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ABSTRACT
Single-carrier transmissions with frequency-domain equaliza-
tion have gained much interest due to their comparable com-
plexity and performance to OFDM, which conversely suffers
from a high peak-to-average power ratio. In this paper, we
develop a new frequency-domain block turbo equalizer for
single-carrier (SC) transmissions over doubly-selective chan-
nels. The main feature of the proposed equalizer is its low
complexity, which is only linear in the block length. A com-
parison between SC and OFDM systems with channel coding
in doubly-selective channels is also given.

Index Terms— Turbo equalization, doubly-selective
channels, single-carrier, delay-Doppler diversity

1. INTRODUCTION

It is well known that broadband wireless communication sys-
tems require high transmission rates, giving rise to frequency-
selectivity due to multipath propagation. In addition, the
high-mobility terminals and scatterers induce Doppler shifts
that introduce time selectivity, whose effect is relevant espe-
cially at high carrier frequencies. Therefore, advanced tech-
niques are needed to accurately model time- and frequency-
selective (i.e., doubly-selective) channels and to counteract
the related performance degradation.
Long Term Evolution (LTE) is a major 3GPP step in next

generation wireless networks. The LTE physical layer relies
on a multiple access scheme based on orthogonal frequency-
division multiplexing (OFDM) with a cyclic prefix (CP) in
the downlink, and on single-carrier frequency-division mul-
tiple access (SC-FDMA) with a CP in the uplink [1]. The
SC system, which can also be viewed as a fast Fourier trans-
form (FFT) precoded-OFDM system, has a smaller peak-to-
average-power ratio than regular OFDM, with complexity and
performance comparable to OFDM, and hence leads to more
power-efficient terminals suitable for uplink transmission [2].
However, both SC and OFDM suffer from doubly-selective
channels, which require appropriate equalization methods.
A possible way to counteract a doubly-selective channel

is by means of iterative equalizers. The iterative approach,
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inspired by the turbo equalization principle [3], exchanges
soft information in an iterative fashion, and greatly improves
the system performance. While turbo equalization for SC
transmissions over frequency-selective channels has been
originally applied in the time domain (see references in [3]),
frequency-domain methods have been successively exploited
to reduce complexity [4]. For SC systems in doubly-selective
channels, a low-complexity iterative equalizer has been pro-
posed in [9], which can be regarded as the time-domain
counterpart of the iterative frequency-domain equalizer [5].
However, time-domain iterative equalizers are not suitable
for long channels, since their complexity is quadratic in the
channel length [9].
In this paper, we develop a new low-complexity frequency-

domain turbo equalizer for SC systems in doubly-selective
channels. Relying on a block approach, our algorithm equal-
izes all the subcarriers jointly, differently from previously
proposed frequency-domain algorithms that equalize the sub-
carriers separately [5]. The computational complexity scales
linearly with the block length and is independent of the chan-
nel length. In the simulation section, we also compare our
SC equalization algorithm with its OFDM counterpart [6].
Throughout the paper, the receiver is assumed to have perfect
channel state information (CSI), while the transmitter has no
access to the CSI.

2. SYSTEMMODEL

We consider a single-user SC system with block transmis-
sion, and a channel that is both frequency- and time-selective.
The structure of the transmitter and the receiver is shown in
Fig. 1. At the transmitter, a sequence of bits is encoded with
error correction coding, and the coded bits are interleaved and
mapped into N complex symbols, represented by the N × 1
vector st. For simplicity, we consider unit-energy quaternary
phase-shift keying (QPSK), and we adopt the common as-
sumption that the maximal channel order is equal to the cyclic
prefix (CP) length, both denoted by L. This way, the equal-
izer can be designed separately for each block, and we can
omit the block index from our notation. At the receiver, after
removing the CP, the received vector yt can be expressed as

yt = Htst + nt, (1)
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Fig. 1. System model.
where Ht is the N × N time-domain channel matrix, and
nt stands for the N × 1 noise vector. For simplicity, we
assume that nt is a circularly symmetric complex Gaussian
noise vector, with zero mean and covariance matrix Rnt

=
E(ntn

H
t ) = σ2

nIN .

