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Abstract—We consider Bayesian blind deconvolution (BD) of an
unknown sparse sequence convolved with an unknown pulse. Our
goal is to detect the positions where the sparse input sequence is
nonzero and to estimate the corresponding amplitudes as well as
the pulse shape. For this task, we propose a novel evolution of the
single most likely replacement (SMLR) algorithm. Our method uses
a modified Bernoulli-Gaussian prior that incorporates a minimum
temporal distance constraint. This prior simultaneously induces
sparsity and enforces a prescribed minimum distance between the
pulse centers. The minimum distance constraint provides an ef-
fective way to avoid overfitting (i.e., spurious detected pulses) and
improve resolution. The proposed BD method overcomes certain
weaknesses of the traditional SMLR-based BD method, which is
verified experimentally to result in improved detection/estimation
performance and reduced computational complexity. Our simula-
tion results also demonstrate performance and complexity advan-
tages relative to the iterated window maximization (IWM) algo-
rithm and a recently proposed partially collapsed Gibbs sampler
method.

Index Terms—Bayesian blind deconvolution, Bernoulli-
Gaussian prior, iterated window maximization (IWM) algorithm,
single most likely replacement (SMLR) algorithm, sparse decon-
volution.

I. INTRODUCTION

HE problem of blind deconvolution (BD) arises in var-

ious fields including digital communications [1]-[5],
seismology [6]-[9], biomedical signal processing [10]-[13],
and astronomy [14], [15]. Because the result of BD is inher-
ently nonunique, additional assumptions or constraints—such
as monotonicity [16], positivity [17]-[19], and sparsity
[20]-[23]—are typically used. In this paper, we study BD
under a combined sparsity and minimum distance constraint
as introduced recently in [24]. In the setting considered, a
sparse random sequence is convolved with a pulse of unknown
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shape. The (few) nonzero entries of the sparse sequence thus
mark the positions and weights (amplitudes) of potentially
overlapping replicas of the pulse in the observed sequence.
The temporal distances between these positions are constrained
to be not smaller than some prescribed minimum distance.
This minimum distance may be smaller than the (effective)
pulse length, thus allowing for overlap between successive
pulses. Such a minimum distance constraint is physically
relevant and appropriate in many applications, including layer
detection [12], medical imaging [10], [13], seismology [8],
and multipath parameter estimation [25], [26]. For example,
various biomedical signals, such as in electrocardiography
and electromyography, contain pulses whose centers cannot
have arbitrarily small time separation. In scenarios where the
pulses correspond to reflections from layer boundaries, such
as in seismology or optical coherence tomography, there may
be a lower limit on the thickness of layers. Typically, signals
that satisfy a minimum distance constraint are also sparse. A
minimum distance constraint was considered in our previous
work on BD [24]. For nonblind deconvolution, theoretical
implications of a minimum distance were studied in [27].

Our goal is to detect the positions where the sparse input se-
quence is nonzero and to estimate the corresponding amplitudes
as well as the pulse shape. For this task, we adopt a Bayesian
setting because of the resulting ease of performing calculations
(both formally and algorithmically) and the possibility of in-
troducing prior information and constraints via the choice of
a prior distribution [28]. More specifically, we use a modified
Bernoulli-Gaussian prior incorporating the minimum distance
constraint. The basic Bernoulli-Gaussian model is well estab-
lished as a convenient means to model sparsity [7], [8], [20],
[23], [29]-[31]. It yields an intuitive relation between the spar-
sity of a sequence and its prior probability and at the same
time often helps make computations tractable. As previously
observed in [24], augmenting the Bernoulli-Gaussian model by
a minimum distance constraint provides an effective way to
avoid overfitting and improve resolution. Whereas a partially
collapsed Gibbs sampler [32] based method was used in [24]
for detection/estimation, here we propose a different method
that is inspired by the single most likely replacement (SMLR)
algorithm [29]. As we will demonstrate, the proposed method
can outperform the method of [24] with respect to both perfor-
mance and computational efficiency.

The SMLR algorithm is an iterative technique that is com-
putationally efficient but may converge to a local maximum of
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the posterior distribution rather than the global one. In its orig-
inal form [29], it is suited for nonblind Bayesian deconvolution,
i.e., the pulse shape is supposed known. Various modifications,
extensions, and applications of the SMLR algorithm have been
presented in [31], [33]-[40]; however, none of them considers
a minimum distance constraint. In particular, the SMLR algo-
rithm was used for BD in [33] (for seismic signals) and in [34]
(for discrete-valued sparse signals). A powerful generalization
of the SMLR algorithm is given by the iterated window max-
imization (IWM) algorithm [36]. The performance and com-
plexity of the IWM algorithm strongly depend on the choice
of hypothesis sets and of a tuning parameter that influences the
sparsity of the deconvolution result. In contrast to this tuning pa-
rameter, the hyperparameters of the method proposed here have
an intuitive interpretation, which may make it easier to choose
them appropriately.

The proposed method is different from existing methods
in that it is tailored to the minimum distance constraint. In
contrast to classical SMLR, which often fails in the presence
of such a constraint, it exploits the constraint to achieve good
performance, computational efficiency, and sparse results.
Computational efficiency is further enhanced by choosing
the order of the algorithmic steps differently from existing
SMLR-type methods. Finally, our method allows for prior
assumptions about the time and frequency localization of the
unknown pulse shape, which leads to improved performance.
To make such assumptions possible, the method includes the
explicit determination of an optimal amplitude scale and time
shift.

This paper is organized as follows. In Section II, we present
the signal model, our choice of prior distributions, and the re-
sulting posterior distribution. In Section III, we propose a mod-
ified SMLR algorithm that incorporates the minimum distance
constraint. Section IV describes an efficient implementation of
this algorithm following [30], [31]. Section V presents a BD
method that uses the modified SMLR algorithm. Simulation re-
sults assessing the performance and complexity of the proposed
BD method are presented in Section VI.

II. SIGNAL MODEL AND PARAMETER PRIORS

The signal model and prior distributions are essentially as
in [24]; we briefly describe them here for the sake of a self-
contained exposition.

A. Signal Model

The observed sequence is given by

K
T = kaflal“"nb k=1,...,K,
=1

Q)

where ag, k € {1,..., K} is an unknown sparse complex se-
quence of length K, fj, is an unknown complex pulse (defined
to be zero outside {—@Q, . .., @}, where typically Q) < K), and
ny is independent and identically distributed (iid) circularly
symmetric complex Gaussian noise with unknown variance

o2, Using x 2 (ry 22---2x)T, a 2 (a1 ay---ax)?T,
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=

fé (f,Q f,Q_,_l"'fQ)T, and n n1 ng---nK)T, the

signal model (1) can be written as!

x =Fa+n, 2)

where F = toep(f) denotes the K x K Toeplitz matrix
that has (fo fi - fo 0 --- 0)T as its first column and
(fofo1---f-0 0 -+ 0) as its first row.

Following [29]-[31],[41], we use a binary indicator sequence
bi, € {0,1} that is 0 if aj, is zero and 1 if ay is nonzero. We
define the indicator vector b 2 (b by---bg)T € {0,1}¥, and
denote by I the number of nonzero &, (equivalently, nonzero
a); note that L. = Ei;l by, = 5:1 b = ||b||>. We can write
(2) as

x = Fpa, + n,

3)
where Fy, € CK*Z s obtained from F by removing all columns
k such that by = 0 and a; € CL contains the corresponding
ag, 1.e., the nonzero entries of a. The minimum distance con-
straint postulates that b € C, where C C {0,1}* is the set of
all length-K binary sequences b such that the temporal distance
of any two nonzero entries b, = 1 and byr = 1 (equivalently,
of any ay, ap # 0) satisfies |k — k'| > dyin, for a given dpiy.
Thereby, the set of admissible sequences b is significantly re-
duced (b € C rather than b € {0, 1}¥).

As a parsimonious parametric model for the pulse shape
vector f € C2@F!, we use the basis expansion

M
f=> yuh,=Hy.

m=1

“

Here, the basis vectors hy, = (Am - hm,—0+1° " hm.g)?*
are suitably time-scaled versions of the first M Hermite func-
tions [12], [42], [43], which are sampled, truncated, and cen-
tered at the (Q + 1)th entry; % 2 (v - -vam)¥ is a random co-
efficient vector; and H = (hy - - - hyy). Typically, M <« 2Q+1.
Using (4), the signal model in (2) can be written as

x=Af+n=AH~v+n, ®)]

where A is the K x (2Q + 1) Toeplitz matrix that has (ag+1
agi2---ax 0--- 0)7T as its first column and (agi1 ag--- m
0---0) as its first row.

