

ig. 1. The generalstructureof an IVI-system: it is a time-varying system which is essentially LTI for
v§ ery small andvery largeindex points.

5. The LTI/L TV/LTI or IVI case

W
¨

e now turn to the case wherethe system is time-varying,but hasa form which
is describedby a finite numberof parameters, i.e. thesystembeginsasLTI for very
small time points, thenstartsvarying,andendsupagainasLTI for very largetimes.
Thedimension of thestatespaceneednot stayconstant, and thedegreeof the limit-
i
©
ng systems, which also have anLTI representations ªO«¬¯®�°�± may² bedifferent. The

simplest example is a systemwhich switches from one type to the other at some
tim
�

e ³µ´ . The generalappearanceof such a system is given in Fig. 1. It should be
remark¶ edthat such a system is truly LTI only in thetop-left andbottom-right trian-
gular block. We keepassuming that the overall system is ues, so that the norm of
th
�

e ·O¸º¹¼» dropsuniformly andexponentially to zerowheninf ½�¾'¿ÁÀÃÂÅÄ Æ . Again, we
shall be interested in thecomputation of theleft-outer–innerfactorization ÇÉÈËÊOÌQÍ
in which V is causalisometric ( Î"ÎÐÏÒÑÔÓ ), sincethe othercasescanbebroughtto it
viaÕ theproceduresof Section2. Therecursive equation(3) specializedto this case
showsthatfor Ö"×ÙØ�Ú , the solution ÛÝÜ is time-invariantandto beobtainedby the
t
�
echniquesof theprevioussection.Weassumenow thatweknow ÞÝß , andhencewe
canstart up therecursion givenby (3), goingbackin time, andcomputingàÝá fromâQã�ä

1, which is doneby a simple QR-factorization.Interesting thingsstart to happen
whenwereachtheLTI partfor å"æ çÒè . Thepresentcase issubstantially different
from the LTI-case in that the isometric factorV doesnot necessarily becomeLTI
again, but will have a specialstructure closely relatedto the invertibility properties
of T. Our goalin this sectionis to determinethatstructure.

Two simpleexamples, takenfrom [12], shouldillustratethepoint.
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Example 1. Let

éëê

. ..
. . .
1 ì 1

2
'

1 í 1
2

1 î 2
1 ï 2

1 ð 2
...

...

ñ

Thenit is easy to seethat òCóõô 0 for öø÷ÒùËúüû�û�û ý 14 þ 1
2 ÿ 1 � 1

2
' � 1

4
������� � , henceT is not

invertible, �	��
 hasa non-trivial kernel. T doeshavea right inverse,namely

�����

. . .
. . .

. . . ���
1 1

2
' 1

4
�

1 1
2
'
1

0� 1
2 0� 1
4 � 1

2 0��� . ..
. . .

. . .

However, this is not the Moore–Penrose pseudo-inverse. To obtain the latter we
should compute �����! #" to

�
find $ † %'&�(*),+ 1- , since in this case .!/ will already

be
0

outer. Thecomputation of V starts out LTI for 132 0 (Case I). If we choose for T
th
�

erealization:

46587
0 9;:=<>@?BA
1 C;D=E

FHGBI J 1
2 for

õ K3L
0 MN 2 for O3 P 0 QR,SBT

1 U;V=W
th
X

en Y�Z\[^] 3. We find lim _àcb8dfehgji 0, from which follows thatfor kml npo ,

limqarcs8t
uwv8x y�zB{|~};� ����� � 1 0

0 1 �
In
�

otherwords, thestateof theisometricsystem ‘disappears’, it becomes(almost) un-
controllable and unobservable, although the transition matrix stays unitary.
AlthoughV hasat all timesa unitaryrealization,it is not aninnersystembecause it
sharestheright kernelwith T andhencehasno inverse.
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Example 2. The secondexample is much like the first except that the numerical
v� aluesarenow reversed:

���

. ..
. . .
1 � 2

1 � 2

1 � 1
2

1 � 1
2

1 � 1
2
�

. . .
. . .

�

The
� �m�

L
�

TI system is now outer. Hence �h���'����� is
©

empty, andit will stay that
way all throughthe recursion  ¢¡ £�¤ . Hence,this T is alreadyleft-outer—a fact
that
X

we couldhaveguessed from theexistenceof theright-inversein thepreceeding
example,adaptedto thepresentcase.

The
�

left outer–innerfactorizationfor T produces¥ ¦�§�¨!©«ª¬ in
©

which V has
¿

aniso-
metric realization ®w¯8°h±h²�³;´#µh¶~·B¸h¹hº�»;¼ . Thesquarerootalgorithmgivenin Theorem
2 producesa unitary right factor

W
½ ¾p¿ À�Á~Â ÃÅÄ~ÆÇ�È~É Ê�Ë~Ì Í

Î�Ï8Ð Ñ~ÒBÓÔ�Õ�Ö ×�Ø�ÙÚ�Û=Ü Ý�Þàß
and contains a causal isometric sub-operator U with realization áãâwä�å#æhç�èàéhêhëÅì;íhîï�ð=ñóò

. Thisoperator satisfies ôöõø÷�ù 0—outputsof thetypeyUú bel
0

ongto thekernel
of ûýüøþ (the ‘column-nullspace’).But, aswe saw in theexamples, thekernel of ÿ����
canbe larger. We shall say that signalsin � 2 ���	��
��� , which arein the kernelof����� andarenotcontainedin any � 2 �������� for any k

�
belong
0

to the‘right defectspace
of T ’, an orthonormalbasis for which we shall denotewith q ���� �! . The following
propert" ieshold andareprovenin [12]:
(1) q#%$�&�')( q*,+�-/. ;
(2) W will beinneriff q0�1�24365�7 q8%9�:<;�; va= nishes;
(3) In the recursion (3) for >@? A	B , C,D canbechosenin suchaway that

lim
EFHGJILKNM,OQP

RTSLU
0 V

andtherealizationW�XZY\[%],^�_\`�a,bdc\e,f,gZh\ikj for W
½ l

convergesfor mon p	q to
r

th
r

e form

sut\vLw xuy{z}|�~ 0
0 � �

���\��� �\�{���L�
0 �

(30)�d�\��� �d�{�}���
0 �

�Z�\�	���Z�{ �¡L¢<£
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in which ¤�¥u¦{§�¨L©«ª,¬�{®�¯L°<±,²d³{´�µL¶<·,¸Z¹{º�»L¼¾½ definesan LTI inner function¿ÁÀLÂÄÃ�ÅÇÆ
, which is such that È�É�Ê«Ë�ÌÇÍkÎ�ÏÐLÑÄÒ�ÓÕÔ is

©
analytic in the open unit disc

(i.e. ÖÁ×LØJÙ�ÚÕÛ i
©
s a right factor of the full right inner factor ÜÞÝLß of à�áLâ«ã�äÇåçæèÞéëê�ìLíïî�ðÇñ6òÞóLô«õ�öÇ÷

—Example 2 shows readily that the two inner functionsdo
notø necessarily coincide).