3. LOW-COMPLEXITY TURBO EQUALIZATION

In this section, we develop a frequency-domain block turbo
equalizer for SC transmission over doubly-selective channels.
Applying the Fourier transform to yt, we get the frequency-
domain input-output relationship, which can be written as

yf = FHtF
HFst + Fnt = Hfsf + nf , (2)

where F denotes the N × N unitary DFT matrix, yf = Fyt,
sf = Fst, nf = Fnt, andHf = FHtF

H .
In a time-varying channel, Ht is no longer circulant as

in the time-invariant case, and Hf becomes a non-diagonal
matrix, giving rise to ICI (intercarrier interference) that cor-
responds to the non-zero off-diagonal elements ofHf . How-
ever,Hf is almost banded, with the most significant elements
around the main diagonal [5, 6]. Hence, to simplify equal-
ization, the matrix Hf is further approximated by its banded
versionH = Hf ◦ Θ, where we use the symbol ◦ to denote
the Hadamard (element-wise) product between matrices, and
Θ is theN ×N circulant matrix, which has ones on the main
diagonal, the Bc super- and Bc sub-diagonals, and zeros on
the remaining entries.
Let us define st,i as the ith QPSK symbol of st, and

(st,i,1, st,i,2) as the related bits. The means and the vari-
ances of the time-domain symbols, denoted asmt,i = E(st,i)
and vt,i = Cov(st,i, st,i), are firstly initialized with zeros
and ones, respectively. But in every iteration of the turbo
equalizer, they are updated using soft information from the
estimated symbols, as will be explained next. Similarly, we
define sf,i as the ith symbol of sf , mf,i = E(sf,i) and
vf,i = Cov(sf,i, sf,i) as the means and the variances of the
frequency-domain symbols. Stacking different mt,i’s and
mf,i’s, we respectively have mt = [mt,1, . . . , mt,N ]T and
mf = [mf,1, . . . , mf,N ]T .

Given mt,i and vt,i as prior information, the equalizer
exploits the means and the variances of the frequency-
domain symbols. Since sf = Fst, we have mf = Fmt,
and Cov(sf , sf ) = FCov(st, st)F

H , where Cov(st, st) =
diag(vt,1, . . . , vt,N ). In general, Cov(sf , sf) is not a diag-
onal matrix. However, to save complexity, we set its off-
diagonal elements to 0, which leads to Cov(sf , sf ) = v̄t · IN

with v̄t = 1
N

∑N
i=1 vt,i. This approximation, which is used

also in [7], basically annihilates the frequency variability of
the variance.
Withmf,i and vf,i, the unbiased frequency-domain linear

MMSE equalizer leads to [6]

ŝf,i = hH
i A−1(yf − Hmf )/ti + mf,i, (3)

where hi is the ith column of H, Vf = Cov(sf , sf ), ti =
hH

i (HVfH
H + Rnf

)−1hi, A = HVfH
H + Rnf

, and
Rnf

= E(nfn
H
f ).

The estimated time-domain transmitted signal can be ob-
tained by ŝt = FH ŝf , which leads to

ŝt,i = iHi FH ŝf = iHi FH
N∑

k=1

ikŝf,k

= iHi FH
N∑

k=1

ik
1

tk
hH

k A−1HF(st − mt)

+ iHi FH
N∑

k=1

iki
H
k Fmt + iHi FH

N∑

k=1

ik
1

tk
hH

k A−1Fnt

= mt,i + iHi FHTΣF(st − mt) + iHi FHTHHA−1Fnt,

(4)

where ik is an N × 1 indicator function with a 1 on the kth
position,T =

∑N
k=1 ik

1
tk

iHk , andΣ = HHA−1H.
After the equalization, we need to calculate the extrin-

sic log-likelihood ratio (LLR), Le(st,i,j) = L(st,i,j|ŝt,i) −
L(st,i,j), whereL(st,i,j) is the a priori LLR andL(st,i,j |ŝt,i)
is the a posteriori LLR, which can be calculated as in [3, 6].
To perform this calculation, we should derive the probability
density function (PDF) p(ŝt,i|st,i = s), which can be approx-
imated as Gaussian: p(ŝt,i|st,i = s) = 1