B. Parameter Priors

Within the Bayesian framework, we have to specify prior
probability density functions (pdfs) for the unknown quanti-
ties a, 4, and 2 to be estimated. For a, we adopt a modified
Bernoulli-Gaussian prior that incorporates the minimum dis-
tance constraint [24]. Following [30], [31], [41], we specify the
prior pdf p(a) by specifying p(a|b) and p(b). We set

K
p(alb) = [ plaxlbe), (6)
k=1
with (note that b, = 0 implies a;, = 0)
5(ak), bk = 0
plaxlbe) = Q)

CN(ax;0,02), by =1.

10ur choice to define x and a such that they have the same length K is ar-
bitrary and not critical for our method. Depending on the application, it may be
more suitable to define a such that its length is, e.g., either smaller or larger than
that of x by 2Q.
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Here, §(-) denotes the Dirac delta function, o2 is a fixed hyper-
parameter, and CA(+; p, o%) denotes the circularly symmetric
complex Gaussian pdf with mean z and variance o. From (6)
and (7), we obtain the following conditional prior of a:

play|b) = CN (ay;0,0.1) (8)

where CA(; b, C) denotes the multivariate circularly sym-
metric complex Gaussian pdf with mean g and covariance
matrix C. Note that a; depends on b (and, in (8), is conditioned
on b) due to the fact that its dimension is L = ||b||?. Regarding
the choice of p(b), the classical Bernoulli-Gaussian model
[71, [8], [20], [23], [29]-[31] would be obtained by using
p(b) = B(b;m), where B{(:;m1) denotes an iid Bernoulli
probability mass function (pmf) with “I-probability” ;. To
incorporate the minimum distance constraint, we replace this
unconstrained Bernoulli prior by

p(b) & Ie(b) B(b: m1) = Ie(b) 7PV (1 — 7 )E-IBI% | (9)

where o« means “proportional to,” I(-) denotes the indicator
function of the minimum distance constraint set C (i.e., Io(b)
is 1 if b € C and 0 otherwise), and 7y is considered as a fixed
hyperparameter. Together, 71 and dy;, determine? E{L/K},
i.e., the a priori mean rate of 1’s in b. For dy,;;, = 1 (i.e., no
minimum distance constraint), the priors (6)—(9) simplify to the
classical Bernoulli-Gaussian model.

The prior of + is chosen (differently from [24]) as indepen-
dent circularly symmetric complex Gaussian, i.e.,

p(y) = CN(7; 0, A),

where A = diag{\y, ..., Aas} with fixed variances A,,. Here,
Am decreases with increasing m; because of the time-frequency
localization of the Hermite functions [44], [45, p. 26], this im-
plies that the pulse shape f is likely to be strongly concentrated
around the time and frequency origins. This is more plausible
and realistic than the pulse shapes obtained for a prior with iid
Ym (as in [24]). Fig. 1(a) illustrates this time-frequency con-
centration by comparing two examples of the ex}pected squared
magnitude of the pulse shape, E{|f:|*} = E;‘;Zl A |Pom k]2
for decreasing and for constant coefficient variances A,,. Some
realizations of fj are shown in Fig. 1(b), demonstrating that the
proposed prior using decreasing Ay, is general enough to allow
a wide variety of pulse shapes.

The noise variance o2 is treated as a random hyperparameter
whose prior is chosen as an inverse gamma pdf, i.e.,

(10)

né e n/on

plol) =ZG(c2:€,n) = NG mlw(ai)y (11)

where I'(£) is the gamma function, I+ (-) is the unit step func-
tion, and £ and 7 are fixed hyperparameters. This is a conjugate
prior [28, p. 152] of the Gaussian likelihood function to be pre-
sented in (12). The same is true for the Gaussian priors p(a,|b)

in (8) and p(%) in (10).

2 fact, it can be shown that B{L/K} =~ 7 = 1/(p % +
dmin — 1/2), where ¢ is the positive real solution of the equation
. . . - 4dmin /K
504dmi11 + (4di1in/K) ¢4dmm+f‘ = (ﬁ) .
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Fig. 1. Construction of the pulse shape fx: (a) E{|fx|?} for decreasing A,
(solid line) and for constant X,, (dashed line). (b) Four realizations of f; for
the A,,, corresponding to the solid line in (a) (the real part is shown).

C. Posterior Distribution

Bayesian detection/estimation relies on the posterior distribu-
tion of the quantities of interest, i.e., of a (or, equivalently, b and
ap), 7y, and afz. The posterior distribution depends on the likeli-
hood function and the priors [28, p. 9]. The likelihood function
of our model is, according to (3), (5), and the iid Gaussian prior
for the ny,

p(x|b,ay,y,0%) =CN (x; Fpay, 021) =CN (x; AHy, 071) .

(12)
Assuming that a, %, and o2 are a priori independent, the joint
posterior distribution of b, ag, 4, and afl is obtained from the
likelihood function and priors as [24]

p(b,ay, 9,07 |x) c<p(x[b, ap, 7, 77,) p(as|b) p(b)p(y) p(a),
(13)
where the factors on the right hand side are given in (8)—(12).
This joint posterior will be used in Section V.
In Section III, we will use the joint posterior with the ampli-
tudes a; marginalized out, i.e.,

p(bﬂ,ai\x) = /p(b7ab7'y,ai|x)dab
| [0, 0,7,2) ptaw ) | p0)p() ().

Inserting (12) and (8) and dropping factors that are constant with
respect to b, 4, and 2, we obtain

p(b,v,02]x)
1 |lx — Fpay||® [las||* d
X 70-2K0-2L eXp 7702 eXp — 0_2 ap
x p(b) p(%) p(a?)

FIF I Filx
= [/exp(—a?( 22 b+§>ab+2Re {a£I ;’2

cosn( |x|2> o) (o)

2 2L 2K 7
Th T4 T

f)en)

where the superscript ! denotes conjugate transposition. Letting

FEF, 1)\ ' 2, FH
B (e ) w2
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we obtain further
p(b,v,07|x)
x /exp(failzglab + 2 Re {a?gblyb})dab}

x|I*\ p(b p(o?
o)) )

2K
n Th

()

= /eXP(—(ab — )y ay — I"b))dab]
' |x||2>p<b>

Hy 1
Xexp(ﬂ'b 2b By — o2 a2L
n a

X 2 0'2
x|l >p(b) (v) p(o7)

2 2L 2K !
Un Ua Un

() 2Lon)

o |5, exp (n?zb‘mb - (15)

where |X;| denotes the determinant of Xy,

III. MODIFIED SMLR ALGORITHM

In this section, we present the core of the proposed detec-
tion/estimation method, which is a modification of the SMLR al-
gorithm introduced in [29]. For now, our goal is to detect the bi-
nary indicator sequence b and estimate the amplitudes a; while
all other parameters are considered fixed and known, i.e., the
deconvolution is nonblind. In Section V, we will present an it-
erative BD method that uses the proposed modified SMLR al-
gorithm.

A straightforward approach to finding b and a; would be
Joint maximum a posteriori (MAP) detection and estimation,
i.e., maximizing the posterior pmf p(b, a;,%, 07|x) (see (13)),
where 4 and 02 denote some fixed estimates. However, [29] dis-
courages joint optimization of b and a, because it often leads to
the detection of spurious nonzero indicators by with very small
amplitudes ay. As explained in [29], this problem is avoided by
first detecting b based on (15), which is (13) with a; marginal-
ized out, and then estimating a; by maximizing expression (13)
in which the detected b is inserted. The actual computation is
very similar to that of joint MAP optimization of b and ay,
which is reobtained by simply removing the factor |X;| in (15).
In the remainder of this section, we will discuss only the detec-
tion of b, while the estimation of a; is considered in Section V.

We first provide a brief review of the original SMLR algo-
rithm [29]. Our presentation is slightly different from that in
[29] because in our signal model (as presented in Section II),
b satisfies the minimum distance constraint, f has finite length
and is represented by a basis expansion, and a, f, and n are
complex. We note that using a finite-length pulse (as proposed
in [35]) rather than the ARMA pulse model used in [29] has
been common in recent SMLR-type methods because it leads
to simpler algorithms and lower complexity.

A. Review of the SMLR Algorithm

SMLR [29] is an efficient algorithm for detecting binary se-
quences b € {0,1}. The guiding principle is MAP detection,
which finds the b maximizing the posterior pmf p(b, ¥, o2 |x)
(see (15)). The MAP sequence detector

BMAP (X) é arg max p(b,,'?, ;72\7‘)()
b’E{O,l}K
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b©, 4, gg’ x
v
brer < b
Pref < ap(brcf, ’AY, O-y% ‘X) (cf.(15))

v

fork=1,...,K:

bk — brcl' &) 51@ (Cf (16))
pr < ap(bk, ¥, 03]x) (cf.(15))

= ¢ brel' — bfc
k< argmax pg

Pref — p};

no

Fig. 2. Flow chart of the classical SMLR detector [29].

is optimal in that it minimizes the probability of a sequence
error, P{b + b} [46]. However, it generally amounts to an ex-
haustive search, requiring the evaluation of p(b, 4, o2 |x) for all
the 2% possible hypotheses b € {0,1}% [29]. As an efficient
suboptimal alternative, the SMLR detector iteratively computes
a b corresponding to a local maximum of the posterior pmf
p(b,%,07|x).

