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ABSTRACT

High-resolutionparameterestimationtechniqueshaverecentlybeen
appliedto jointly estimatemultiplesignalparameters.In thiswork,
we considerthe problemof determiningthe directionsand cen-
ter frequenciesof a numberof narrow-bandsourcesin a certain
frequency bandof interest. We presenta joint angle-frequency
estimationmethod,basedon themultidimensionalESPRITalgo-
rithm. A perturbationerroranalysisgivesboundsontheparameter
estimates,andprovidesoptimalvaluesfor thetemporalandspatial
smoothingparameters.Theanalysisis shown to beconsistentwith
simulationresults.

1. INTRODUCTION

In the literature,a numberof ESPRIT-basedjoint angleand fre-
quency estimationmethodshave beenproposed. In particular,
Zoltowski et al. [1] discussthis problemin the context of radar
applicationsandHaardtet al. [2] discusstheproblemin thecon-
text of mobilecommunicationsfor spacedivision multiple access
(SDMA) applications.A similarbut simpleralgorithmcalledJAFE
(joint angle-frequency estimation)hasbeenproposedby usin [3].

The objective of this paperis to give a comprehensive error
analysisof this algorithm. Thealgorithmis a function of certain
stacking(or smoothing)parameters,and the error analysispro-
videsuswith theoptimalchoicesfor theseparameters.

2. MODEL

Supposethat thereare � sourcesof interest,with complex base-
band
�

representations�	��
�	� , for ���������������	� . Let thebandof inter-
esthaveacenterfrequency ��� , andsupposethatthe � -th sourcehas
acarrierfrequency of  �!#"%$'& . After demodulationto IF, thesignal
dueto the ( -th sourceis )+*-,�.0/�132+4�5�67�8 , andthesignalreceived at the9

-th antenna:<;�=�>�?�?�?�@BA is

C#DFEG�HJI KL M N�OQPSRUTWVYX3Z�[ \B]�^`_�a3b3c�dfe�g�hi	jlknmpoUqr�s
where t�u is the parameterizationof the directionof arrival of thev
-th signal,with respectto acommonphasereference,w�xUyWz0{ is the

antennaresponseof the | -th antennato a signalfrom direction } ,~����<� ���
is theamplitudeof the � -th signal,and ������	� is noise.It

is naturalto stacktheantennaoutputsinto a singlevector ������ .
Furthersupposethat the narrow-band signalshave a band-

width of lessthan �� , so that they canbe sampledwith a period

1The
�

researchof Aweke N. Lemmais supportedby TNO-FEL, The
Hague,TheNetherlands.

�
to satisfytheNyquist rate.We normalizeto ����� . Let ussay

thatthebandwidthof thebandto bescannedis anintegernumber�
timeslarger: after demodulationto IF we have to sampleat a

rate� � (obviously we require � � ¡£¢¥¤Y¦¨§ª© « to preventaliasing).
Thedatasampleat thereceiver is¬®F¯°p±�²´³µ ¶ ·�¸�¹¨ºW»Y¼f½+¾�¿WÀ ÁUÂ+ÃÄÆÅ�ÇWÈÊÉ�Ë	ÌFÍÎÐÏ#ÑnÒÔÓ0ÕÖp×
where Ø®ÙWÚ�Û3Ü is the array responsevector for the Ý -th sourceandÞàßFáâpã�äæåQç è é is the noisevectorcollecting the samplesof the
noisetermsat theoutputof eachantennaelement.In matrix form
this canbewrittenasêìë0íîÐï�ðæñóòÔô õÊöÊ÷FøùpúüûnýÔþ�ÿ��� (1)

where ��� diag���
	�������� , ������������� "!$# , %'& diag(*),+�-*./10�2 is a
signalgainmatrix, 3 is an 4'576 matrixcollectingthe 8 steering
vectors,andthevector 9;:=<?> is a stackof the @ signals,whereeach
signalhasaunit amplitude.In theremainderof thepaper, unlessit
is necessaryto write it explicitly, thediagonalmatrix A in thedata
modelis absorbedby B;C=DFE , in which casetheamplitudeof the G -th
signal is equalto HFI insteadof J . Assumethatwe have collectedK

samplesof the arrayoutput LNM=OFP at a rate Q into the RTSVU
datamatrix W , i.e.,XZY\[�]_^
`ba_ced;fhgikjml,l*lon;prqNsutvxw
yNz|{~}����e� ��� (2)

where �����h�e� � is amatrixcollecting � samplesof the �����
arraynoisevector. Let ���b�������
�r� �k ;¡N¢�£ be