πσ2

i

· e−|ŝt,i−μi|
2/σ2

i .
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The mean μi and variance σ2
i can be calculated from (3) and

(4)

μi = E(ŝt,i|st,i = s)

= mt,i + iHi FHTΣFE(st − mt|st,i = s)

= mt,i + iHi FHTΣFii(s − mt,i),

σ2
i = Cov(ŝt,i, ŝt,i|st,i = s)

= E(|ŝt,i − μi|2 | st,i = s)

= E(|iHi FHTΣF[st − mt − ii(s − mt,i)]

+ iHi FHTHHA−1Fnt|2)
= iHi FHTΣF(Vt − iii

H
i vt,i)F

HΣHTHFii

+ σ2
niHi FHTΣH−1H−HΣHTHFii

≈ v̄t,i + |h̄|2,

(5)

where Vt = Cov(st, st), v̄t,i = 1
N (

∑N
k=1 vt,k − vt,i),

|h̄|2 =
σ2

n

N

∑N
k=1 |hH

k hk|−1, and we approximate the ma-
trices F(Vt − iii

H
i vt,i)F

H , HHH and Σ to be diagonal
matrices by setting the off-diagonal elements to 0, so that
TΣ ≈ IN . While the approximation of F(Vt − iii

H
i vt,i)F

H

as diagonal is similar to that of Cov(sf , sf), the diagonal
approximations of HHH and Σ can be motivated as fol-
lows. First, since H is banded, the off-diagonal elements of
HHH decay to zero very rapidly. Second, Σ = HHA−1H

represents the effect of the linear MMSE equalizer HHA−1

applied to the channel matrix H: since the equalizer highly
mitigates the cross-interference,Σ is very close to a diagonal
matrix.
Therefore, the extrinsic LLR can be expressed as [3, 6]

Le(st,i,1) = ln
p(ŝt,i|st,i = α1)P2(0) + p(ŝt,i|st,i = α3)P2(1)

p(ŝt,i|st,i = α2)P2(0) + p(ŝt,i|st,i = α4)P2(1)

=

√
8Re(ŝt,i)

v̄t,i + |h̄|2 ,

Le(st,i,2) = ln
p(ŝt,i|st,i = α1)P1(0) + p(ŝt,i|st,i = α2)P1(1)

p(ŝt,i|st,i = α3)P1(0) + p(ŝt,i|st,i = α4)P1(1)

=

√
8Im(ŝt,i)

v̄t,i + |h̄|2 ,

(6)

where αk, k = 1, . . . , 4 is the QPSK symbol corresponding
to the first, second, fourth, and third quadrant, respectively,
Pj(0) = P (st,i,j = 0) and Pj(1) = P (st,i,j = 1). As
shown in Fig. 1, the extrinsic LLR Le(st,i,j) is passed to the
decoder to generate a new extrinsic LLR Ld

e(st,i,j), which is
added to the a priori LLR to form the a posteriori LLR or the
new version of the a priori LLR, which is used to update the
means and the variances of the estimated symbol as in [3, 6]:

Lnew(st,i,j) = L(st,i,j) + Ld
e(st,i,j),

mt,i,new =
tanh(

Lnew(st,i,1)
2 ) + i · tanh(

Lnew(st,i,2)
2 )√

2
,

vt,i,new = 1 − |mi,new|2.
(7)

The whole procedure described in this subsection can then be
repeated, depending on the chosen number of iterations.
Similarly to the OFDM equalization algorithm in [6], it

can be shown that the proposed block turbo equalization al-
gorithm has linear complexity in the block length N . Specif-
ically, the equalization step in (3) and the calculation of ti’s
have complexityO(B2

c N) [6], while calculating the extrinsic
information in (6) has complexity O(BcN). Therefore, tak-
ing into account FFT operations, the overall complexity per
iteration isO((B2

c +log(N))N), which is independent of the
channel order L.