The algorithm is stated in Fig. 2. The initialization (choice
of b(®) will be discussed in the context of BD in Section V.
One iteration corresponds to one execution of the loop in Fig. 2.
Within each iteration, a reference sequence b,er € {0, 1}K ob-
tained from the previous iteration is used to generate K hy-
potheses

bk:bref®5k, k=1,...,K, (16)
where & denotes elementwise modulo-2 addition and 83, is the
binary sequence of length K that is 1 at position k& and zero
otherwise. Thus, by, differs from bys exactly in the kth entry.
For each of the K hypotheses by, the posterior pmf'is calculated
(up to some normalization factor «):

v 2 ap(br, 4, 720x) (a7)

hypothesis, by, and its posterior pmf, p; . The latter is compared
to
A )
Dref = 0 D{ brer, ¥, Jn|x . (18)
Ifp;, > prer, the SMLR algorithm proceeds to the next iteration,
now using b as the reference sequence by.¢. Otherwise, by is
a local maximum of p(b, ¥, 03[x), and therefore it is returned

as the detected sequence bgyr. We will also /d\enote the result
of the SMLR algorithm as bsyr (x, b9, 4, 02).
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=K, b, 4, 02, x
v

brcf — b(o)
Pref < ap(brcfy ’AY, 0’7% |X) (Cf (15))

}

b < (brer @ 0k) © wy (cf. (19))
pr < ap(b, 9, 02|x) (cf.(15))

no

k=1, ket

I

brcl' — blc
Dref < Pk ~>{ k< (k mod K)+1 ‘
ket < k

no J

k = kref ?

yes

Fig. 3. Flow chart of the proposed MSMLR detector.

B. The Proposed Modified SMLR Algorithm

The proposed modified SMLR (MSMLR) algorithm is pre-
sented in Fig. 3. It differs from the original SMLR algorithm
in two aspects, which concern the generation of the hypotheses
b and the scheduling of different steps within the algorithm.
In what follows, we will discuss these two modifications of the
SMLR algorithm.

1) First Modification: The first modification is motivated by
the minimum distance constraint b € C. Differently from [29],
our posterior probability p(b, ¥, o? \x) enforces the minimum
distance constraint through the factor p(b)in(15). Thus,p;, =0
for any by, & C. If the hypotheses were generated according to
(16), we would obtain many hypotheses by ¢ C—namely, all
b, where a new 1 is added within a distance of less than dp;n
from some 1 in byer (note that by € C). More specifically,
with {k'm}f,',:1 denoting the positions of the 1-entries in by,
we would have by, & C for all & such that 1 < |k — k,,,| <
dmin — 1, for any m = 1,..., L. Rather than generating such
useless hypotheses, we propose to replace each of them by a
hypothesis that satisfies the minimum distance constraint. This
is achieved by modifying (16) such that every new 1 has at least
dmin—1 zeros on each side, i.e., by generating the kth hypothesis
b, using the following rule (cf. the second box in Fig. 3) instead
of (16):

by, = (bret @ 84) @ Wy, k=1,....K. (19)

Here, ® denotes the elementwise vector product and wy is a
length-K binary “mask vector” with d,;, — 1 zeros to the left
of k and dpin — 1 zeros to the right of &, i.e.,

07 1§|kikl|§dminfl
(Wk)k’ = 1

else,
fork’ =1,..., K. An example comparing the hypotheses gen-
erated according to (19) (MSMLR) and (16) (SMLR) is shown
in Fig. 4.
For a closer analysis of the new hypothesis generation rule
(19), let Ky denote the set of all positions within a two-sided
interval of length 2d,,;, — 1 around k& where b,.r is one, i.c.,

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 63, NO. 18, SEPTEMBER 15, 2015

Ki 2 {k € {k—dmim—+1,. .., k+dmin—1}: (byo)pr = 1}.
Due to our minimum distance constraint, K, can only have zero,
one, or two elements, and if it has two elements, one is strictly
smaller than & and the other is strictly larger than k. Depending
on K, we can distinguish four complementary cases, in which
(19) simplifies in a specific manner. These four cases and cor-
responding simplifications of (19) are as follows:

1) by, = bres — &g if K = {k}

2) by = byer — 8j; + 8y, if K, = {k} such that k#k
3) by = byer — 8; — 85, + 8y, if Ky = {k, &'}
4) by = br + 5l~c if K = {}

Here, in Cases 2 and 3, k and k' # k are any elements of {k
—dmint+1, ..., k+dmin—1} except k. In Fig. 4(b), for example,
bs, bg, and bg correspond to Case 1; b,, by, and bs correspond
to Case 2; by corresponds to Case 3; and b; corresponds to
Case 4. We note that the results of (19) and (16) differ only
in Cases 2 and 3. In these cases, simply adding a 1 at position
k according to (16) violates the minimum distance constraint.
The MSMLR rule (19), on the other hand, not only adds a 1 at
position k£ but also removes the 1 at position k (Case 2) or the 1’s
at positions k and &’ (Case 3). This can be interpreted as shifting
the 1(’s) from posmon(s) k (or k and &’ ) to k. In fact, inspection
of the set {bk}k , for a given by € C shows that this set
contains all possible hypotheses that can be obtained by shifting
the 1 at one position k,, to anywhere within {k,, — dmin +
«s Rin+dmin—1}. InFig. 4(b), for example, the 1 at k,, =
is shifted left in by and right in by, the 1 at k,,, = 6 is shifted
left in by and right in by, and the 1 at k,,, = 8 is shifted left
in b7. This resolves a known weakness of the classical SMLR
algorithm, namely the absence of hypotheses with shifted 1’s
(cf. [36], [37])-

The importance of hypotheses with shifted 1’s can be illus-
trated as follows. Suppoie\ that b.e contains a 1 at position %',
but the posterior p(b, 4, a2|x) would be larger if b instead con-
tained a 1 at position k # k', with |k — &'| < dyin — 1. (This
scenario often occurs in practice.) Now recall that, using (16),
each iteration in classical SMLR may change only one entry of
bret. Therefore, the “desirable” hypothesis with the larger pos-
terior can only be reached in at least two steps, by first adding
a 1 at k and then removing the 1 at &’ or by first removing the
1 at &’ and then adding a 1 at k. In either case, there is at least
one intermediate hypothesis with 1°s at both k and &' or nei-
ther k nor k'. Such intermediate hypotheses often have a lower
posterior p(b, 4, an\x) than the original byef, which prevents
the algorithm from ever reaching the “desirable” hypothesis.
With the minimum distance constraint, this problem is aggra-
vated considerably, since the intermediate hypothesis with 1’s
at both k and &' has zero probability. In [36] and [37], shifting
is included through additional hypotheses or additional itera-
tions. In our MSMLR algorithm, the hypotheses with shifted
1I’s replace those that are useless due to the minimum distance
constraint.

To summarize, the MSMLR hypothesis generation rule (19)
preserves all hypotheses by generated according to (16) that
comply with the minimum distance constraint, and replaces all
others by hypotheses with suitably shifted 1’s. If by.¢ satis-
fies the minimum distance constraint, then the constraint is also
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k=1 2 3 4 5 6 7 8
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k=1 2 3 4 5 6 7 8

0 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1

b O—O—@—O0—O0—0—0—@ b O—O—@—O0—0—0—0—@

SMLR hypotheses by, according to (16): MSMLR hypotheses by, according to (19):

0 1 0 0 1 0 1 1 0 1 0 0 1 0 1

bi: —O—@ <> bi:| &&—OT0—0—0——0—@

0 1 0 0 1 0 1 0 1 0 0 0 1 0 1

ba:  O—=@— O O—e—0—@ bz:| O—@—OT-0—0—0—0—@

0 0 0 0 1 0 1 0 0 0 0 0 1 0 1

bs: .—O—. <> bs: O—LO—O—O—I—O—.—O—.

0 0 1 1 0 1 0 1 0 0 0 1 0 1 0 1

by: .—O—. by: O—O—I—O—.—O—I—.—O—.

0 0 1 0 1 0 1 0 0 1 0 1 0 0 1

bs: O O O——@&1—0—0—0 bs: O—O——1O—0—O1+—0—@

0 0 1 0 0 0 1 0 0 1 0 0 0 0 1

be: O—. <> be: O—O—.—O—I—O—O—O—l—.

