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ABSTRACT

W
�

e studythelocationof local minimaof thefinite sampleap-
proximation� to theconstantmoduluscostfunction.Thispaper
concentrateson sourceseparation.The main result is a con-
nectionbetweenthenumberof samplesandtheprobabilityof
obtaininga local minimumof thefinite approximationwithin
agivenspherearoundthelocalminimumof theCM costfunc-
tion.

1. INTRODUCTION

Blind equalizationandsourceseparationis a wide field of re-
search,initiatedby theworks of Sato[9] Godard[2] andJut-
tenandHerault[6]. Oneof themostwidely usedandanalyzed
amongthe many methodsstudiedthe constantmodulusalgo-
rithm (MA) proposedby [2] and[12] for channelequalization
or for cochannelinterferencesuppressionin radio communi-
cationsystems[3]. The asymptoticbehavior of the CM cost
function is well understood,i.e. the locationof the local min-
ima of the CM costfunction have beencharacterized,first in
the noiselesscaseandthenin the noisy casein [4], [14],[7].
W
�

e refer the readerto the excellentoverview paperby John-
sonet. al [5] for adetailedoverview on thevariousalgorithms
usingtheCMA costfunction,aswell asmany of its properties.
For moreontheCM arrayfor multipleuserseparationsee[10]
andthereferencestherein.

Althoughmuchresearchon thepropertiesof theCM cost
function as well as other cost functions hasbeendone, we
couldnot find any studyof theperformanceof thesemethods
with finitely many samples.Onerelevant result in the noise-
lesscaseis theuniquenessof thesolutionsto theCM problem
for BPSKsignals[11], which statesthata sufficient condition
for obtainingonly thezeroforcingsolutionsis having all ���	��

many constellationswith first element � . This meansthat in
thenoiselessi.i.d. casewith probabilityapproaching wewill
obtaintheexact solution. Sucha theoremcanno longerhold
in the noiselesscase,andsimilar result for arbitraryCM sig-
nalsstill lacksa rigorousproof, althoughit is expectedto be
true.

Several algorithmswhich works well with finite samples
in thenoiselesscasehave appeared.Onesuchalgorithmis the
ACMA [13] whichanalyticallysolvesthenon-linearequations
involved. Anotheralgorithmin differentdirectionis thefinite
window CMA [16] which is basedon the LS-CMA [1], but
reusesthedata.

In this paperwe proposea generalframework for ana-
lyzing the finite samplepropertiesof variouscost functions
throughtheuseof thecentrallimit theorem,andChebyshev’s
inequality. To simplify themathematicsinvolvedwe shallas-
sumethatthesignalsamplesarealsoi.i.d. However moregen-
eral treatmentis possible. The ideaspresentedin this paper
canbe consideredasan extensionof Ljung’s analysis[8] of
theMSE costfunctionto a moregeneralsetup.

2. MAIN THEOREM

In this sectionwe will studythe relationof the local minima
of a generalcostfunction����������������� ��!#"%$�&

(1)

to the local minimaof its finite sampleapproximation.At no
point� we specializeto the CM cost function, but at the next
sectionwe will try to estimatesomeof theconstantsinvolved.

The motivation for our study are two problems: Equal-
ization of communicationsignals,and blind separationof a
desiredsignal in multiuserenvironment. In order to main-
tainsimplicity wewill focusonthecaseof blind beamforming
which is somewhatsimplerto analyze.Notehowever thatsim-
ilar resultscanbeobtainedfor theequalizationproblem.

In our casewe aregiven a setof antennasoutputs'�(*),+ - A .0/*1,24365�7*8,9
whereA is the array responsetowards the received signals,:<;*=,> isavectorof received signalsassumedto benon-Gaussian,
and ?�@*A�B is the receiversnoisewhich is assumedto be Gaus-
sianwhitewith covarianceCED I.

Adaptive beam-formeris basicallya linear combinerof
theantennaoutputs,designedto separateonesignalout of the
mixtures,with maximalsignalto interferenceplusnoiseratio.
Many adaptive methodstry to separateusersbasedon mini-
mizingastochasticcostfunction F�G�H�I�J#K�L�M . Oneof themost
successfulis theCMA trying to minimizethe NPO�QSRUTWVYX[Z cost
function \0]�^`_�acb dfehg6i<j kml�npo qsrutwv�xzy
where { is thedispersionconstant.