¤
given as¥§¦b¨�©oª¬«_;®�¯°²±e³;´hµ¶k·m¸,¸*¸º¹;»r¼¾½;¿NÀ�ÁÂ Ã�Ä

Thenan Å -factor temporallysmootheddatamatrix ÆÈÇ is con-
structedasÉ|ÊÌËÎÍÏ ÐÈÑ§ÒbÓ_Ô...Õ�Ö§×ÙØÛÚÝÜ�Þ

ßàâáäã¬åçæ�èuéNêeë ìkí;îNï�ðòñ
(3)óõô

representsthe noiseterm constructedfrom ö in a similar
way as ÷Ýø is obtainedfrom ù . Assumethatthesignalsarenar-
row band,i.e.,ú�ûbüþýºÿ�� �������
	�������������������
���
In this case, �! hasthefactorization

"$#&% '(
)*
+,.-
.../.021�354

687
9:<;�=2>�?A@CBEDGFIH (4)

where JLK is referredto astheextendedarraysteeringmatrix.



2.1. The Estimation Algorithm

At thispoint,wehaveobtainedamodelwith muchthesamestruc-
tureasin theclassicalESPRITalgorithm,but with M replacedbyNAO

. Theestimationof theparametersandtheconstructionof the
beamformer
P

cannow follow thesamestrategy aswell. First note
thattherankof QSR is only T , sincethis is thenumberof rows ofU

. We computethe SVD of V<W , i.e. XGY�Z2[]\.^�_C`badc wheree.f
has g columns,spanningthecolumnspaceof h.i . Thusfor

somenon-singularjAkml matrix n ,o.prqtsvu�wAx5y�z
W
{

e begin the estimationof the parametersby definingtwo types
of selectionmatrices:a pair to selectsubmatricesfor estimating|

, anda pair for estimating}�~ diag������������]� :�E����������� �
� �����5���5�¡ £¢¥¤§¦¨�©«ª�¬®°¯ ±³² ´5µ·¶�¸�¹5º�»2¼¥½§¾À¿ (5)ÁEÂ°ÃÅÄ�Æ�Ç�È ÉtÊ�Ë¥ÌÎÍ Ï§ÐAÑ5ÒÔÓ�Õ¡Ö×°Ø«Ù�Ú�Û�Ü ÝßÞ§à¥áãâ ä5åÔæ®çvè5é�ê�ë (6)

To estimateì , we take submatricesconsistingof thefirst andthe
last íïî�ð�ñóò�ô roõ ws of öA÷ , respectively, i.e.,ø.ùûú ü2ý&þ�ÿ��������	��
 ���� �����������������! 
whereasto estimate" we stack,for all # blocks,

P
its first andlast$&%('

roõ ws,respectively:)	*,+ -/.�021�3�4,5�6	7�8 9�:�; <>=�?�@�A�B,C�D	E�F
Thesedatamatriceshave thestructuresGIH	J,K LNMPORQTS	UWVX�Y[Z \N]P^R_a`cb�dWe fIg�h,i jlknmRo oqp�rWst	u[v wlxnyRz z�{}|�~W��� (7)

where ��� and �}� � arebothsubmatricesof ��� . If dimensionsare
suchthatthesearelow-rankfactorizations,then����� ������,� ���	�[� �I���}�c���W��R c¡ ¢�£�¤¥,¦ §,¨	©[ª «¬�®}¯R°	±W²´³ (8)

It is seenthatthematricesµ·¶ and ¸�¹ arejointly diagonalizableby
thesamematrix º . Thereareseveral algorithmsto computethis
joint
»

diagonalization,e.g. by mansof ¼�½ iteration[4] or Jacobi
iterations[5]. For this to work, it is necessarythateachsubmatrix
in (7) hasat least ¾ roõ ws. After ¿ hasbeenfound,we alsohave
estimatesof ÀÂÁ�Ã´ÄÆÅÈÇ�ÉËÊ�Ì for eachof the Í sources.This providesus
with angleandfrequency estimates:Î!Ï�Ð asin Ñ>Ò�ÓÈÔÖÕ�×ÙØÛÚÜÙÝ�Þàß�á âÙã�äæåçÙèêéÙëÈìîí�ïîðÛñóò
2.2. Spatio-temporally smoothed Data Model