0 0 1 0 0 1 1 0 0 1 0 0 0 1 0

br: .—E—. b7:. O—O——O0—O0—|—0——oO

0 0 1 0 0 1 0 E 0 0 1 0 0 1 0 0

bs: —O <> bs: O—O——O0—O0——0—=0
(@ (b)

Fig. 4. Hypotheses generated from the same b..s according to (a) the SMLR hypothesis generation rule (16) and (b) the MSMLR hypothesis generation rule
(19), for K = 8 and dpi, = 2 (i.c., there must be at least one 0 between any two 1°s). White (black) nodes depict zero (nonzero) indicators. In each SMLR
hypothesis by, a gray box highlights the kth entry, which is the only entry where b, differs from b..¢. In each MSMLR hypothesis by, a gray box highlights
the entries (bk)k, such that |k — k'| < duin — 1, i€, (bk)k as well as the surrounding entries that are zero regardless of the corresponding entries in byes. All
MSMLR hypotheses satisfy the minimum distance constraint. Among the SMLR hypotheses, only b1, bs, bg, and by satisfy the minimum distance constraint.
These hypotheses appear also among the MSMLR hypotheses, as indicated by the arrows.

satisfied by all by, and, hence, by the next bys. Therefore,
choosing an initial vector b(®) € C ensures that the final re-
sult of the MSMLR algorithm, BMSMLR, isinC.

2) Second Modification: Our second modification, ab-
breviated M2 in the following, concerns the scheduling of
the different calculation steps and yields large computational
savings. As shown in Fig. 3, each time a hypothesis by is
constructed according to (19), we calculate its posterior prob-
ability p; and immediately compare it to prer. If D > Dref,
the hypothesis by, instantly replaces byes, i.¢., before the next
hypothesis b1 is constructed. Thus, whenever pr > Dret,
generating by according to (19) amounts to calculating
bri1 = (b @ 8g+1) © Wri1. We repeat the two steps of
generating a hypothesis by and calculating pg (with k cycling
through 1,...,K’) until a local maximum of the posterior
probability p(b,%, o7 |x) is found. When byes has reached a
local maximum of p(b,%,c2|x), K successively generated
hypotheses fail to increase the posterior probability, i.e., these
hypotheses do not replace b,.¢. This marks the end of the algo-
rithm, because applying (19) to one fixed b,.s cannot produce
more than K different new hypotheses. Let k..¢ denote the po-
sition where by was changed most recently, i.e., the previous
b..r was replaced by by, . If the next K hypotheses by, with
k= ket + Likper +2,...,K,1,2,..., k.o fail to replace
bret, 1.€., pr < pret (cf. the first case distinction in Fig. 3), then
bt corresponds to a local maximum of the posterior, and it is
thus our detected sequence BMSMLR. The MSMLR algorithm
checks whether the K most recently generated hypotheses
failed to replace byt through the second case distinction in
Fig. 3, i.e., by checking whether k equals k..

The effects of M2 on the estimation accuracy and on the
computational complexity are not immediately obvious. Re-
garding estimation accuracy, we note that the detected sequence
E)MSMLR obtained with M2 may evidently be different from

that obtained without M2. Without M2, each update of b, is
obtained by maximizing p; over K hypotheses. Starting from
the same by,.r, the update with M2 is obtained by maximizing
P only over a subset of these K hypotheses. Let pref,updated
and pggizp dateq denote the respective probabilities after the up-

date. It follows from the above that pgf[:zu)p dated < Pref,updated
i.e., the update step with M2 increases pr.s not more—but
typically less—than the update step without M2. It is impor-
tant to note that, even with these smaller update steps, the
algorithm may still converge to a higher local maximum than
with the larger steps. However, the algorithm without M2 at
least avoids all local maxima that are smaller than pref,updated,
which is an advantage over the algorithm with M2 because

p%izpdated < Pref,updated. Therefore, the problem of the

multimodality of p(b,4,s2|x) becomes more serious when
M2 is used.

The solution to this problem is provided by the proposed
modified hypothesis generation rule (19), i.e., by a new def-
inition of “neighbor” sequences. Indeed, hypotheses with
shifted 1’s are not “neighbors” of by in the SMLR sense,
because they differ from by in more than one entry. Since
the MSMLR hypothesis generation rule (19) contains such
hypotheses instead of the hypotheses with zero probability,
each b has more neighbors in the MSMLR sense with nonzero
probability than it has neighbors in the SMLR sense with
nonzero probability. This increase in the number of neighbors
with nonzero probability significantly reduces the number
of local maxima of p(b,%,c2|x) compared to SMLR. The
relaxation of the multimodality problem through (19) is, in
many cases, an effective means to overcome the theoretical
disadvantage of M2 mentioned above, i.e., the smaller update
steps. Extensive simulations (cf. Section VI-C) show that the
performance of MSMLR with and without M2 is effectively
the same. The only—trivial—exception is the case dyi, = 1



4844

(i.e., no constraint), since the MSMLR hypotheses here do
not contain shifted 1’s. Furthermore, simulations show that
combining SMLR with M2 leads to very bad performance,
again due to the lack of hypotheses with shifted 1°’s.

Regarding computational complexity, we recall that, without
M2, MSMLR generates K hypotheses before it makes one up-
date (which, according to Section I1I-B1, may change up to three
entries within an interval of length 2d,;,,). With M2, on the
other hand, generating K hypotheses typically comes with sev-
eral updates. The number of these updates is between 1 and K
(assuming that by is not a local maximum itself). Some of the
updates may be ineffective because they are overwritten by the
subsequent update (e.g., if an update places a 1 at position k and
the subsequent update shifts this 1 to position & + 1, leading
to a configuration that could also have been reached without
the first update). Some of the updates may even be counterpro-
ductive in the sense that they lead to a bad configuration which
can only be changed after several subsequent updates. Clearly,
these effects increase the complexity of the algorithm. On the
other hand, some of the updates typically anticipate updates
which would be chosen by the algorithm without M2 only in
later iterations, i.e., after generating more sets of K hypotheses.
This effect greatly reduces the complexity. Simulations confirm
that the latter effect clearly outweighs the former two on av-
erage, making MSMLR with M2 even more efficient than other
SMLR-based methods (cf. Sections VI-B and VI-C).

IV. EFFICIENT IMPLEMENTATION

Next, we present an efficient implementation of the MSMLR
algorithm. This implementation combines results of [30] with
the Cholesky factor approach of [31], using some adaptations
to accommodate the MSMLR hypothesis generation rule (19)
and our signal model.

The central step of each iteration is to check if p > prer (cf.
Fig. 3). According to (17) and (18), this amounts to deciding if
p(bg, ¥, 02|x) > p(bret, ¥, 02 |x), or, equivalently, if

p(brl4,72,x) > p(brerl,52,x) (20)

Here, p(bly, o2, x) can be obtained, up to a normalization, from
(15) by dropping all factors that do not depend on b, i.e.,

_ b
(bl"/, o x) o || exp (u?ﬂb 1/%) I:T(u).

e2)

As shown in [31], equation (20) can be reformulated such that
we can avoid calculating p(by|¥, 02, x) directly and instead ex-
ploit the relation between by and by¢ for improved efficiency.
To this end, it is helpful to define (cf. (14))
= FEX

o2%, (22)

€y

[

2
g
a—gFEFb +1

n

¥, =025, = (23)

and

Qb é ChOl{‘I’b},
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where chol{-} denotes the lower triangular Cholesky factor [47,
p. 5001, i.e., @b@? = W,. We can then write (21) as

gt e \pib
(b|'y,an, ) o \\Il |exp<— e \I!b > 0—(2L)

n a

_ a -1 2 .
SR exp<0ﬁ H‘I)b ebH p(b)

Using the Cholesky factor in this context was also proposed in
[40] and [30]. Inserting (9) and dropping some constant factors
yields

1 ai _ 2
(b|77 T ) w eXp(g H@b 1Eb ’ ) Ic(b)

NG
1

X .
<1 7T1>

We can also drop the factor I-(b) because b € C for all hy-
potheses used in our algorithm. Furthermore, it will be conve-
nient to subtract the constant ||be¢||? from the exponent in the
last factor. We thus obtain
2
@glebH >

. | o2
x) x g(b) = W“P(J—Z
y m bl —Ibret I
1- 1 '

Following [29], we perform the comparison step (20) in the log-
arithmic domain, which helps avoid numerical problems with
very large or small (unnormalized) probabilities. Thus, (20) is
reformulated as

p(blv, 02,

a(br) > q(bet), (24)
where
q(b) = log g(b)
— 2log|®,| + 2 H‘I’b ebH (1B = |[Dreell?) 1,
™ (25)
with 7 2 log (171 . Note that in (24), typically, only ¢(by)

needs to be calculated anew in each iteration, whereas b,.f (and,
thus, ¢(b,.t)) usually stays the same for many iterations.

Let Fpref, ©bref, Worer, and Py o¢ denote the respective
quantities F; etc. evaluated for b = b¢. Furthermore, we
denote by Fp 1, e, ¥y i, and B 5, the respective quanti-
ties evaluated for b = by (possibly up to a permutation of
the columns, entries, or columns/rows, as indicated below).
Then, as was shown in [30] and [31], we can calculate g(by)
efficiently by using the relations existing between Wy ;¢ and
¥, ;. and between e ,or and ep ;. We obtain ¥y, and e i
from W, ,.r and ey e in different ways corresponding to the
four complementary cases of how by may be related to by¢.
(We recall that these cases were listed in Section III-Bl1.)
Subsequently, we calculate ¢(by) by inserting by, e 5, and

D, 4. 2 chol{®; ;} for b, e}, and ®; in (25). The four cases
are discussed in the following.