To completethe characterization of the inverse,we must giveanexplicit compu-
tation
r

of the defectspace.We propose an algorithm based on a characterizationof
th
r

eobservability spaceof W dueto [12].

Pr
ù

oposition 3. Let
ú ûýü

betheorthogonalprojection of þ 2
� ÿ�� �������
	 onto � 2

� ������
�
(i.e. ���������������! fo

"
r #%$'& and( otherwisezero). Then q)+*�,.-0/�1 s2 pansa sub-spaceof

thekth
r

observability spaceof W, wh3 ich isgivenby

span 46587�9;:�<>=�?;@8A�BDCFE 1 G�HJI�K0L>M�NPORQ 1 S8T�UDVFW 2 X+YZYZY\[0]
Thebackwardrecursive computation starts with anorthonormalbasis for q̂_ of

th
r

eLTI systemat `�a givenby (weusethenotation b�ced�f for vectorswhoseright-hand
zeroshavebeenchoppedoff):

qghjilk6m8npo�qJrts8uwv�x 2ytz8{w|~}Z}Z}��0�
andproceedsrecursively asfollows:

As
�

sumethatat point ��� 1 an orthonormalbasisof theobservabilityspaceis

q��F� 1

���������P�R�
1 ���J���D�F� 1 ���t�D�R� 2 �+�Z�Z�e�0 

t
r
henafter the recursivestep of thesquareroot algorithm, thek

�
th
r

basis is given by:

q¡¢¤£l¥6¦8§�¨;©�ª>«�¬ q®F¯ 1 °0±
until² it reachesa time point k

�
in
©

the ³µ´ -LTI zone,where ¶¸· has
¹

convergedto a
stablevalue(seethepropertiesdetailed in thepreviousparagraph).This isevaluated
numerically as follows. When k

�
progres" ses towards ºµ» , we find asSVD for ¼¸½

determinedby (3):

¾¸¿¤ÀlÁtÂ ÃtÄ ÅÇÆ ÈÊÉ¸Ë
in which thesingular valuescapturedby the diagonalmatrix ÌwÍ arenegligible and
canbeput to zerofor practicalpurposes(in principle, Î¸Ï should be right invertible,
b
0
ut thatdoesnotprecludenear-zerosingularvalues, correspondingto apartof it that

goes to zero). From the limiting theory we know that span Ð�ÑÊÒRÓ 1ÔpÕ span Ö�×ÊØ�Ù when
k
�

has
¹

becomesmall enough,this propertycanbe tested,e.g.by checkingwhetherÚÊÛFÜ
1 ÝßÞà is nearlyunitary. Whenthat is thecase, convergencehasbeenestablished,

and á¸â canbechosenequalto ã¸äRå 1. In fact, æpç canthenbeabsorbedin è>éëê andthe
va= lueof

ìÊíëîjï ðtñFò 1
0

ó>ôRõ
1 ö

÷¤øëù
0

úüûëý
hasbeenreached,
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ÿ�� �������
	�
 � ���� � �

aswell aslimiting valuesfor the other realization matrices,yielding the valuesfor
th
r

ematricesin (30). With k
�

in
�

theconvergencezone,we find for thedefectspace

q��������� 0 ��� q� �!
in which " 0 #�$ is conformalthedecomposition for %�&(' . Theactualq) is thenfound
simply by extendingq *,+.- to

r
theleft with zeros(the‘tail’ goesto zerogeometrical-

ly, seethe formula in Proposition 3). Theexamplesin Section6 shouldclarify the
procedure."

6. Example

Let
/

T be
0

givenby the realization

T 021
0 3 5 1 1
0 04 5 1

2 5 5 1 1

687:9
0;=< T >2?

0 @ 5 2A 333 1
0 0B 333 1

2 C 5 2D 333 1

E8FHG
1I=J

Fo
K

r LHM 0, theLTI realizationhasa doublezeroat N 1
2, for O:P 0, the LTI parthas

a zeroat Q 1
2 andoneat R 2. The inner factor will keeponly the zeroat S 1

2 asa
pole," whereasthe squelchingof the secondzero will generatea defectspaceof
dimension 1.

An initial point TVU for the backwardrecursion (3) is givenby the procedurein
Section4, CaseI. Thisgives

WVXZY 0 [ 891 0 \ 530
0 0] 742 ^

_a`cbedgf,hihihkj
1 l

Continuingnow therecursion,we find successively

m
0
n o 0

p q
733
r

0 s 824
0 0
p t

298
u v wyx 1 z 0

p {
536
|

0 } 781
r

0 0
p ~

143 �
�y�

2 � 0
p �

461
�

0 � 735
r

0 0
p �

071
p �

���
3
� � 0

p �
432 0 � 711

r
0 0
p �

035
p � ��� 4 � 0

p �
422 0 � 700

r
0 0
p �

018
p � ��� 5

� � 0
p �

418 0 � 695
�

0 0
p �

009
p �

 �¡
6
¢ £ 0

p ¤
416
�

0 ¥ 694
�

0 0
p ¦

004
p § ¨�© 7 ª 0

p «
416
�

0 ¬ 693
�

0 0
p 

002
p ® ¯�° 8

± ² 0
p ³

416
�

0 ´ 693
�

0 0
p µ

001
p ¶

·�¸
9
¹ º 0

p »
416
�

0 ¼ 693
�

0 0
p ½

001
p ¾ ¿�À 10 Á 0

p Â
416
�

0 Ã 693
�

0 0
p Ä

000
p Å

At this point, we decidethat the secondrow of Y is too small to keep.It is dropped:
wecontinuewithÆÈÇ

11 É 0 Ê 416 0 Ë 693

andwe havereacheda stationaryvalue for ÌVÍ , ÎaÏ ÐZÑ .
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Thecorrespondingouter factor hasa realization givenby