Consideran ô elementantennaarrayandassumethatwe divide
the array into õ sub-arrays.Let öø÷ be

P
the numberof antenna

elementsin thesubarrays,andlet for ùûúýü[þ´ÿ ÿ´ÿ´þ � , theselection
matrix �������
	����� ��� selectpart of the datamatrix ��� that
correspondsto the � -th subarray. Then,an ��������� factorspatio-
temporallysmootheddatamatrix �! �" # is constructedas$�%�& ')(+*-,/.10�2+3�465�798:868<;>=@?�ACBED)FHG�I/J<K LNMPO>QNR�S�TVU1W

(9)

Usingthestructureof XCY from (3), thiscanbefactoredas

Z�[�\ ]_^a`cb/dfehg9i:ikjml>nporq�s�tumv ... w xy{z}|a~�� ���
where ����� � isanoisetermwhichhasalsobeenshuffledin asim-
ilar way as ����� � . Let �h������/�f�h�����H�����m� � , thenfrom the
shift invariancestructureof � � it follows that,for ¡h¢¤£c¥6¦6§6¨:©«ª¬�¯®r°²±´³/µ1¶r·E¸)¹»ºH¼<½¿¾ÁÀÃÂÄ�Å)ÆÈÇHÉ:Ê
Thus, Ë�Ì�Í Î canbewritten in a compactform asÏ�Ð�Ñ Ò_ÓÕÔÃÖ×ÙØÛÚÝÜßÞáà:à6à�â)ãNäHåfæßç
è�éëê�ì íïî

(10)

Thisdatamodelcontainsthedualshift invariancepropertyneeded
by
P

the JAFE algorithm. Thus, the angle-frequency pairsmay be
estimatedin theusualway (by consideringshift invariancepairs).

2.3. Whitening as the JAFE Processing Stage

The spatio-temporalsmoothingprocedureintroducescorrelation
between
P

the noisetermsin the differentrows of the datamatrix.
In many casesthis correlationcausesdegradationas it tendsto
reduceõ thedegreeof averagingthatcouldhave beenobtainedhad
the noisebeenwhite. In this context the JAFE algorithmcanbe
precededð with a whiteningfilter.

Considerthe noisepart of spatio-temporallysmootheddata
matrix given in 9. Let thetheSVD of thenoisecovariancematrixñ_òïó ôöõ¤÷aø�ù úïûëüý�þ ÿ be

P
given by

����� ���	��
����������
Then,theWhiteneddatamatrix is derived as (viz. [6])

������ ��� ��!"$#&%('*)+ ,.-/�021�3 4�5 (11)

Let theSVD of 6879�: ; be
P

given by <>=?�@ A.B	C�DFE�GIH.J , andlet K$LM
be
P

the N dominantcolumnsof OQP correspondingto the R largest
singularvalues,thentheJAFE algorithmis implementedby requir-
ing dualshift invariancepropertyon SUTWVYX�Z[ \(]_^`ba.cdUe�fg . The
effect of whiteningon theparameterestimationerrorsis summa-
rizedin thesimulationresults.

3. A PERFORMANCE ANALYSIS

In this section,we give a behavioral analysisof the JAFE algo-
rithm. As describedin section2.1, the JAFE algorithminvolves
threemain steps,namely, SVD (singularvaluedecomposition)of
the datamatrix, diagonalizationof a setof EVD (eigenvaluede-
composition)problemsandthe transformationof theeigenvalues
into signalparameters.Thefirst step,which is equivalentto find-
ing theEVD of thedatacovariancematrix, is well studiedin the
literature[7–11], for the caseof white Gaussiannoisecontami-
nateddatamodel. In our case,however, sincesomedatastacking
techniqueshavebeenemployed,thenoiseis nomorewhite. Thus,
first we will derive the eigenvalue estimationerror for the JAFE
datamodelandthenproceedto theothertwo JAFE stages.Anal-
ysis of the last two steps,in thecontext of white Gaussiannoise,
have beenpresentedin [12] and [13]. The resultsobtainedhere
couldbeseenasthegeneralizationof theseresults.