Case 1: by, = b.er — 8y, Here, Fy, 1, is Fy, or with the column
corresponding to k removed. Similarly, e 5 (cf. (22)) is ob-
tained from ej 1o¢ by removing the entry corresponding to k,
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and ¥y 1, (cf. (23)) is obtained from ¥y, ;¢ by removing the cor-
responding column and row.

Case 2: by = bref — 8; + 8. In analogy to Case 1, we
form Fb k> €p i, and \Ifb 2 by removing the column of Fy rct,
entry of e v, and column and row of W, Lof, respectively, that
correspond to k. Then, e, ;, and ¥ . are defined as

€.k Uy 1

epr = Ty W= e
€L a ng

a2

where £}, denotes the kth column of F, ey, 2 f,?x, and gz
f‘?kfk. Note that ep ;, and ¥, , are permuted versions of, re-
spéctively, (22) and (23) evaluated for b = by. Here, for the
sake of a simpler notation, we exploit the fact that consistently
permuting the entries of e,  and the columns/rows of ¥;, ;, has
no effect on ¢(by).

Case 3: by = bs — 05 — 85, + 85 Similarly to Case 2,
we first remove the entries of e rof and the columns/rows of
W, .or that correspond to %k and k' and then add an entry and a
column/row calculated as in (26).

Case 4: by, = bef+6y. Here, as an alternative to calculating
ek, ¥p 1, and P, ;. as in the other three cases, we can pursue
a more efficient approach. Namely, as shown in [30] and [31],
one can use the relations (presented without proof)

|f}£~_IFb,ref z — ek‘z

T

0_2
7a 8k (26)
Ze||fil|2 +1 )

A

2
+

~1 2 ~1
Hq)b*’“eb‘kH = H‘Db,refeb,ref
|§b,k|2 - T‘Qb,ref‘Qa

with

2
A 0L+ 1
= _2‘I’b71~efeb.ref
n

Z

2
g .
T2 1+ IR -

n

2
-1 H
H Qb,rebe,reffk ‘

?

sq» ‘ mq»

to obtain from (25)

o2 [E1Fy rerz — ey, t
q(bk) :q(bref) *10g7'+ J—4I k : - ‘ +7T1.

As proposed in [36], the calculation of (26)—i.e., of the
quantities gy, ||fx]|?, and ex—can be significantly simplified as
follows. Let k,, denote the position corresponding to the mth
column of Fy i. Then (gx),, = (Fi'ufi) = ffl fi, which
simplifies to ' "

Q
. A .
(8h) :pgj,k with Pl(cf) = Z Tk
=Q

(where the superscript * denotes complex conjugation), unless
k and k,, are both smaller than @ + 1 or both larger than K — ().
To verify this, recall that the length-K vector f}, contains f cen-
tered around the kth element, padded with zeros and sometimes
truncated, namely if £ < @ or k > K — @ + 1. Analogous
considerations apply to fj, . The inner product of two shifted
copies of f equals the autocorrelation function pk ) of fr. Ifone
of the two copies has its entire support within {1, ..., K} (i.e.,
it is not truncated), then it is irrelevant whether the other copy
is truncated. However, if both copies are truncated, the simpli-
fication does not apply and f,?m fi, must be calculated directly.
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i=1,b©, 4 52 x

!

b(® < Bsyir (x, b0, 46D,
al® -1 73

02) (cf. Fig.2)
— apaar(x, b, 407V, 62) (cf.(30)
—y< D Ay (x5, b7, a0, 52 gn) (cf.(31))

T
yes

(B, éb,”y) —

(b, al) y@)

Fig. 5. Flow chart of classical SMLR-based BD [33].

Similar considerations show that ||f;||? in the additional diag-
onal entry of ¥, ;. (see (26)) is given by

21621 LA 1<k<Q
Il = 1EI12 =5, Q@+1<k<K-Q
LAl K-Q+1<k<K.

It follows from @ < K that (gy),, = p,(cf) . and [|f]|* =

pgf ) for most & and m. Finally, calculating e, = f/'x amounts
to convolving zj with f*,, ie., e = Z{il [ for k€
{1,....K}.
Note that péf ), |Ifx||?, and e; have to be calculated only at
the start of the algorithm (for & = —2Q,...,2Q, for k& =
., K,and for k = 1,..., K, respectively), because f is
fixed throughout the nonblind MSMLR algorithm. Whenever
b.er is updated, we also update g(byer) and calculate ¥, ,o¢ and
z. Finally, to calculate g(bg) in each iteration, we calculate +
(in Case 4) or ¥, ;. (in Cases 1-3) and gy, (in Cases 2 and 3).

V. BD BASED ON MODIFIED SMLR

In this section, we present a BD method that uses the MSMLR
algorithm proposed in Sections III-B and IV.

A. Review of SMLR-Based BD

We start by briefly reviewing the classical SMLR-based BD
method of [33]. The signal model of [33] equals that of [29],
i.e., it differs from ours in the aspects listed at the beginning of
Section III. We will present the SMLR-based BD method with
the simplifications suggested in [38] (i.e., without the ARMA
model of the pulse and the estimation of additional parameters)
and with slight adaptations to fit our signal model.

The method detects b and estimates a; and 'L\while the noise
variance o2 is assumed fixed at some value o2. As shown in
Fig. 5, in the ¢th iteration of the algorithm, the indicator vector
b is generated using the classical SMLR algorithm (reviewed
in( Se(;tion I1I-A) with initial value b¢~1) and pulse coefficients
A1 e,

b(l) - BSMLR(Xab(i71)77(i71)7;§) .

n

@7
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Then, al(f) and 4(?) are calculated as the MAP estimators maxi-

mizing the joint posterior in (13), i.e.,

al) = &y aap(x, b, 101, 52) (8)
Y0 = Fyap(x, b, 2", 72) (29)
Using (13) with (12) and (8) yields
apmap(x, b, 7, Ui) 2 arg max p(b, ay, ¥, a;ﬂx)
a,eCL
: 5, Tp 2
= argmin ¢ [|x — Foay||"+ 7 [las|
a,cCL T,
o2 \ 77
= <F§Fb + —;1> Fix. (30)
O-(E
Similarly, using (13) with (12) and (10) yields
'?MAP(X7 b7 ap, UerL) = arg ma‘Xp(b7 ap, Y, O_TQL ‘X)
yeCM
= arg min{”x—AH'sz—i-ai'yHAfl'y}
yeCM
~1
- (HHAHAH n a',{Afl) HYAHx.
(€1))

When evaluating (30), L (the number of 1-entries in b) and F,
must first be derived from the arguments b and ¥. Hence, for
calculating (28), L = ||b(® ||2 and F, is formed using b(®*) and
7(2"1).‘ Similarly, for calculating (29), A is formed using b(?)
and a"),

The steps (27)—(29) are iterated until (27) fails to change
b{i~1) | which indicates that a local maximum has been found
at b(:=1) = b)) This method can be seen as an approxima-
tion of the iterated conditional mode (ICM) strategy [48], which
cyclically updates all parameters using MAP estimators. In par-
ticular, the detection step yielding b(*) in (27) approximates the
MAP detector (in which a; has been marginalized out).

The above formulation of the algorithm can also be used for
the signal model of [33], with minor modifications because [33]
does not use a basis expansion for the pulse shape f, i.e., f is
directly estimated rather than a coefficient vector 4 (this can be
easily accounted for by using the basis matrix H 2 I, so that
4 = Hy =), and a; and 4 are assumed real.

B. Proposed MSMLR-Based BD Method

The proposed BD method is stated in Fig. 6 and described in
the following. It differs from the classical method reviewed in
Section V-A in three respects: (i) it is based on the MSMLR al-
gorithm presented in Sections I1I-B and IV, (ii) it determines an
optimal scale and shift of a and f, and (iii) it includes estimation
of the noise variance o2 using the prior in (11).

1) Amplitude Scale and Time Shift: Temporarily assuming
an infinite £-domain of the sequences z, ax, and fi, we have

. 1
fk*a/k:fllg*a;w Wltha/;gzca’k+ﬁ7 fllg: szflm (32)
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i=1, b, '7(0), (aﬁ)(o) (cf. Section V-C), x
b  busuir (x, b, 4D, (62) D) (cf. Fig.3)
al"”  apmap (x, b, 7Y, (02) V) (cf. (30)

!

obtain (b{”,a{")) by shifting (b,a{") by &
Y Auap (., bP, a8 (02) ) (ef.B1)
C <4 argmax p(b,(j), c'ééfl,’?fj)/c', (05)(i_1)|x) (cf.(34))

c/eRt ) .
al) « cal"
b,k b,k

for Kk = —Kmaxy « « + 5 Kmax *

A 30

!