T
Ò Ó=ÔÖÕ 0

p ×
5 1
|

1 Ø 280
0 0
p Ù

5
|

0
p Ú

800
2
u Û

5 1
|

2
u

ÜÞÝàßâá
12ãåä T

Ò æ�ç
11 è

0
p é

5 1
|

1 ê 280
0 0
p ë

5
|

0
p ì

800
2
u í

5 1
|

2
u î

T
Ò ï�ð

10 ñ
0
p ò

5 1
|

1 ó 280
0 0
p ô

5
|

0
p õ

800
2
u ö

5 1
|

2
u ÷ T

Ò øyù
9
ú û 0

p ü
5 1
|

1 ý 280
0 0
p þ

5
|

0
p ÿ

800
2
u �

5 1
|

2
u �

T
Ò ��� 8

� 0
p � 5 1
|

1 � 280
0 0
p � 5| 0

p 	 800
2
u 
 5 1
|

2
u � 001
p � T

Ò  � 7
� 0

p � 5 1
|

1 � 281
0 0
p � 5| 0

p � 800
2
u � 5 1
|

2
u � 002
p �

T
Ò � � 6

� 0
p � 5 1
|

1 � 282
u

0 0
p � 5| 0

p � 800
2
u � 5 1
|

2
u � 007
p  T

Ò ! " 5
# 0

p $ 5 1
|

1 % 287
u

0 0
p & 5| 0

p ' 799
r

2
u ( 5 1
|

2
u ) 019
p *

T
Ò + , 4

- 0
p . 5 1
|

1 / 297
0 0
p 0 5| 0

p 1 798
r

2
u 2 5 1
|

2
u 3 052
p 4 T

Ò 5 6 3
7 0

p 8 5 1
|

1 9 323
0 0
p : 5| 0

p ; 794
r

2
u < 5 1
|

2
u = 137

>

T
Ò ? @ 2

A 0
p B 5 1
|

1 C 381
0 0
p D 5| 0

p E 783
r

2
u F 5 1
|

2
u G 349

H T
Ò I J 1

K 0
p L 5 1
|

1 M 490
0 0
p N 5| 0

p O 749
r

2
u P 5 1
|

2
u Q 855

R

T
Ò S

0
T 0

p U 5 1
|

1 V 402
�

0 0
p W 5| 0

p X 663
�

2
u Y 5 1
|

3 Z 025
p [ T

Ò \^]`_ 0
p a

5 2
| b

333 2
u c

457
�

0 0
p d

333 0
p e

510
|

2
u f

5 2
| g

333 4
�

hjilk
1mon

The
�

innerfactor hasrealization (note thechangeof state dimension inducedby the
dimension changeof prq )

V
s t`u v 0

p w
500
|

0
p x

866
0
p y

866 0
p z

500
| {j|l}�~ 12�o� V

s �
11 �

� 0
p �

500
|

0 0
p �

866
0
p �

866 0 0
p �

500
| �

V
s �

10 �
� 0
p �

500
|

0 0
p �

866
0
p �

1 0
p �

001
p

0
p �

866 0 0
p �

500
| � V

s �
9 �

� 0
p �

500
|

0 � 001
p

0
p �

866
0
p �

1 0
p �

001
p

0
p �

866 0 � 001
p

0
p �

500
| �

V
s  

8
¡ ¢

£ 0
p ¤

500
|

0 ¥ 002
p

0
p ¦

866
0
p §

1 0
p ¨

002
p

0
p ©

866 0 ª 001
p

0
p «

500
| ¬ V

s 
7
® ¯

° 0
p ±

499 0 ² 004
p

0
p ³

866
0
p ´

1 0
p µ

004
p

0
p ¶

866 0 · 002
p

0
p ¸

499
� ¹

V
s º

6
» ¼

½ 0
p ¾

498 0 ¿ 008
p

0
p À

867
0
p Á

1 0
p Â

009
p

0
p Ã

867 0 Ä 004
p

0
p Å

498
� Æ V

s Ç
5
� È É 0

p Ê
495 0 Ë 015

p
0
p Ì

869
0
p Í

1 0
p Î

018
p

0
p Ï

869 0 Ð 009
p

0
p Ñ

495
� Ò

V
s Ó

4
Ô Õ

Ö 0
p ×

488
�

0 Ø 031
p

0
p Ù

873
0
p Ú

0
p Û

999
Ü

0
p Ý

035
p

0
p Þ

873 0 ß 017
p

0
p à

487
á V

s â
3 ã

ä 0
p å

469
�

0 æ 062
p

0
p ç

881
0
p è

0
p é

998
Ü

0
p ê

071
p

0
p ë

883 0 ì 033
p

0
p í

468
î
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Ü
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|
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r
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p � 596
|
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Ü
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�
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1)+*

No
,

te that V
- .0/

i
1
s equalto the LTI solution,but only after we dropthe state cor-

res2 pondingto thedefectspace.Fromtheobservability spaceof V, we deducethata
b
3
asisfor this spaceis

q 465
78787 0 9 001 : 0 ; 001 0 < 002 = 0 > 004 0 ? 009 @ 0 A 018 0 B 035 C 0 D 070

0 E 141 F 0 G 282 0.564 H 0 I 658 0 J 329 K 0 L 164 0 M 082 N 0 O 041
0 P 021 Q 0 R 010 0 S 005 T 0 U 003 0 V 001 W8W8W

7
X
. Discussion

The
Y

representation of systemsof equationsby state-spacemodels opensup new
persZ pectivesfor systeminversion.TheclassicalQRor LQ

[
algorithmgetsreplacedby

upper\ –lower transformations, inner–outer factorizationsandcombinationsof these.
The inner–outerfactorizationdeterminesin all cases how the inverse or pseudo-
inverse is dividedbetweentheupperandlower part,andnecessitatesaneigenvalue
decomposition, or, in the worst case, eitherthe solution of a regular, discrete-time
R
]

iccati equationor a doublingprocedure.At no point in theprocedureeigenvalues
ontheboundaryof aHamiltonianmatrixhaveto bedetermined.In theIVI-case—the
main point of interest in thepresentpaper—theLTI theoryplaysan importantrole
asstartingpoint for therecursions. However, as therecursion proceeds, a new phe-
nomenon^ startsto appear, calledthe defectspace.Its incidencehasbeenneglected
in the literature,sometimesleading to incorrectstatements.