3.1. Eigenvectors of the Data Covariance Matrix

Following, wegive fundamentalresultsin formsof theorems.Be-
causeof shortageof spacetheproofsarenot given, they will ap-
pearð in theJournalversionof thepaper.

Theorem 3.1 Consideran h -elementantennaarray impinged
by d far
i

field narrowbandsignals. Let the (m,L) factor
i

spatio-
temporally smootheddatamatrix jlk�m n beasgivenin (9), oqp�r s.tuvxwzy|{x}|~��(������� ���2���� � bethefinite sampledatacovariancema-

trix, and ���2���|����� �|��� and ���2���| �¡�¢ £|¤�¥ be such that
theeigenvaluedecompositionof ¦§�¨�© ª�«¬¯®±°�²�³ ´&µ is givenby

¶·�¸�¹ º�» ¼�½�¾À¿�ÁQÂ
Let
Ã Ä�Å

bethefirst d columnsof Æ and ÇÈ bethe É -th columnofÊ�Ë
,Ì where Í8ÎÐÏ . Moreover, let ÑÓÒÕÔ representa noisecaused

perturbationÖ on ×�Ø ,Ì Ù�ÚÛÝÜßÞà&áâqãåä&æç be the è -th eigenvalue oféê�ë�ì í
,Ì where îïÕðñ is the ò -th noisefreeeigenvalueand óõôö is the

noisecontribution. Let ÷Yø diag ùûúýüÿþ������� ,Ì and
�	�

diag 
������������
betheparameterizationsof thecenterfrequenciesanddirectionof
arrivals of the � signals.Moreover, let����� bea Toeplitzmatrixwith all theelementsequalto zero,

exceptfor thoseunity valuedentrieson the � -th parallel to
themaindiagonal,���! "$#&%('*),+.-�/10!243 and 576 8:9&;(<*=?>.@�ACBEDF$GIH JLKNMPO ,Ì QSRT and UWV bethe X -th row andcolumnof the
matrices Y[Z and \^] ,Ì respectively. Notethat _�`acbedNfhg ,Ì
for
i ikjlnm and oqprcsutwvLx for

i yNz:{
.

|$}�~�� ��� ��� �.� � �������q�
��

�W���q�W������^������ S¡e¢�£�¤S¥¦w§©¨«ª¬�®u¯

°:±³²µ´ ¶�· ¸�¹ º¼» ½ ¾¿À�Á�ÂqÃ
ÄÅ

ÆWÇ�ÈqÉuÊ�ËÌ�Í&ÎÐÏ�ÑÓÒ*ÔqÕuÖ�×�ØÐÙÚwÛ[ÜÐÝßÞáàqâ�ãuä

å$æ�ç�è é�ê ë�ì í.î ï ðñò�ó�ôqõ
ö÷

øWù�úqûWü�ýþ�ÿ�� �������	� 
�� ����� ����������� �
Assuming
�

that
��! �" #

hasdistinct eigenvalues,the covarianceof
theeigenvectorestimationerror $&%�')(+*�,.-0/1&2 (to thefirst order
approximation)is givenby

3&4�5)687:9);0<=?>�@ A BCDFEHGJILKNMPORQTSU0V�WX Y
Z�[\:]^�_

`0a�bc
dfe�ghjik�l

mnpoq�rtsfu v�w x�y z|{~}p������f� ��� ��� ����p������p��������T����L�p�� �¢¡¤£	¥0¦§
¨ª©«¬ �®¯:°±�²

³´
µ·¶�¸¹ º»�¼

½¾À¿Á Â?Ã�Ä ÅTÆ Ç·Æ ÈÉ�ÊpËÌ�Í�ÎpÏÐÒÑ�Ó�ÔpÕÖ�×LØpÙÚjÛ:Ü¤Ý	Þ0ßàâá (12)

Lemma 3.1 For whitenedspatio-temporally smootheddata ma-
trix thecovarianceof theeigenvectorestimationerror ã&ä�å.æ+ç:è.é8êëâì
(to thefirst order approximation)is givenby

í&î�ï)ðòñjó.ô0õöâ÷�ø ùú�ûHüþý�ÿ��������

�	
�������������� ������� !#"%$&�'(*)+�,-.0/�124365�78:9<;�=�>�?A@BDCFE�GHJI�KLNMAOQPRSUTWVYX�Z\[�]�^A_`a0b�cd4egf�hi:j<k l�mnoqp
(13)

for
r sut�v

and wyx�zN{}|�~N�A����Q�%� for
r ����%� .