(b a1 (o) |x)

k< argmax

KE{—FKmax,---,Kmax }

(59,27 ) = (b2, 2L)

R

(62)®) + argmax p(b(i), aéi),'y(i), o2 x) (cf.(35))
07%6R+

(b, 45,4, 02) < (b®,al’, 4, (52)®)

Fig. 6. Flow chart of the proposed MSMLR-based BD method.

where * denotes convolution, ¢ € C\ {0} is an arbitrary ampli-
tude scale factor, and x € Z is an arbitrary time shift. We can
rewrite (32) as (cf. (5)) Af = A'f’, where (cf. (4)) f = Hy.
Assuming that some 4" exists such that

(HY )i = %(H'Y)k—n (33)
(equivalently, Hy' = f'), we can finally express relation (32)
as AHy = A’H#'. In view of (5), we conclude that different
parameter combinations (a, <) and (a’,4") lead to the same ob-
servation x. This ambiguity inherent to BD is usually not a
problem, since the true amplitude scale and time shift are often
irrelevant.

However, while we cannot find the true amplitude scale and
time shift, we propose to determine the amplitude scale and
time shift that are optimal in terms of maximizing the poste-
rior probability p(b, ap, v, 02|x). Indeed, despite the ambiguity
described above, p(b, a,,4, 02 |x) is not invariant to amplitude
scalings and time shifts, for the following three reasons:

1. Amplitude scalings affect the priors of both a and f, and
time shifts affect the prior of f (because f}; has a different
prior than fj 1, asillustrated in Fig. 1(a)). Because of (13),
the priors directly influence p(b, a;, %, 02 |x).

2. The assumption of an infinite temporal domain of x, ar,
and fj is not satisfied. Therefore, some time shifts cause
certain values ay, or f, to be shifted outside their respective
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temporal domain, which leads to a change of p(x|a, ¥, 02)
(and also of the priors) and, thus, of p(b, ay, 7, 72 |x).

3. A« satisfying (33) exactly typically does not exist, as the
shifted vector £’ generally does not lie in the subspace of
C?@+1 spanned by the columns of H and thus cannot be
expressed as f' = H%'. Therefore, time shifts generally re-
quire an approximation of f’, thus changing p(x|a,¥, 02)
(and also the priors) and, consequently, p(b, ay, 4, 02 |x).

In previous BD methods such as [33], [38], such dependen-
cies of the posterior probability on the scale and shift of a or ¥
can usually be ignored. Indeed, due to their simpler prior of £,
the first reason for the dependency applies only to amplitude
scalings but not to time shifts, and the third reason does not
apply at all. In our signal model, on the other hand, due to the
dependency of p(f) on k via the basis representation of f, time
shifts have a significant influence on p(b, as, ¥, 02 |x). Our sim-
ulations have shown that the proposed basis representation of f,
combined with an optimization of the amplitude scale and time
shift, yields substantial performance gains relative to [38].

2) Determination of the Optimal Scale and Shift: The algo-
rithmic approach of BD methods such as [33], [38] is not suited
to finding the optimal amplitude scale and time shift. Namely,
if we fix a or 4 each time we maximize p(b, as, ¥y, 02|x) with
respect to the other parameters (cf. Fig. 5), then the amplitude
scale and time shift are always largely determined by the respec-
tive fixed parameter. More specifically, the scale changes only
slightly in each maximization and thus approaches its optimal
value very slowly, and the time shift, due to its discrete nature,
typically does not improve at all.

To resolve this problem, within each iteration of our algo-
rithm, we fix the sequence a up to a time shift x and a scale
factor ¢ and maximize p(b, a3, ¥, 02|x) with respect to &, ¢, and
4. Thus, the ith iteration now consists of the following steps (cf.
Fig. 6): First, b(?) is generated by means of MSMLR, i.c.,

B(Z) = BMSMLR(Xv b(i71)77(i71)7 (o.i)("l)> )

Then, the a; maximizing the joint posterior is calculated (see
(28) and (30)):
~{i N e i— i—1
aé) = ab,MAP<x7b( )4, (Ui)( )) :
Next, using b and é,(j), vectors bff), aéfl, and 7,(f)
lated for each x € {—Kmax, - - - Kmax | as follows.
1) The entries of b(*) and égl) are shifted by «:

) (%) .
), 219, . 1+ezhzke
k 0, else

((;)) A{(a,(f’)k , lik<k<Kir
a, - -k
0, else.

are calcu-

2) The+ maximizing the joint posterior is calculated (see (29)
and (31)):

:/,(f) = ’3’MAP(X, bEf),é,ﬂfL, (02)(1—1)> .

= (@)

3) The vectors &, . 59 are scaled, i.e.,

(1)
2 A 'Yra
oot

7” H C

and 7,
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where the scale factor ¢ € R™ maximizes the joint poste-
rior in (13). (We use ¢ € R™ because (13) is invariant to
)€ b,r? o * ( 7

the phase of ¢.) Thus,
X)
~('i)
Yr
) <—> } ’
(4)

where p(c'a ab Ib( ) is p(ay|b) evaluated at a, = c'a;
and b = bg , and p(? /') is p(y) evaluated at y =
5/2.’) /c'. Inserting (8) and (10) yields

ety A 521

¢ = argmax p b( )
cleRT

= arg max p(c ab
c'eRTt

@y H { (N(i))HAfh(i)
C = arg min -
e o2 @\, E
1/4
2 &1
%a < () —14 (%)
s s (30) A0 (34)
a,
y - 2
with () PAT3D = S0 13l A

Finally, the shift & € {—fmax, - - -,

Kmax | for which the vectors
(1)

b'(‘j)’ al(:?‘u and %’ maximize the joint posterior is determined:
R2 agmaxp(b.all (7)),

KE{—Kmax, - Fmax }
The corresponding vectors b( ) é 9 and 7,(;) are the result of
the proposed method for scale and shlft determination; they are
hereafter denoted simply by b(# al(f) , and 9.
3) Estimation of the Noise Variance: The noise variance o2
is estimated at the end of each iteration. The estimate (o )( D

obtained by maximizing the joint posterior in (13), i.e.,

(ai)(i) = arg max p(b(i),aéi),'y(i),ai x) .
o eRT
Using (11) and (12) in (13), we obtain
L2
(i i
(02)® 1 r+x-Fial
=argmaxy — 7 X —
o J%gew 03(5+1+K) p 2
L2
7+ HX—FI(:)al(:) s
B (+K+1 (35)

where F{") is formed using b() and (0.

C. Initialization

We propose the following procedure for obtaining initial
values for b®, 4 and (¢2)") (i.e., for i = 0). First, the noise
variance is initialized with its prior mean:

(0" =E{o2 = L5,

Next, we initialize the pulse shape by fitting it around
arg maxgegy, . x} |vx|. More specifically, we set
and find 4% by maximizing p(b, ay, ¥, o2 |x)

A
kmax -

bl = §,

max
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Fig. 7. Results of detection/estimation: (a) Signal x, (b) detected/estimated amplitude sequence &’, (c) estimated pulse shape f/. The vertical lines in (b) indicate
the true a. Real parts are shown. We note that the mismatch of the scales visible in part (b) is a consequence of the minimization of |4’ — a||® (mentioned at the
end of Section VI-A) and not a shortcoming of the considered BD methods. In fact, some of the detected pulse locations that visually appear correct in (b) are
slightly incorrect. For example, SMLR and OMP detect a large peak at & = 133 instead of the true k£ = 132 (detected correctly by the other methods). Through
our minimization of ||a’ — a||*, such location errors and other false detections lead to a smaller scale of &’

with &g, , Tk and (ai)(o) inserted for b, ay, and o2,
respectively. (Note that because b = ;. , we have L = 1
and thus a;, reduces to a scalar.) Using (31), we obtain

~ Q
7(0) = 'YIVIAP(X7 kaa)u Lhmax s (UEL) ( ))

P -1
(1h P+ (02) @ A1) %,

max ?

= o
where X denotes x truncated to the entries xy for k &
{max{1, kpax — Q},-..,min{K, knax + Q@}} and H de-
notes H truncated to the rows corresponding to f for k &
{max{—Q,1 — kmax},-..,min{Q, K — kmax}} (cf. (4)).
The simple initialization b{® = §,__ is possible because, as
shown by simulations, the initialization of b(*) is less critical
than that of 4", as long as b(®) € C.