W
�

ewill assumethatwe aregiven a setof | realizations}�~�� �z�����������,�����



of � , anddefine �4����������� by:
�

���������,�m��� �¡£¢¤¥�¦z§©¨ ª�«�¬,�®[¯±° (2)

Let ²´³ be
�

a local minimum of µ·¶�¸�¹�º . We would like to
bound
�

thedistancebetween»½¼ andtheclosestlocalminimum
of ¾�¿�À�Á�Â,ÃmÄ , in termsof thestatisticalpropertiesof thecost
functionandits derivatives. Obviously, sinceour definition is
based
�

onrealizationsof arandomprocess,wecannotexpectto
obtaina deterministicresult. Hencewe would like thatgiven
a probability Å anda radius Æ to know whethertheprobability
that a local minimum of Ç4È�É�Ê�Ë,ÌmÍ hasa distanceat most Î
from Ï´Ð is greaterthan ÑÓÒuÔ .

W
�

e will assumethat the Hessianof ÕEÖ�×�ØÚÙ	Û is positive
definite. Especiallyit is non-singular. In the noiselesscase
this implies that the numberof signalsis equalto the num-
ber
�

of sensors.This limitation is artificial and follows from
the fact that in this casethereareno true local minima,since
addingacomponentin thedirectionof thenoisesubspacewill
not changethe valueof ÜÞÝ . To overcomeit oneshouldnote
that by the resultsof [7] the CM receiver areall in the signal
subspaceeven in the noisy case. Hencea sensiblefirst step
would beto projectthesensorsontothesignalsubspace.This
exploits theavailablesecondorderstatistics,somethingdesir-
ablein thenoisycase.A furtherstepof whiteningis possible
b
�

ut not necessaryfor our analysis.
Let ß�à be

�
thelocal minimaof áEâ½ã�ä�åYæ�ç closestto èÚé .

Firstwe shallprove thefollowing theorem:

Theorem 2.1 For every ê#ëíì and any î�ïñð there is òôóõuö�÷wø�ù[ú
such that ûÚü,ý±þ´ÿ�� �������
	��������� . Moreover

we can choose�����������! #"%$'&�(!) *,+.-0/%1.235476 8:9<;>= ,? where @BADC E is the
minimaleigenvalueof theHessianof FHG evaluatedat IKJ .
The proof of theorem2.1 is divided into two parts: First we
studythelocationof localminimaof thesecondorderapprox-
imation to L7M around NKO . Thenwe shaw that if P is chosen
sufficiently smalltheexistenceof a local minimumof thesec-
ondorderapproximationof QSR in asphereof radiusT ensures
the existenceof a local minimum of UHV in the samesphere.
To simplify notationlet WYX[Z \']:^`_`_ba:c�dfehg . Let ifjkml�nmo<prq
be
�

thesecondorderTaylor approximationof sut aroundvKw :
xfyzm{�|~}<�r�'�
�7�!�������>�,�7�����f���������<�r�:������������� ¡S¢�£¥¤�¦�§5¨�© H ª�«�¬��®<¯r°:±�²�³�´�µ�¶

(3)·7¸¹mº�»~¼�½r¾ hasa local minimumat

¿,ÀÁ�ÂÄÃ�ÅÇÆ H È!É�Ê�Ë�Ì<Í,Î.ÏfÐ.Ñ�ÒfÓ�Ô�Õ�Ö�×<Ø,Ù (4)

pro� vided that H Ú�Û�Ü�Ý�Þ<ß,à is positive definite. H ámâ�ã�ä�å is
positi� ve definitesince æKç is a local minimum. We shall as-
sumethat it is positive definite. If this assumptionis vio-
lateda higherorderanalysisis needed.Basedon the central
limit theoremwe candeducethatH è is positive definitepro-
vided that éëê�êíìïîfðñDò ó , where ôHõDö ÷ is the minimal eigen-
value of H ømù�ú�û5ü . In this casethe maximal eigenvalue of