An importantpoint deserves attention: the relation between‘outer’ and‘ invert-
ible’. Throughoutthepaper, wehaveassumedthe two notionsto beequivalent. This
statement must bemitigated. If weconsiderclassicalHardy spacetheory on theunit
disc T of the complex plane,then _a`cbed is

1
said to be outer if f 2 gihkj 2. If it

is true that also l 2 minpo 2, then f
q

hasan inverse which is in res , and we cansay
th
t

at f
q

is ‘strictly outer’.However, themoregeneralcase often occurs. For example,ucv
1 wyx is

1
outer, but its inverseis not in z|{ (not even in } 2

ñ of the unit circle).
However, it can be approximated by functions in ~ 2, e.g. by ����� 1����������� for��� 1 in thesense that ����� canbemadeasclose to 1 asdesired in the � 2 � T � sense.
Clearly, f

q
then
t

hasa practicalinverse, i.e. a functionthat approximatesthe inverse
asclosely asdesired, in a strong sense. In such a case f

q
cannothave zerosinside
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th
t

e unit disc.Surprisingly, this theory generalizesto the matrix caseand even to the
t
t
ime-varyingcaseas isamply discussed in thebook[12]. Supposenow thatwehave
a(time-varying) realization of an outeroperator���|�k���¡ £¢¥¤§¦©¨�ª�«¬¯® 1 °e±
t
t
hena bounded,approximateinversewill begivenby²³´(µp¶¸· 1 ¹»º½¼ 1 ¾�¿ÁÀ§Â£ÃyÄÆÅeÇÈ¯É 1 Ê�Ë¸Ì 1 Í
in which Î�Ï¡ÐÒÑ�Ó£Ô½Õ 1 Ö , ×yØ 1 and ÙÛÚ 1.In practice,peoplewill just put ÜÞÝ 1,
of course,the resulting transfer function will not be ues anymore, but will be stable
for someweakercriteria.

W
ß

e terminatewith some wordson the discretetime Riccati equation.If oneat-
tempts
t

to solve thealgebraicRiccati equation(7) directly for theLTI case, thenthe
chancethatonewill hit asingularcase,i.e.acasewith zerosontheboundaryis very
hi
à

gh. We have shown in this paperthat we canalways avoid this, by approaching
the
t

problemfrom thesquarerootviewpoint.Wecannotavoid theRiccati equationor
spectralfactorizationaltogether, in CaseIII wehaveto solvean instanceof it, but it is
a regularone,without zeroson theboundary. Case III is very interesting because of
t
t
heconnection to Kalmanfiltering,Darlingtonsynthesisandrangefunction theory.

Al
á

thoughwedo presentaconsistent andcompleteset of algorithms, anumberof
pZ ointsarenot well settledyet.Webelievethatour solution for CaseI isthemosteffi-
cientandstableonecandevice,althoughanargumentcanbemadethatthedoubling
procedureZ of Case III could simply be used for Case I as well. This would not be
advisablenumerically. Themain interest of doingCase I theway we havepresented
(by solving a restricted eigenvalueproblem) is that a reduceddegreefor the inner
factor is guaranteedto comeout. If onewould use the doubling procedure(or the
R
â

iccati method),then the resulting inner function would automaticallybe of full
degree,anda lot of cancellationswould occur. Thiswould introduceaveryundesir-
able numericalinstability . In CaseII, the resulting degreeof the inner factor is even
lower. Hereaprocedurewhich would directly determinethezerosinsidetheunit disc
of the overall systemwould certainly be animprovement. Themost problematicare
Cases III andIV. Althoughthealgorithmsgivenarevalid andeffective,theessential
polynomialZ extraction(zerodisplacementprocedurefrom the unit circle) could be
donein a globalway. It is possible to combinethe sequenceof zeroextractions, but
the
t

resulting formulasarecomplex andmessy. Furthermore,thedoublingalgorithm
looksnice in first instance,but from a numerical point of view it should be refined.
Fir
ã

st, thematrix ä shouldbeput in Schur form, andkeptthatway in thesucceeding
steps.Attention to a minimal number of algebraicoperations is essential, utilization
of Hessenberg forms might be a solution. Still this seems to be much better than
the
t

determinationof eigenvalueson the Hamiltonianmatrix, because the recursive
algorithmis inherentlystableandthereforecanalwaysrefinea result thathasbeen
obtainedby a quickanddirty procedure.

Thefinal wordonwhatarethebest numericalmethodsfor inner–outerfactoriza-
tio
t

n requiresfurther investigations!
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Appendix A. Solving theLTI Lyapunov–Stein equation

Let usassumethat wewant to solve theLyapunov–Stein equationå æ¡ç¥èêéÁëíì¡î£îðï�ñ
in which A is strictly stable.Thereare two classical ways. One solves it in qua-
dratic form by first performing a Schur eigenvalue decomposition on A

ò
and then

expressing the solution in termsof the eigenvaluesand the componentvectors of
the
t

Schurdecomposition [5]. (TheBartels–Stewart methodhandlesthe‘continuous
time’
t

problemóÁô�õÒöø÷úùkû problemZ but caneasily beadaptedto thepresentcase.
Themethoddoesnot requireA t

t
o beues, a solution will exist if thereareno pairsof

eigenvaluesüþý and ÿ�� such that1 ��������	
�� 0. For furtherevolution of themethod,
see the papersin the survey book [28].) The other solves the equation iteratively
i
1
n squareroot form, anduses a doubling procedure,for efficiency. Sincethe latter
procedureZ maynot beso well known, we give a brief survey. Let  ������� . Then
t
t
hesquareroot equivalentof theLyapunov–Stein equation is�������������! 

0"$#&% (A.1)

in
1

whichV is
1

unitary. If R
'

wereknownandlowertriangular, then(A.1) wouldamount
to
t

an LQ
(

-factorization, with V for
)

Q. But R
'

is
1

not known except for the general
theoretical
t

expression

* +�,&,.-�/ 0
132

0
n
4�57686�9;:�<>=7?