VI. NUMERICAL STUDY

We compare the performance of the proposed MSMLR-based
BD method with that of the classical SMLR-based BD method
reviewed in Sections III-A and V-A. These methods will be
briefly referred to as MSMLR and SMLR, respectively. As
further performance benchmarks, we also consider orthogonal
matching pursuit (OMP) [49], the IWM algorithm proposed in
[38], and the partially collapsed Gibbs sampler method pro-
posed in [24] (abbreviated PCGS). We note that IWM according
to [38] can be implemented in a wide variety of ways. We used
the configurations and parameter values suggested in [38], but
did not perform any training or tuning of parameters. Because
all these methods use the joint posterior to some extent, their
results are influenced by the minimum distance constraint.
However, only MSMLR and PCGS exploit the constraint at the
algorithmic level.

A. Simulation Setup

We generated several hundred realizations of x using dif-
ferent values of d,i, and of the signal-to-noise ratio (SNR)
|Fa||?/||n||?. The random parameters were drawn from the
priors specified in Section II-B, with K = 1024, Q = 25, M
=12, m = 0.15, 2 = 10, and = 0.5. For each realization
of % and a, the noise n was scaled such that a given SNR was
achieved. The hyperparameter £ (used by the MSMLR and

PCGS) was chosen such that the prior mean of ¢2 equals the
approximate mean noise power corresponding to the respec-
tive SNR, ie., E{c2} = n/(¢ — 1) equals E{||Fal®*}/(K
“SNR) = m102(3., _1 Am)/SNR (note that 71 was defined
in Footnote 2 in Section II-B). In the OMP, IWM, and SMLR
methods, which do not include estimation of a2, the approx-
imate mean noise power was used for o2. The orthonormal
Hermite basis functions h,, used for representing the pulse
shape f according to (4) were time-scaled such that the max-
imum entry of hy was 0.31. For the prior variances of the pulse
coefficients 7,,, we used Ay, = 0.48[cos(m(m — 1)/M)]*.
While this particular choice is largely arbitrary, the key charac-
teristic is that the \,,, decrease with increasing m, as explained
in Section II-B. The resulting expected squared magnitude of
the pulse shape, E{| x|} = D"~ _; Mn|hm x|, was shown in
Fig. 1(a) (solid line), and some realizations of fj, used in the
simulations were shown in Fig. 1(b). Note that the pulses f
are well concentrated around the time and frequency origins.

For each realization of x, we performed BD using the
MSMLR, SMLR, OMP, IWM, and PCGS methods. As men-
tioned in Section V-B, the time shift and amplitude scale of
the estimate a are arbitrary and typically irrelevant. Therefore,
for a performance assessment, we matched the time shift and
amplitude scale of each estimate & and f to the true a and f, i.c.,
we calculated the shifted and scaled version &’ of & minimizing
|&’ — a]|*, and the analogously shifted/scaled f'.

B. Performance Evaluation

As an example, Fig. 7 shows the results of one simulation run
corresponding to a single realization of x with d,;, = 20 and
SNR = 6 dB. A segment of x and a of length 400 is displayed.
Since dpi, < 2Q + 1, pulses may overlap. It can be concluded
from Fig. 7(b) that the detected/estimated sequences &’ are rea-
sonably accurate for all methods. However, OMP, SMLR, and
PCGS produce some false detections, and IWM misses some
nonzero positions in a;, (within the displayed segment). There-
fore, the result of the proposed MSMLR is clearly the best.
Fig. 7(c) shows that all methods estimate the main peak of the
pulse shape f quite accurately, whereas some of the smaller
peaks are estimated accurately only by MSMLR, PCGS, and
WM.
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Fig. 8. Average error ¢: (a) versus SNR, for dmin = 20; (b) versus dmin, for SNR = 3 dB; (c) versus dmin, for SNR = 12 dB.

Our simulations have shown that the most critical task in the
considered BD methods is the detection of b, i.e., of the po-
sitions of the nonzero entries in the sparse sequence. If these
positions are detected correctly, the other parameters are usu-
ally estimated with high accuracy. If the detected b is grossly
wrong, the estimate of 4 may still be good, but the estimate of a
becomes meaningless. Therefore, our performance analysis will
focus on the accuracy of b. To quantify the difference between
b and the true sequence b, we compare the set {kl}lzl,...,ﬁ of
the positions of the detected nonzero entries contained in b with
the set {k;},_, , of the positions of the true nonzero entries
contained in b. Let zo denote a permutation of the larger of the
two sets (or either one of them if L = ﬁ). Furthermore, we de-
fine

FIEIN by — ko) fL<L
l |kw(l) — I;’l| if L > [A/,

and we consider the set £(%) of all { such that dl(w) < A, with
some fixed A (in our simulations, we chose A = 5). Then, for
a given permutation zo, the cardinality Lcorrect 2 |£(=)| is the
number of true positions k; that are detected “almost correctly”
(i.e., with position error at most A), whereas Lypisseq 2 L —
Lcorrect can be considered as the number of true positions that
are missed by the detector and Lg,ige 2 L- Leorrect can be
considered as the number of false detections. An error measure
that takes into account the deviations dl(w) for! € £(%) and adds
penalty terms for missed positions and false detections using the
“best” permutation zz can then be defined as

1
L

I

min Z dl(w) + (Lmissed + Lfalse)A
leLi=)

€

If € is close to or above A, the detection of b can be considered
as failed. For example, a degenerate detector that produces only
zeros achieves ¢ = A. However, if Ly, is large (i.e., b is not
sparse), ¢ can be much larger than A. We note that € is similar
to a simple special case of the optimal subpattern assignment
(OSPA) metric [50].

For dpin = 20 and different SNRs, Fig. 8(a) shows the error
¢ averaged over 500 realizations. It can be seen that MSMLR
performs consistently better than all the reference methods. It
is followed by PCGS, with an average « that is larger than that
of MSMLR by a factor of 3.4 at SNR = 9 dB. The average

e of SMLR is larger than that of MSMLR by a factor of 4.6
at SNR = 9 dB. The performance gain of MSMLR grows
with the SNR. The fact that the errors of SMLR and IWM are
larger for high SNR can be explained by increased overfitting:
at lower noise levels, the algorithms may more often try to com-
pensate slightly misplaced 1’s (or other estimation inaccura-
cies) from previous iterations by adding more 1’s, and the re-
sulting decrease in sparsity leads to a higher e. Compared to
SMLR, MSMLR avoids this problem since its modified hy-
potheses often allow it to correct misplaced 1°s more effectively.
Figs. 8(b) and (c) show the average € at an SNR of 3 dB and
12 dB, respectively, for different values of dyi,. In view of the
fixed pulse length 2¢2 + 1 = 51, the range of d,,;, consid-
ered in Figs. 8(b) and (c) corresponds to different maximum
overlap of the pulses in the observed signal, from negligible
overlap at dy,in, = 50 to massive overlap at dy, = 1. It can
be observed in Figs. 8(b) and (c) that MSMLR performs consis-
tently better than all the reference methods except for the case
of small dp,i, and high SNR. We can conclude that overfitting
also occurs in MSMLR when dy,iy, is very small. The perfor-
mance gain of MSMLR over SMLR is largest when dy,i, is
larger than 10 but still small enough to allow for strong overlap
of the pulses. The superior performance of MSMLR compared
to the other SMLR-type methods (SMLR and IWM) demon-
strates that MSMLR is able to cope with and even exploit the
minimum distance constraint.

Normalized root mean square (RMS) values of the estima-
tion errors ||a’ — al| and ||f' — f|| are shown for dyin = 20
and different SNRs in Fig. 9(a) and (b), respectively. As men-
tioned before, the estimation of a and f is not as critical for the
considered BD methods as the detection of b. The results are
qualitatively similar to those of Fig. 8(a). MSMLR again per-
forms consistently better than all the reference methods.

Fig. 10 studies a particularly difficult scenario where the true
pulse has only one peak and is much broader than would be typ-
ical for our pulse model (which is assumed by all methods). The
results resemble those of Fig. 8(c), but the d,;,-axis roughly
scales with the pulse width, and the estimation errors ¢ are gen-
erally increased. MSMLR outperforms the other methods for
dmin larger than 16; for smaller d,,;y, all methods produce very
large errors (often even larger than A = 5). Fig. 10 also shows
that two pulses separated by a time distance of 20 (or less) can
no longer be resolved visually.

For a rough assessment and comparison of the computational
complexities of the five methods, we report the computation
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Fig. 10. Left plot: Average error € versus d,,i, at SNR = 12 dB, for the case
where the true pulse is Gaussian-shaped with a half-height width of 30 whereas
all methods assume the original pulse model. Right plot: Two such pulses shifted
relatively to each other by 20 (solid lines) and their superposition (dashed line).

times for one BD task required by nonoptimized MATLAB
R2011b 64-bit implementations on a 2.8 GHz Intel Core i7
processor. For dpi, = 20 and SNR, = 9 dB, we obtained 1.98
s for MSMLR, 5.00 s for SMLR, 11.68 s for IWM, 0.54 s for
OMP, and 4.48 s for PCGS. Hence, within the implementations
used, MSMLR is less complex than all the reference methods
except OMP.