H ý�þ�ÿ���� �����
	
is (a.s.) ����� ������������� � � �"! # $&%' ( [15]. Hence

we obtain: )�*,+-/.1032547698;:=<3>
?A@CB3DFE�G�H=I7JKMLNPO Q (5)

ThereforeRTSVUXW�YZ/[]\3^V_9`/acbedgfih9j7k�l�monCp3qsr t,u=vwyx{z | }�~c�1�
Assumingthat �
� are i.i.d (andwith somemild assumptions
on ����� ) we obtain:

Var ���F�=�3���o�C�3�s� ���=�7�7����� � Var �1�X�7 �¡{¢C£�¤F¥ ¦�§=¨=©=ª�«
(6)

UsingChebyshev’s inequalityandthepositivity of¬7�®�¯o°C±�²F³ ´
µ=¶
we concludethat·�¸�¹�º�»¼�½]¾3¿FÀ9Á�ÂsÃÅÄ Var ÆÈÇ=É3Ê�ËCÌ�ÍFÎ ÏÑÐ=ÒÓÕÔPÖ ×cØ�ÙsÚ Û (7)

Setting Ü suchthat Var ÝßÞ�à{á"â ã�äæå ç
èêéë�ì�í î=ïñð�ò óTô yields thede-

siredresultfor õ�ö÷ . i.e.,øúù Var ûýü7þ�ÿ��������	��
������ �������
Finally we commenton a possiblestrongimprovement. We
know that when � is large, �������! #"%$ is the averageof i.i.d
variables. Hencewe can apply the central limit theoremto
obtainthat & ')(+*�,.-�/�0!1#2%3�46587:9�;�<�=!>#?%@	A

B CEDGFIHKJ�L�M�N!OQPSR
is asymptoticallynormally distributed. This enablesto deter-
mine sharperboundson the relationbetweenT , U and V . We
shalldemonstratethisby simulations,but amorethoroughde-
scriptionwill appearelsewheredueto lack of space.

The next stepis to show that for W sufficiently small, the
local minima of XZY\[�]%^ _a` are sufficiently closeto theseofb.cd!e�f%g hai . Weknow thatj.k\l�m!n#oSp:qsr�tu%v�w!xzya{.|~}��z���������G�������
Thusby definitionof ����%���!� �%� , thereis an �I� anda constant� suchthatfor every � suchthat �Q���� �¢¡�£G¤¦¥ §�¨ , we have© ª.«¬!�®!̄ °S±³²µ́.¶�·�̧!¹ ºS»¼¾½ ¿ÁÀÃÂ�Ä
This is sufficient, by the following argument:Let Å be

�
given.

Let Æ be
�

largeenoughsuchthat

Ç�ÈzÉQÊSËÌµÍ¢Î�ÏGÐÒÑÔÓÕ�ÖØ×�Ù Var ÚÜÛÁÝ�Þ�ß�à�á�â#ã�äåæçéè�ê ëíì%î�ï ðòñôó
where õSö÷ is the minimum of øZùú%û�ü!ý þaÿ . We know that if��������	��
������

, thenfor any � suchthat �������������! ,"$#%'&)(+* ,'-/.10$23'4)5768:9<;7=?>A@CB?DFE�GIH?JLK M7NPORQ�S�T	U7VWYX[Z
and\C]?^I_a`Ib?cLd egf[hihRj�k�l	mgno�pPq�rAsCt?uIvawIx?y{z |7}R~i~��C����/���
Hencewe obtain�$�Y�)�'�������1�$�Y�)�7������7����� �?¡F¢�£I¤?¥L¦ §7¨[©i©ª «¬¯®±°³²R´¶µ·
This is positive for any ¸ sufficiently small.Thus ¹»ºY¼)½7¾¿ÁÀ�Â�Ã
is smallerthan Ä�ÅYÆ)Ç+È<É'Ê for any Ë suchthat Ì�Í�ÎÐÏYÑ�Ò�ÓÕÔ ,
so theremust be a local minimum of ÖC×�Ø)Ù�Ú�Û7Ü inside the
sphere: ÝßÞáà â�ãåä	æèçéëêíìïîñð
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Figure1: Distributionof localminimafor variousvaluesof ò .
(a) óõô÷ößø¶ù , (b) úüû÷ý[þÿ�� , (c) �������
	 , (d) ������
� .