The
Y

doubling iteration worksasfollows:
Step
@

0. Initialize A 0
n squareby eitherextendingC, B 0 C�D!E 0F if C hasmorerows

than
t

columns, or else by computing GIHKJML in which L is lower triangular andQ
orthogonal, in whichcase oneputs N 0

n OKP .
Step
@

1. QSRUT 0 V 0
n WYX�Z![

1 0\$] 1 by
3

anLQ-factorizationwhichmakes ^ 1 lower; also,
compute _ 2 `Ka 2,

General stepn. b�c&dfehg�i 1 jhkml 1 n�oqp!rhs 0t>uwv , x�y{z 1 |K} 2~ t
t
o producea lower �h� ,

againusing an �M� factorization.
It
�

is easy to see,by squaring, that the algorithm computesthe squareroot of the
partZ ial sumof M consistingof thefirst2� t

t
erms. It convergesveryquickly, andisvery

well suited for ‘stiff ’ problems, i.e.problemsin which A
ò

has
à

eigenvaluesof widely
differentamplitudes. Severalvariationsarepossible,dependingonthestructureof A,
andacombinationwith thealgorithmthatcomputeseigenvaluesof A isalsopossible.
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Appendix B. Computation of theupper echelon form

A
á

matrix hasthes� trict upperechelonform i
1
f it lookslike

��� ��� ���
� � �

‘0’ ��� . . . ���
0 � �

‘0’ ‘0’ ���
0 0 �

‘0’ ‘0’ ‘0’

in
1

which the entries indicatedby � mus� t be non-zero(they canbe chosen strictly
posZ itive), and the entriesbetween‘0’ indicatea vertical sequenceof zeros, which
may� disappear. Notice that such a matrix has right-kernel zero and hencea left
(pseudo-)inverse. A matrix will have upperechelon form if it consists of columns
of zerosfollowed by a strict upperechelon matrix. The defining property for a
m� atrix X

 
to
t

be in upperechelonform is that for eachcolumn i t
t
here is an index¡�¢

such that £�¤ is either zero or ¥�¦�§�¨�©!ª 1, «¬¯®�°²±³´ 0, and µ¶¸·²¹�º 0 for »½¼�¾�¿.
An
á

arbitrary matrix can be broughtto upperechelon form througha sequenceof
J
À
acobitransformationsapplied to therightto thecolumnsof thematrix. For example,

suppose

Á
1 Â 1ÃÄÅ ÆÇÈ
ÉËÊ ÌÎÍ

aretwo columnssuchthat ÏÑÐÎÒËÓ 2 ÔÖÕØ×ËÙÛÚ 2 Ü 0, then

Ý
1 Þ 1ßàá âãä
åËæ çÎè

1éÑêÎëÛì 2ñ íÖîØïËðÛñ
2

òÎó ôöõ÷ø�ùÎú ûfüý þ

ÿ��
1

���
1��� �	


����� 1
������ 1

0 ������� 2 �����! �" 2ñ
#

which is in upperechelon form. It should be clear that recursive applications of
such transformationson the rows of a generalmatrix canbring it to echelonform.
Onestarts the algorithm bottom up from the right andannihilates as many entries
aspossible while accumulating‘energy’ towardstheupper-right corner. Noticethat
th
t

ealgorithm actually definestheunitary transformationsneededand alsoyields the
right-handside of theequationasa result. In our case, thematrixblock decomposi-
tion,
t

andsomereorderingof block rowsproduces
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%'&)(+*-,
1 .0/132�4+5-6
1 798

:<;=?> 0 @)A B0CED
0 0 F9GEH I

in which theunitary matrix JLK has theconformalblock decomposition

MLNPO
QSRUT VLWYX
ZL[�\ ]_^�`
aSbdc eLfdg

and quite a few entriesarepossibly empty (even h+i or j)kml 1 canbeempty, they are
rectangularmatricesin general),but the algorithmcertainlyproducesn+o and p9qEr
in strict upperechelonform, hencesatisfying therequiredkernelcondition. sutv and
t
t
he right-handsidearedefinedby theprocedure.They are‘essentially’ unique,i.e.
uni\ queexcept for trivial transformations, which we do not wish to make explicit
here.
à

A
w

ppendix C. Extraction of a multiple zero on theunit circle

Let
x

ay be
3

a(candidate)zeroontheunit circle.Theprocedureto extractapoynomialz|{~}��
from �9�~��� such that ���~�������|�~������������� , �|�~��� is a minimal polynomial and� �¢¡~£�¤
hasnozeroatay (i.e.hasfull rankatay ) canbest beexplainedif a linearcoordi-

nat^ e transformation thatputsay at theorigin of thecomplex plane isfirst executed. It
makesthenotation easier, and asweshall see,it allowsusalsoto useclassicalHardy
spaceresults directly. Thus, we first make the transformation ¥§¦©¨«ª¬ . Then,with®'¯'°©±³²µ´«¶¸·�¹'º�» 1

¼¾½�¿ÁÀLÂÄÃÆÅ0ÇµÈÊÉË�Ì'Í�Î 1 ÏÑÐÒÔÓÖÕµ×«Ø¸Ù�Ú'Û�Ü 1 ÝUÞµßáàâ�ã'äæå�ç 1 èµéáêëYì9í�î 1 ï (C.1)

or the transition matrix changestoðLñmòÊóôYõ9öø÷ 1 ùµúÊû¸ü�ý'þ�ÿ 1 ��������	��
��� 1 �������������	����� 1 ! "
The
#

surplustheoryalludedto beforeproducesa characterizationof thezeronow
at $&% 0 from a Maclaurinseriesexpansion atzero.Let

')(+*
0 ,.-0/ 1 132 2

4 5
2 6879797�:<;>=@?BADCFEBGIH

We
ß

wish to find JLKNMBO polP ynomial such that QLRNSDT�U 1 V	WYX[Z hasrank m\ at ]&^ 0.
W
_

e look for (and will find) a `LaNbDc which haszerosat zero and polesat d , i.e.eLf 1 gNhBi i
j
s a polynomial in k0l 1. We go a stepfurtherandrequire that mLnNoBp be

q
inner

(this restriction makesthe solution essentially unique). Let rNs�tvuxw[y{zx|~}>�x����� be
q

a
realizatio� n for �L���B� ( �L�N�B�>�Y�������~���������)�����B 9¡ 1 ¢~£ ). Let D

¤
be
q

asmall enough
disccenteredaround¥§¦ 0 so thattherearenootherzerosof T in it, andlet usdenote
by
q ¨ª©

t
«
he expression of T in terms of ¬ . Then �® 0 is the only zeroof ¯±° in D,
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we have ²ª³µ´·¶2 ¸ D ¹»º½¼·¾2 ¿ D À and ÁLÂNÃDÄ will have to meetthecondition ÅªÆBÇÉÈ2Ê Ë D Ì@ÍÎLÏNÐDÑ�Ò·Ó
2 Ô DÕ Ö . It turns out that this latterspaceis actually fully characterizedby the

reachability� parametersof P
×

whenP
×

is
j

unitary:

Lemma
Ø

C.1. Ù�Ú andy Û[Ü ary ea maximal reachablepair such that
ÝBÞàß�á�âäãDåçæè é�ê�ë 1 ì~íî@ïªð

is analytic in a neighborhoodof ñóò 0.