4. SIMULATION RESULTS

We consider an SC system with block length N = 128.
The channel order and the CP length are the same and
equal to L = 7. The channel paths, characterized by a
U-shaped Doppler spectrum, are assumed to be uncorrelated
and Rayleigh distributed with uniform power delay profile.
The frequency-domain channel matrix bandwidth parameter
is set toBc = 3. A rate 1/2 convolutional code with generator
matrix [1 0 1;1 1 1] and a codeword length of 8192 is used.
We employ random interleaving. The decoder employs a
linear approximation to the log-MAP decoding algorithm.
Fig. 2 shows the bit-error rate (BER) performance of

the proposed frequency-domain turbo equalizer for different
numbers of iterations, as a function of the signal-to-noise
ratio (SNR), defined as 1

σ2
n
. We consider a medium to high

mobility case where the normalized Doppler frequency is
fdT = 0.15/N and fdT = 0.25/N , with fd the absolute
Doppler frequency shift and T the symbol period. In Fig. 2,
it is shown that the second iteration produces a significant
performance improvement with respect to the first iteration,
which corresponds to the output of a non-iterative equal-
izer. After two iterations, however, the BER improvement
converges slowly. Fig. 2 also displays the BER behavior as
a function of the channel time selectivity. For low SNR, a
Doppler spread increase leads to an improved BER. There-
fore, the proposed equalizer is able to properly exploit the
time selectivity of the channel. For high SNR, the BER per-
formance gap becomes smaller. This is mainly due to the
increased band approximation error at high Doppler spread.
Indeed, the increased power of the unmodeled ICI reduces
the maximum effective signal-to-interference-and-noise ratio,
which limits the BER performance.
It is interesting to compare the SC and OFDM systems

for doubly-selective channels. Previous works have shown
some performance comparisons for frequency-selective chan-
nels [2, 8]. We first consider uncoded systems. For a wireless
channel with significant multipath, OFDM systems cannot ex-
ploit frequency diversity, since each data symbol is placed on
a single frequency, while SC systems can achieve frequency
diversity by spreading each data symbol over many frequen-
cies. In a fast time-varying channel, a high Doppler spread
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Fig. 2. BER performance of the proposed turbo equalization
algorithm for SC systems.

gives time diversity. However, SC systems do not exploit the
time diversity, because each data symbol is placed on a sin-
gle time period, whereas OFDM exploits the time diversity,
since it precodes the symbols (by the IFFT) so that each data
symbol is spread over the whole OFDM block period. Ap-
plying channel coding over OFDM subcarriers offers some
frequency diversity, and coding over many OFDM blocks can
gain additional time diversity. Similarly, SC system can ob-
tain time diversity by channel coding.
Fig. 3 illustrates the BER performance comparison for

the turbo equalizers designed for SC and OFDM systems [6]
after three iterations. In the OFDM case, the turbo equal-
izer includes a time-domain receiver window that reduces the
band approximation error, thereby improving the BER at high
SNR. The bandwidth parameter Bc = 3 is the same for both
SC and OFDM systems. The simulation results confirm that
both SC and OFDM systems benefit from channel coding, by
obtaining time and frequency diversity, respectively, which
is not exploited in the uncoded case. However, the achiev-
able diversity gain is difficult to analyze, since the band ap-
proximation error impairs the performance at high SNR. In
addition, the amount of diversity also depends on the spe-
cific code [2, 8]. Anyway, it is interesting to observe that
OFDM systems outperform SC systems. This is caused by
the larger band approximation error in SC systems with re-
spect to OFDM systems, and by the approximations intro-
duced to simplify the proposed equalizer. In addition, further
performance improvements for SC systems could be obtained
by employing channel extension techniques [10].
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