C. Numerical Validation of M2

The algorithmic modification M2 proposed in Section
I11-B2 was motivated by a reduction of complexity: on average,
M2 reduced the computation time of MSMLR by a factor of
about 3.5 in our simulations. To examine how M2 affects the
estimation performance, we compare MSMLR (including M2)
and SMLR with the two alternative methods given by SMLR
with M2 and MSMLR without M2, using the same data that were
used for Fig. 8. Fig. 11 shows the error ¢ averaged over 500
realizations at SNR = 3 dB and at SNR. = 12 dB, for different
values of d;n. For MSMLR, we can see that the results with
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Fig. 11. Average error € versus dmin, for MSMLR/SMLR with and without M2
and at two different SNRs (3 dB and 12 dB). SMLR with M2 at SNR = 12 dB
is not shown because its error is consistently larger than 5.
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Fig. 12. Empirical cdf of € for MSMLR with and without M2.

and without M2 are nearly indistinguishable for all combina-
tions of SNR and d iy, except for dy,;, = 1 at high SNR. We
can conclude that the average performance of MSMLR is not
affected by M2 at all, as long as there is a minimum distance
constraint. On the other hand, SMLR with M2 fails completely.
These results corroborate the considerations in Section I1I-B2:
M2 requires that the hypothesis set contains hypotheses with
shifted 1’s, which is the case for MSMLR with d,.;, > 2 but
not for SMLR or for MSMLR with d,;;, = 1.

For a more detailed analysis beyond average performance,
we also consider the empirical cumulative distribution function
(cdf) of € calculated from 500 realizations, for given SNR and
dmin- Fig. 12 shows three examples of these cdfs for MSMLR
with and without M2. We can see that the cdfs with and without
M2 are nearly identical. Furthermore, besides the error € of
the estimate b, we can also use the posterior probability of
b asa quality measure, More specifically, we evaluated 2
p(b,4,52|x)/p(b,4,02|x), i.e., the posterior probability of b
normalized by that of the true b. Again, our simulations (not
shown) demonstrated that the distributions with and without M2
are nearly identical. .

Finally, one may ask how often the estimates b obtained
from MSMLR with and without M2 are not only statistically
equivalent with respect to performance but in fact identical.
Fig. 13 shows the empirical rate g of identical estimates, i.e., the
number of realizations that yield identical estimates normalized
by the total number of realizations, calculated from 500 realiza-
tions, for different SNRs and minimum distances. We can see
that the estimates are generally identical when d,;, is large,
i.e., when pulses are not allowed to overlap significantly. For
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Fig. 14. Average error € for different mismatches of dmin and 71, at SNR =
9 dB. Left plot: w1 = 0.15; all methods erroneously assume that dmin = 20.
Right plot: dmin = 20; all methods erroneously assume that 7, = 0.15.

small d,;,, the estimates are typically not identical although
their errors have the same distribution.

D. Robustness Evaluation

Fig. 14 analyzes the robustness of the BD methods to devia-
tions of the parameters d,,;, and 71, which determine the spar-
sity of a, from nominal values dy,;, = 20 and 7 = 0.15 as-
sumed by the BD methods. Not surprisingly, we can see that
the performance of all BD methods quickly deteriorates when
the true minimum distance d,;, is smaller than the nominal
value dnin = 20, i.e., when the BD methods assume a too
restrictive minimum distance constraint. On the other hand, it
may seem counterintuitive that in some methods—including
MSMLR—the error further decreases when the true d;, in-
creases beyond the nominal value. Here, the positive effect of
higher sparsity (cf. Figs. 8(b) and (c)) outweighs the negative
effect of the mismatch. Within a reasonable range around the
nominal value, MSMLR outperforms the reference methods.
Regarding the parameter 71, we see that all methods are fairly
robust to deviations from the nominal value.

To further investigate the robustness of the BD methods,
we generated 500 realizations using a pulse originally used
in [38]. This pulse does not fit our pulse model parameters
of Section VI-A because the effective bandwidth of our basis
vectors h,, is too small. The pulse and its projection onto
the subspace spanned by the h,, are shown in Fig. 15(a). All
BD methods still assumed the parameter priors and values
of Section VI-A. Fig. 15(b) shows (upon comparison with
Fig. 8(a)) that this mismatch significantly degrades the per-
formance of all methods. However, MSMLR still tends to
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Fig. 15. Pulse model mismatch: (a) Pulse fr from [38] and its projection f
onto the subspace spanned by the basis vectors h,,. (b) Average error ¢ versus
SNR for dimin = 20, for the case where the true pulse is fr whereas the estimate
of fi obtained by all methods may at best be the projection f%.
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Fig. 16. Average error € versus SNR for din = 20, for the case where the
true prior of a; is uniform whereas all methods assume a Gaussian prior. The
NG-MSMLR method is discussed in Section VI-E1.

outperform the reference methods, especially for SNR larger
than about 3 dB.

Finally, we consider a mismatch of the prior distribution of
ay. Fig. 16 shows the results of simulations where both the real
part and the imaginary part of a, are uniformly distributed on
[—1/3/204,/3/20,]", whereas the BD methods still assume
the Gaussian prior (8). A comparison with Fig. 8(a) shows that
all methods are fairly robust to this mismatch.

E. Further Aspects

1) Non-Gaussian BD: One advantage of the Gaussian prior
for a; is that it helps avoid numerical problems caused by a
badly conditioned matrix F?F ». However, a minimum distance
constraint tends to improve the conditioning of FE'Fy, so that
the assumption of a Gaussian prior for a; may no longer be nec-
essary. In fact, one can use a maximum-likelihood (ML)-like
approach in which the factor p(a,|b) is removed from the
joint posteriors (13) and (15). The resulting MSMLR objective
function ¢(b) is given by (25) with o2 replaced by 1 and &,
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replaced by chol { U%F?Fb } The a; maximizing the modified
joint posterior is then no longer &, nmap (X, b,%,02) in (30)
but &y mr. (%, b,y,02) = (F?Fb)—lFi{x. The expression of
¢ in (34) does not have a natural counterpart in this case; we

replace it (somewhat arbitrarily) by ¢ = \/ (7 )HAfl'?,(f) /N.
Apart from these modifications, the algorithm stays the same.
The minimum distance constraint (with a sufficiently large
dmin) then avoids a potential bad conditioning of FEF;,.
This ML-like algorithm will be referred to as non-Gaussian
MSMLR or briefly NG-MSMLR. To assess its performance,
Fig. 16 shows its average error in simulations where the prior
of a, is in fact not Gaussian—more specifically, it is uniform
as described at the end of Section VI-D—but has the same
variance o2 as that assumed by the BD methods (except by
NG-MSMLR, which does not require knowledge of ¢2). We
can see that the performance of NG-MSMLR is similar to that
of MSMLR. At lower SNR, MSMLR obtains better results due
to its knowledge of o2.

2) Nonblind BD: Further simulations showed that MSMLR
outperforms the reference methods even in the nonblind case,
since the minimum distance constraint still helps avoid over-
fitting. However, in this simpler estimation problem, the perfor-
mance advantage of MSMLR is smaller: for example, at SNR =
3 dB and dnin = 20, the average error € is 0.68 for MSMLR,
0.86 for PCGS, and 1.00 for SMLR.

VII. CONCLUSION

We presented an SMLR-type algorithm for Bayesian blind
deconvolution of an unknown sparse sequence convolved with
an unknown pulse. The algorithm is based on an extended
Bernoulli-Gaussian prior that incorporates a hard minimum
distance constraint. This prior simultaneously induces sparsity
and enforces a prescribed minimum distance between any
two detected pulse locations, which is an effective means of
avoiding spurious detected pulses.

Compared to the classical SMLR approach to blind decon-
volution, the proposed algorithm introduces several modifica-
tions that overcome certain known weaknesses of SMLR and
result in improved performance and efficiency. Based on the
minimum distance constraint, the hypotheses assessed in each
iteration are chosen such that the risk of converging to a local
optimum is greatly reduced; this is achieved without increasing
the number of hypotheses. The minimum distance constraint is
also exploited for an efficient calculation of the probabilities as-
sociated with the hypotheses. The computational efficiency is
further increased through a novel scheduling of different steps
of the algorithm. Finally, the explicit determination of an op-
timal amplitude scale and time shift makes it possible to take
into account prior knowledge about the time-frequency concen-
tration of the unknown pulse shape via a basis expansion, which
results in improved estimation performance. Our simulation re-
sults demonstrated the advantages of the proposed method over
several state-of-the-art methods for Bayesian blind deconvolu-
tion, regarding both detection/estimation performance and com-
putational complexity.
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Possible directions for future research include extensions of
the proposed method in which additional hyperparameters (be-
sides ¢2) are estimated from the observed sequence x. Esti-
mating 7y, ag, £, m, and/or dy,;, rather than using fixed values
can be expected to result in increased robustness and an easier
deployment of the method.
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