3.2. The Shift Invariance Parameters

Thefollowing theorems,whoseproofsareomittedbecauseof short-
ageof space,summarizethemajorresults.

Theorem 3.2 Consideran ���F� data matrix � collectedat
the output of an � elementULA. Assumethat an �0�6����� fac-

r
tor spatio-temporally smootheddatamatrix ���4� � is constructed
fr
r

om � asdiscussedin section2.2,andthat thesignalparameters
areestimatedfrom � �4¡ ¢ . If thesourcesarewell separatedbothin
angleandfrequency, thevarianceof theparameterizedfrequency
estimationerror (denotedby £J¤¥ ) is givenby¦�§¨N© ª

SNR « ¬0®q¯F°�±<²�³µ´·¶g¸�¹»º�¼�½¿¾ÁÀÃÂ6ÄÆÅ�Ç�È�É (14)

and thevarianceof theparameterizedDOA estimationerror (de-
notedby Ê�ËÌ ) is givenbyÍ�ÎÏ#Ð Ñ

SNR Ò ÓÔ6ÕµÖØ×6Ù�Ú»Û�Ü�Ý¿ÞÁßáàãâ�ä<åçæ (15)

Optimizingtheabove two functionswith respectto thedatastack-
ing parameters,we obtainoptimumvaluesfor è and é .êìë�í�î�ï�ðòñ óõô for ö÷ùø�úûýü for þ ÿ�� ����� �	��
���� for ����������� for ���

4. SIMULATION EXAMPLES

In this simulationexample,we considera 4 elementULA with
baseline
�

separationof  "!$#&%(' . We assumethat two far field,
equalpower signals )�* and +�, are impinging on the antennaar-
ray. TheDOA andcenterfrequency of -/. are 0�13254�6 Degrees
and 7(8:9<; MHz, and thoseof =/> are ?@BADCEC DegreesandFHGJILK

MHz respectively. Thesourcesignalsarenarrow-band(25
kHz) amplitudemodulatedsignals.Thedatais sampledat a rate
of 20 MHz, andthe processingis doneover MONQPER time sam-
ples.S All simulationresultsarebasedon 100 Monte-Carloruns.
Thebehaviors aresummarizedin Fig. 2 throughFig. 4. In Fig. 3
andFig. 4, while keepingthe restof theparametersfixedat their
original values,theDOA andcenterfrequency of TVU arevariedto
generatebehaviors asfunctionsof angularandfrequency separa-
tions,respectively.

Theeffectof whiteningon thefrequency andDOA estimation
errorsisshown in Fig. 1. Theresultsshow thatwhiteningimproves
the frequency estimationaccuracy at low SNR regions, but has
insignificanteffecton theDOA estimationaccuracy.

Fig. 2(a) shows how temporalsmoothingaffectsthe parame-
terestimationerrors.Fromtheplots,onecanclearlyseetheagree-
mentbetweenthetheoreticallypredictedandthesimulatedresults.
As predicted,theDOA estimationerroris minimumfor WYXBZ\[(]
andthefrequency estimationerroris minimumfor ^Y_	`HacbHd . In



Fig. 3, it is shown that, apartfrom improving the estimationac-
curacy, temporalsmoothingalsoprovidesrobustnessagainstrank
losswhenthereexist multiple signalswith thesameDOA.