W
_

orking out, we must find amaximalobservablepair and orderk
ô

such that

õöø÷úù9û 1üý þ~ÿ� ����� ����
. . . ��	

0 
 ������ 1�� ����

�
0 � 1 ����� ����� 1�

0
�  !"

. . . #$%&
0

' 0 ( (C.2)

T
)

o solve this set of structuredequationsin a non-redundantway, we proceedin two
phasP es. First we construct elements of a basis for the right nullspaceof the right
Toeplitz matrix recursively. Next, we shall order these componentsin such a way
that
«

they fit theshift invariantstructureof thereachabilityspacesought.

C.1. Phase1: componentsof thenullspace

Step
@

0. Find * 00
� whoserows forma basis for therightnullspace+ 0

� of , 0
�

-
00 . 0

� / 0 0
Finding a nullspaceis a classical procedurein numerical analysis, it is doneusing
eitheranSVD or a rank-revealing 132 -factorizationon 4 0.

Step
@

1. Find 576 10 8 119 whose rows form a basis and which is such that (1):
10 ; 0

� < 0 and (2) = 10 > 1 ?A@ 11 B 0 C 0. Since D 10 will spanasub-spaceof thespan
of therowsof E 00

� , therewill bearight invertible matrix F 1 suchthat G 10 HJI 1 K 00.
Therowsof L 1 constituteabasisfor thespace

M
1 NPORQTSVU 00

� W
1 XZYR[]\T^V_ 0 `

(where‘ acbTdfehg ’ denotesthe rangeof the rowsof thematrix X
 

).
Thedeterminationof i 1 is a little moreelaboratethanthe computation of a sim-

pleP nullspacesince the intersect of two spacesis involved, a simple numerically
stable algorithm usesan jlk -transformation to determineanadequate basis of one
of the row-spacesandto rotatethat basis to the spanof the first naturalbase vec-
t
«
ors. If the same rotation is applied to the other span,then the intersection canbe
determined via a simple range-kernel decomposition or an SVD on the remaining
entries.
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Step
@ m

. This step is generic.When it deliversan emptyspace,then the proce-
durehasterminated(thelast non-trivial stepgives theorder npoAq of the zero).Findr7sut

0
v wux

1 y�y�y{z}|~|�� such that �u� 0v h
�
as zeroleft kernel and is such that it lays in the

kernel of theblok Toeplitz operator with ��� 1 blocks

�
0
v ����� ���

. . . ����
0
v

�

Since this condition implies that �7�}� 0 �������u�~��� 1� lay
�

s in the kernel of a similar
b
q
lock Toeplitz operator with oneblock row and column less,theremust exist a right

in
j

vertible matrix ��� such that

�7�} 
0 ¡�¡�¡£¢}¤~¥§¦©¨ 1ª¬«P{®�¯±°u²�³ 1́ 0 µ�µ�µ£¶}·©¸ 1¹§º©» 1¼¾½

¿{À
will bea solution if its rows form a basisfor thespace

ÁcÂTÃVÄ7ÅuÆ
0
v Ç�ÈÊÉÌË�Ë�ËÎÍAÏuÐ~Ñ§Ò�Ó

1 Ô 1Õ7ÖØ×RÙcÚTÛÝÜ 0 ÞÎß
This is canagainbedoneby theintersectionproceduredescribedabove.

C.2. Phase2: construction of àâá ,ã äæå
Starting from abasis for çuè 0v andthecorrespondingbasisof orderé , ê7ë}ì 0 íuî 1 ï�ï�ïðuñ~ñ�ò

, we transform the lower orderbases so that they incorporatethe base vectors
of thehigherorderelementsalreadydefined.This leadsto thefollowing tableau,in
whichwe denotetheelementsof óæô so obtainedby lowercase ‘b’s:

õ÷öø
0 ùûúü 1 ý�ý�ý þûÿ��� ������� 0v 	�
 1 ������������

������
1� 0v ����� ������

1�! �" 1#�$%
0
v &�&�& ')(�*,+�- 1

.�/�0�1�2
13 0 4�454�6�7�8 19!:�; 1<

=�=�=>@?ACB
0
vDEF

G�H
00

I�J�K
00LNM

(C.3)

Theresult is:

OQPSR T@UVCW
0
v X�YZ�[

1 \�\�\^] _`Ca!b c@de�f
1g 0 h ij�k 1l 1 m�m�mon pq�r 1s!t�u 1 v�v�v w x00

and y{z is a block Jordanmatrix of the form:
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|{}�~

0 � ����� 0

0
... ���
. . . �

0
0 � ����� 0

0
... ���
. . . �

0
...

0

�

(Theproof of these results is of course classical andakin to the construction of
the
�

Jordancanonicalform.)

Appendix D. Proof of convergence

Let
�

R ������� be
�

the lower-right bottom corner sub-matrix of R � of dimensions�����
1�o���� ¢¡ 1£ , and let the factorization (25) be specialized to that bottom

corneras

R ¤¦¥�§�¨ª© F «¬�® F ¯°�±³²
with

F ´µ�¶¸·
¹»º@¼ ½¿¾)À@Á�Â

1 Ã�Ã�Ã Ä¦ÅÇÆÉÈ 1Ê
0
v

0 ËÍÌ@ÎNÏ 1 Ð�Ð�Ð Ñ¦ÒÇÓÉÔ 2Õ
0
v

. . . Ö×ØÙ
0
v

Because of the Cholesky property, F Ú�Û�Ü is an invertible finite uppertriangular
matrix, and wecanwrite

F ÝÞ�ßNà 1R á¦âã�äªå F æ�ç�è�éëê
Specialising thisequation further to thefirst row, we find

ì¦í 1î@ïñðóòNô,õÉö 1 ÷�÷�÷�øóù�ú 0v R û¦ü�ý�þ¸ÿ ������ 0 ����� 0

for some(block)coefficients �
	���
� 1 ����������� 0 which we leave unspecified.This actu-
ally identifies����������� �"! 1#�$&%('
)�*,+.- 1 /1032�2�254�687 0v 9�:
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as the Szegö orthonormal(block) polynomial of ordern; bel
<

onging to the spectral
funct
=

ion >@?�ACB . FromtheSzegötheory(or Wiener–Masani theory, see[19] last chap-
t
D
er for aniceaccount), wenow havethefollowingpropertiesof theSzegö integrals:

(1) EF�G lo
H

g I det J�K�L ei M�NPO 2 d
Q R
2SUT lo

H
g V detWYX�Z�[]\ 2.