3. SIMULATIONS FOR THE CM COST FUNCTION

In this sectionwe describesomesimulationswe have per-
formedin order to testthe behavior of the locationof the �
sampleapproximationsto theCM costfunction,to bedenoted
CMA(2,2,N).

In the first experimentwe have mixed two randomphase
CM signalsusingtheunitarymatrix

A � �����������
� � �"!$#�%'&(*) +-,/.�0
132�4�576�8
9;:=<
and >@?BA�C�D . We have addeda randomGaussiannoisewith
signalto noiseratioof E�F dB. For logarithmicallyspacednum-
ber
G

of samplesbetweenHJI�I and K�L7M wehaveinitializedamin-
imizationof theCM costfunctionwith oneof thezeroforcing
solutions,andconverged to the nearestlocal minimum point
usinga BFGSQuasi-Newton algorithm. The justificationfor
the initialization is that for good SNR the CM beamformer
is expectedto be nearthe ZF solution. For eachvalueof N
we have repeatedthe experiment O�P�P
P times. Figure1 (a-d)
presentsQ thedeviationsof theestimatedCM beamformerfrom
the CM beamformer(estimatedby averagingthe locationsof
all theexperimentswith R�S�T many samples),for variousvalues
of U . Wecanclearlyseethatthelocationsof thelocalminima
tendsto concentratearoundthetruesolution,asexpectedfrom
theorem2.1. Next we have turnedto estimatethedistribution
of thelocal minimaasa functionof V .

Using theasymptoticexpressioncomingfrom thecentral
limit theoremwe have expectedto find a linear connection
between
G

the logarithmof the radiuswhich ensuresprobabil-
ity WYX[Z of finding a local minimumto theCMA(2,2,N) cost
functionandthe logarithmof the numberof samples.To test
thatwehaveusedtheorderstatisticsof thedistanceto theCM
beamformer
G

. Figure2(a) presentsthe \�] , ^�_ , `�a , b�c and d�e ’th
percentilesQ of thedistanceof localminimaof theCMA(2,2,N)
to the CM beamformer, as a function of f-g�hjilk$m . We can
clearly seethat the lines are parallel and are linear. To ver-
ify thelinearity we alsopresenttheleastsquarefits, in figures
2(b)-(d).

In ordertopresenttheeffectof theeigenvaluespreadof the
mixing matrix,whichis expectedto getinto theprobabilityex-
pressionQ through nporq s wehaverepeatedtheabove experiment
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Figure2: Orderstatisticsof thelog distanceto theCM beam-
former as a function of N. (a)10,30,50,70,90percentilesas
function of ~"�
�����p���;� . (b)-(d) LS line fitting to the 10, 50
and90 percentiles.
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Figure3: Distributionof localminimafor variousvaluesof � .
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with a mixing matrix

A ���; ¢¡£¥¤§¦=¨
whichhaseigenvalues©«ªp¬ 
®
¯±°³²±´ µ
¶
· . Theeigenvaluesof A ¸$¹
are º=»±¼ ½
¾�½j¿
ÀÂÁjÃ-Ä�Å�ÆpÄ whichimpliesthattheestimatesarelikely
to be morespreadin onedirection. Figures4(a)-(d)presents
the locationsof the local minima. We can clearly seethe
wideningdueto thesmallesteigenvalue.

Finally in orderto testthe dependencebetweenÇ and È
for any given É wehavecomputedthecoefficient ÊÌË Í in theLS
fitting of ÎÐÏ"Ñ�ÒÔÓlÕ'ÖØ×
Ù�ÚÜÛ�ÝßÞ-à�áÔâlã
ä�åÐæ/çéè , as a functionof the
percentileQ ê . Figures5,6describestheresultsfor bothsimula-
tions.Wecanseethatthedependenceis of theform ë�ìîí ï"ð ñòôó ,
i.e., the õ coefficient is extremelycloseto ö in all cases.This
completelyagreeswith theanalysisof therelationbetween÷³ø
and ù presentedQ in theprevious section.Thedependenceonú however canbeimproved usingthecentrallimit theorem.
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