The effect of spatial smoothingon the estimationerrors is
summarizedin Fig. 2(b). The simulationwas run using a ULA
with egf�h�i elements,jlk5m�n , o"prqtsvu5wyx andSNR z{(|

dB. The DOAs andthe centerfrequenciesof the two sources
underconsiderationarethesameasbefore.It is seenthatthethe-
oreticallypredictedbehavior perfectlyagreeswith thesimulation
results.As predicted,theparameterizedDOA andfrequency esti-
mationerrorsareminimum for }L~�� � and �L���\��� , respec-
tively. Moreover, in Fig. 4 it is seenthat,apartfrom performance
improvement,spatialsmoothingachieves rank restorationwhen
several(two in thiscase)signalshave thesamecenterfrequencies.
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Figure1: Theeffectof whiteninga)on frequency estimationerror
andb) on DOA estimationerror.
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Figure3: Behavior of (a) theparameterizedDOA and(b) thepa-
rameterized® frequency estimationerrorsas functionsof angular
separation.(SNR ¯±°H² dB).

10
2

10
3

10
−3

10
−2

10
−1

Frequency Separation (kHz)

R
M

S
E

Parameterized DOA

(L=1)

(L=2)

CRB

Simulation 
Theoretical        
CRB                

³�´�µ 10
2

10
3

10
−4

10
−3

10
−2

10
−1

Frequency Separation (kHz)

R
M

S
E

Parameterized Frequency

(L=1)

(L=2)

CRB

Simulation 
Theoretical        
CRB                

¶�·y¸
Figure4: Behavior of (a) theparameterizedDOA and(b) thepa-
rameterizedfrequency estimationerrorsasfunctionsof frequency
separation.(SNR ¹	ºH» dB.)

REFERENCES

[1] Michael D. Zoltowski and CherianP. Mathews, “Real-time
frequency and2-D angleestimationwith sub-nyquist spatio-
temporalsampling,” IEEE

¼
Trans.SignalProcessing, vol. SP-

42,pp.2781–2794,October1994.

[2] M. HaardtandJ. A. Nossek,“3-D unitary ESPRITfor joint
angleandcarrierestimation,” in Proc. ICASSP’97, (Munich,
Germany), pp.255–258,April 1997.

[3] Aweke N. Lemma,A.-J. van derVeen,andEd F. Deprettere,
“Joint angle-frequency estimationusingmulti-resolutionES-
PRIT,” in Proc.ICASSP’98, (Seattle,Washington),May 1998.

[4] A.-J. van der Veenand A. Paulraj, “An analytical constant
modulusalgorithm,” IEEE Trans.SignalProcessing, vol. 44,
pp.S 1136–1155,May 1996.

[5] A.-J. van derVeen,P.B. Ober, andE.F. Deprettere,“Azimuth
and elevation computationin high resolutionDOA estima-
tion,” IEEETrans.SignalProcessing, vol. 40,pp.1828–1832,
July 1992.

[6] J.E. Hudson,AdaptiveArray Principles. London: Institution
of ElectricalEngineers,1981.

[7] T. W. Anderson,“Asymptotictheoryfor principalcomponent
analysis,” Annals

½
Maths.Stat., vol. 34,pp.122–148,1963.

[8] D. R.Brillinger, TimeSeries:DataAnalysisandTheory. New
York: Holt, RhinehartandWinston,1975.

[9] D. J.Jeffries andD. R. Farrier, “Asymptoticresultsfor eigen-
vector methods,” Pr

¾
oc. Inst. Elect. Eng., vol. 132, pp. 589–

594,June1985.

[10] MostafaKaveh andArthur J.barabell,“The statisticalperfor-
manceof MUSIC andminimum-normalgorithmsin resolving
planeS waves,” IEEE

¼
Trans.on Acoust.Speech andSignalpro-

cessing, vol. ASSP-34,pp.331–341,April 1986.

[11] HarryLeeandFuLi, “An eigenvectortechniquefor detecting
thenumberof emittersin a cluster,” IEEE Trans.SP, vol. 42,
pp.S 2380–2388,September1994.

[12] BhaskarD. RaoandK. V. S.Hari, “Performanceanalysisof
ESPRITandTAM in determiningthe directionof arrival of
planeS waves in noise,” IEEETrans.Acous.Speech andSignal
Pr
¾

ocessing, vol. 37,pp.1990–1995,December1989.

[13] P. StoicaandA. Nehorai,“Performancecomparisonof sub-
spacerotationandMUSIC methodsfor directionestimation,”
IEEETran.SignalProcessing, vol. 39,pp.446–453,February
1991.