(2) lim8̂_àcb de�f log g det h�i�j ei kPl�m 2Ê dn
2oqpsr tu�v log w det x@y ei

z {C|P}
d~
2� .

Fro
�

m the recursion (26) it is already clearthat the limit �Y���C������ i
�
s boundedfrom

bel
<

ow, thequestion iswhetherthelimit isnon-singular. Thisnow followsfrom point
(2) above, and the fact that �@���C� originatesfrom a rational system, for which the
Szegö integral is necessarily bounded.Hencelim�������Y���@�(��� is non-singular.
Fro
�

m theSzegö theory it alsofollowsthat �
�����
��� convergefor  ¢¡ £ , let ussay to¤
¥§¦
, for any numberof k

ô
(for a proof,see [9]). Let ustake k

ô
equalto the dimension

of A
¨

, thenwefind,for n; l
H
argeenough©ª"«

¬®
¯"°@±

²´³�µ�¶
1 ·

¸
¹
1º
»
2¼½¾
¿
À§Á

t
D
o any degreeof approximation.Sincethepair Â�ÃaÄ5ÅÇÆ is assumedreachableby mini-
mality of the realization for ÈÊÉ�Ë�Ì , Í´Î�Ï�Ð 1 must convergeto

lim
HÑ8ÒaÓÕÔ´Ö�×8Ø 1 Ù

ÚÛ"Ü
ÝÞß
àÇá@â

†
ã ä�å

1æ�ç
2èéê
ë�ì§í

î

W
ï

ith the ð´ñ�ò converging, the convergenceof óõô�ö becomes
<

automatic sincethe
spectralradiusof A is assumed strictly within theunit disc.

A
÷

ppendix E. The doubling procedure

W
ï

e start out from expression (29) in which øÊù�úCûqüþý ÿ 1 ������� 2 ��	�
� andthe prelim-
i
�
nary reductionshavebeendone: � 1 ����� i

�
souterandcommonzeroson theunit circle

have beenremoved (this later point being essential in getting a numerically stable
outerfactor). ������� has

�
a realizationgivenby

� �
1 � 2

�� �
0 �

in
�

which d
 

i
�
s squarenon-singular. Our goal will be to find !#"%$ lim

H &('*),+.-
in
�

square root form. The other quantities /10 and 243 th
D

en follow easilyfrom the single
recursion.
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Step
6

1: reduction to the‘Kalmancase’. Let

7 8
1 9 2: ;

0

< = > ? 0 @ ACB
0 0 D F E G

with ker HIKJMLON 0 and PFQ squarenon-singularandW uR nitary. Thenalso

S
0 T 2UWV 1 X Y 0

Z [ \ ] 0 ^ _C`Facb 1dWe 1 fFg
0 0 h W i 1 jFk l

with monqpsrct 1uWv 1 w . The equivalence is obtained via by premultiplication with
t
D
henon-singulartransformation matrix

x y.z
1 {W| 1

0 }�~ 1 �
Returning to the recursion for the determination of theouter factor (29) andthe

not� ation definedthere),anapplication of thepreviouslemmabringsit to the form

�
0 �� �

0

�(� �
� � 0 �(��� 1 ����(� 1

0 0 � � �� � � 1
�����

1

for
=

someappropriately modified (andotherwiseunimportant) ������ 1 and  ¢¡£�¤ 1. In this
expression, ¥ is the transfer operator of the inverse of anouter function,andhence
has
�

spectralradiuslessor equalto one– by an appropriatestatetransformationit can
be
<

in factbemadecontractive,e.g.by using an inputor outputnormalform, weskip
th
D

is operational detail.Notealsotheconvenient redefinition of ¦ and § .
Step
6

2: thelinearizationof theRiccatiequation.

Le
¨

mma E.1. Therelation

©
0 ª« ¬

0

(® ¯
° ± 0 ²(³�´ 1 µ�¶·(¸ 1

0 0 ¹ � º» � ¼ 1
½�¾�¿

1 À
withÁ Â%Ã�Ä

1 unitary, is equivalent toÅ.Æ(Ç
1ÈÊÉ ËÍÌ Î.Ï Ð4ÑÒ Ó (E.1)

in which ÔÖÕK×ÙØ�ÚÜÛ�ÝÞ is a minimal factorization, ß4àKáãâäKåçæWè1éWê.ëíìÜî 1 ïWð is a well-
defined
ñ

intermediatequantityand

òoó ô õOõ÷öø�ùWú1û üOý þ
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Proof. ÿ : Thesecondequation in (E.1)gives���������
	�����������������
It
�

is easy to seethat ���������
 �!"�# is
$

always invertible, being of the form %�&�'(*),+
with M

-
andN

.
pos/ itivedefinite, andhencetheexpressionfor 021 f

3
ollows.Filling4�5

in thefirst equation we obtain687:9
1 ;=<�<?>A@CBED�FHGJILK
M�N8O�PRQ 1 SUT�V

whichcaneasily betransformedto theequivalentW8X:Y
1 Z=[�[?\A]C^`_acb�dfehgUi8j�kLl�m:nHo�p�q8r�s�t
uRv 1 w�xyRzU{�|

Introducenow aminimal factorization}�~������������������
1 � ������ 1

anddefine������
1 �����L�R� ��� �¡�¢ 1 £

Then
¤

¥`¦§c¨`©«ª�¬�¬®°¯ ±8²:³
1 ´Cµ�¶·�¸ 1 ¹ º¼»½�¾ 1 ¿À`ÁÂRÃ�ÄÆÅÈÇ�ÉÊ�Ë

1 Ì Í�ÎÏ�Ð 1 ÑÒLÓ8Ô�Õ�Ö�×�ØÚÙÈÛÝÜÞ:ß
1à á�âã:ä 1 å

Introducing
æ

minimal factorizationsç8è�é�ê�ëíì�îï andpadding with zerosto equal
outdimensions, we find

ðUñ�ò
0 óô�õ:ö ÷

0

ø�ùú ûýüþ
0 ÿ��� 0

� 0 ����� 1 	 
��� 1
0 0  � �� � � 1

0 0� � �� � �
1 0��������
1

����� �!
1

"

This is of the form #$#$%'&)(*(*+ with M andN
.

matricesof equaldimensions. In
th
,

atcasethereexistsaunitarymatrix Q suchthat - .)/10 andtheproperty follows.2 : Retracesthestepsin theopposite direction. 3
4

i
$
swhatisknown in classicalcircuit theorya‘hybridmatrix’ linkinginputquan-

tities
,

atboth sidesof acircuit to output quantitiesalsooccurring atboth sides.These
quantitiesareof the ‘voltageand current’ typeand not of thescattering type, seethe
discussionat theendof this section.

Step
6

3: The doubling procedure. The
¤

doubling procedureis obtainedby chaining
repres5 entationsof thetype(E.1)andisdueto [23], for ascatteringinterpretation,see
[4]. We state theproperty asa lemma.

Lemma E.2. If

6
27
1

8:9 ; 1 < 1= (E.2)
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with>
?A@ B CDC�EFHGJILK MDN O

then

P
4Q
1

R:S
2
T U 1 V 1W (E.3)

with>
X

2 Y
Z

2 [ 2 \�]2^`_ba
2 c 2 dDe2 f

in which

g
2 h:iHjlknm)oporqLsJtLuJvxw 1 y

z
2 has
{

minimaldimensionsandis such that

|~}'�p�l�n�)���L�J�L�n���x� 1� 2 �����
1 ����� 2 0�

fo
�

r some unitary transformation matrix � 1, and� �
2
T has
{

minimal dimensionsand is
s� uch that

�~�J�L�J� �l¡£¢¥¤'¦p§r¨x©bªL«L¬ 1 2 ®J¯L°�±
2 ²�³µ´J¶2 0·

fo
�

r some unitary transformation ¸ 2.

Pr
¹

oof (By
º

chaining). If

»A¼ ½ ¾¿ À
andboth ÁlÂÄÃÆÅLÇÉÈ and ÊlËÍÌÏÎÑÐLÒ areinvertible, then

Ó
2 Ô

Õ×ÖlØÄÙÆÚLÛÉÜxÝ 1 Þ ßáàãâ×älåÍæÏçLèÑéxê 1 ëìríïîñð�òÍóÆôÉõLöx÷ 1 øÉù úñû�üÍýÆþÉÿ���� 1 � � (E.4)

Th
¤

egivenformulasthenfollow by simpleevaluation. �
Reverting backto LemmaE.1,we obtain thedoubling algorithm for the compu-

tatio
,

n of �	� with 
������������ asfollows.

Al
�

gorithm E.1 (Do
�

ubling algorithm). St
6

artup: find � such that ����� �"!$#&%�'(%*) ,
let + 1 ,.-�/1012436587:91;1<>=�?�@ 1A 2 (thatis: in theoriginaldata, andwith a slight renum-
beri
B

ng,thenew C	D equalthe old E	FHG 1).
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Generic stepi: Given I�J compute K 2L viM a theRQfactorization:

N$OQP�R
0 S�TUWVYX�Z [

0 \
0 ] 2̂ _
0 0 `

acb

andupdatetheparameters:

d
2e"fhg1i�j	k(lnm�oqp"rs"t1uvxwWyQz�{ 1 |$}
~$�����q�6�(������"�1����W�����Y��� 1� 2T ��� �

1���"���Y� 2� 0� (E.5)

 $¡¢�£1¤¥§¦6¨ª©¬«®q¯�°�±"²³"´1µ¶x·�¸ 1¹ 2T º1»¼ ½ 2
T ¾�¿�À�ÁÃÂ1Ä

2Å 0ÆÈÇ
A numberof remarksarein order:

1. When É is strictly contractive, thealgorithm quickly convergesto alimiting value
in which Ê$ËÍÌ 0 andwhich is furthergivenby

0 0 Î 	 ÏÐ W Ñ Ó Ò � Ô Õ
0 Ö

0 ×	Ø 0
0 0 Ù 6 Ú 8 Û: Ü W Ýß Þ 	 à � á � âã å ä 1 æçß è1é 2T ê

with a (simple) unitary Q. Convergencein the generalcase was shown in the
previ/ ousappendix, its form canbederived and isbeyondthepresentpaper.

2. Onceë�ì andíïî arefound,thentheotherquantitiesð�ñ andòôó quickly follow from
the
,

original recursion, which canalso be used to checkcorrectness, andimprove
on theobtainedvalue.

3. Numerically, onewouldhandlethevariousinversesbyanSVD. Let õ*öø÷úù . Then
wemust compute û ü6ýªþ¬ÿ�� ����� 1� 2, �	��
������������� 1� 2 and �������� �"!�#%$�&�' 1 (�)%* .
W
+

ith ,.-0/214365 anSVD for 7 , we find for thesequantities, respectively: 8:9<;=�>? 2 @�A 1B 2 C6D , E	F%GIHJ�K�L 2 M�N 1O 2PRQ and S�TVU�W�XZY4[\^]V_ 2 `�a 1 b�c6dfe .
4
g
. Kailathetal. [4] call thematrix h a‘scatteringmatrix’ and thecomposition(E.4) a

‘Redhefferproduct’.We takeissuewith thisviewpoint.Traditionally, i would be
calleda ‘hybrid matrix’ by circuit theorists, seee.g.[36, p. 17]. Thecomposition
in (E.4) is in fact a composition of hybrid matrices, which is not written down
i
$
n that form in most classical textbooks, but is usually converted to the chain
form
3

andthenwritten asa product,see e.g. [36, p. 22] Furtherargumentfor the
statementthat j should be regardeda hybrid matrix is providedby its algebraic
properties/ (relatedto thealgebraicpropertiesof a Hamiltonian).We had,for the
propagat/ ion of kml

nmoqp
1r�s t

u v�vxw
y{z}|%~ ���

�������� �

Int
�

roducinga judiciousi �0� � 1 in thepropagation chain, we find

i
$ �����

1��� � � i
$ ���x�

i �	�%� ���
i
$ �m� ��¡
¢ £
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Thematrix

¥V¦ § i
$ ¨�¨x©

i ª	«�¬ :®
is
$

skew-Hermitian in the sensethat ¯±°�²´³¶µ¸· for
3

¹´º 0 »¼m½ 0 ¾
This
¤

correspondsclassically to conservationof energyin thesystem
¿
2À
1 Á

Â Ã 1Ä
2
Å Æ

in which ÇÉÈ is interpretedas a voltage and ÊÌË a current flowing from right to
left
Í ÎÌÏmÐ

1 Ñ 2Ò . Further interpretations and additional numericalmileage may be
obtained by substituting the shif t zÓ for i, but this goesbeyondthe scopeof this
paper/ .
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