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The algebraicconstantmodulus algorithm (ACMA) is a non-
iterative blind sourceseparatioralgorithm. It computesjointly
beamformingvectorsfor all constantmodulussourcesasthe solu-
tion of a joint diagonalizatiorproblem. In this paperwe analyze
its asymptotiqpropertiesandshowthat(unlike theiterative CMA)
it convegesto the Wienersolutionin samplesor SNR. We also
sketchits connectiorto therelatedJADE algorithm.

1. INTRODUCTION

Constantmodulus algorithms (CMAS) enjoy widespreadpopu-
larity as methodsfor blind sourceseparatiorand equalizationof

communicatiorsignals.lterativeCMAs arestraightforwardo im-

plementand computationallyof modestcomplexity Forthe pur-

poseof blind sourceseparationa complicationis thatonly a sin-

gle weightvectoris found at atime. To recoverthe othersignals
successivelywe haveto removethe previoussolutionsfrom the
data,whichreliesonindependencandrequiresnanysamplegl].

Moreover convege canbe slow, with unpredictableeonvegence
speeddependinguponinitialization.

The ACMA wasintroducedin [2] asanalgebraicmethodfor
computingthe completecollectionof beamformersn oneshot,as
the solution of a generalizeceigenvalueproblem. Only a small
batchof sampless neededandthe numberof CM signalscanbe
detectechswell. Convegencels notanissue.

In this paper we analyzethe asymptoticpropertiesof ACMA
andshowthat,with Gaussiamoise,it convegesto the Wienerso-
lution in samplesor SNR. We also discussits connectionto the
JADE algorithm.

2. DATA MODEL

Considerd independensources,transmittingsignalss(t) with
constantmoduluswaveforms(|g(t)] = 1) in a wirelessscenario.
The signalsarereceivedby anarrayof m antennasWe stackthe
antennaoutputsx(t) into vectorsx(t) andcollectn samplesn a
matrix X : mxn. Assumingthatthesourcesresufficiently narrow-
bandin comparisorto the delay spreadof the multipathchannel,
this leadsto thewell-knowndatamodel

xx=As, O X=AS. 1)

A=[a ---a4] OC m™d js the arrayresponsematrix. Therows of

sSOC " containthe samplesof the sourcesignals.Both A andS

areunknown,andtheobjectiveis, givenX, to find thefactorization

X = ASsuchthat|§;| = 1. Alternatively we try to find a beam-

forming matrixW = [wy , - - -, wg] OC ™d of full row rankd such

thatS= WDX. Forthis we needA to havefull rankd, andm=>d.
In the presenc®f additivenoise,we write X, = As, + N, or

X = AS+N. 2)

The noiseis assumedo be additive white, zeromean,circularly
symmetric, with finite covarianceE(nn") and fourth-ordermo-
ments,andindependentrom the sources.

Notation Overbar(")denotessomplexconjugation/ is the ma-
trix transpose; thematrix complexconjugateransposet thema-
trix pseudo-inverséMoore-Penrosénverse).0 and1 arevectors
for which all entriesareequalto 0 and1, respectively We usethe
tilde (™) to denotevariablesderivedfrom noisy data.

vedA) is astackingof the columnsof amatrix A into avector
0 is the Kroneckerproduct,o is the Khatri-Raoproduct,whichis
acolumn-wiseKroneckerproduct:

AOB:[aJ_Dbl aszz ]
3. DERIVATION OF THE ACMA

We summarizehederivationof thebasicACMA algorithmfor the
noiselessase.Theobjectiveis to find all independenbeamform-
ing vectorsw thatreconstructisignalwith aconstantmodulusj.e.,

wX =,
Let xk bethek-th columnof X. By substitutionwe find
k=1,---n. ?3)

Note thatw (xx)w = (% 0 x) (W O w). Thuslet P := [XoX]"
(sizenxd?). Then(3) is equivalento finding all w thatsatisfy

Py=1,

This is a linear systemof equations subjectto a quadraticcon-
straint. The linear systemis overdetermine@ncen = &?, andwe
will assumehatthisis thecase.

In generaloutline,the ACMA techniquesolvesthis problem
by thefollowing steps:

1. First solve the linear system Py = 1. Notethatthereareat
leastd independensolutionsto the linear system,namely
w; Ow; (i=1,---d). Butalsoalinearcombinatiorof these
solutions

suchthat |§°=1 (k=1,--+n).

wHxew = 1,

y=wOw.

y= )\1(VV1 DW]_) + - -+)\d(VVd DWd)
(scaledsuchthaty Aj = 1) will solvePy = 1.

Tofind abasig{y;} of solutions/)et Q beanyunitarymatrix
suchthatQ1 = \/ﬁ[é] . Apply Qto[1 PJ:

Q[1 P]::ﬁ[cl)%u]. “4)

Then

Py=1 - QX1 P][_yl]:Oc» {gi}'ié (5)

Thus,{y;} is abasisfor thenull spaceof the matrix G, and
canbe convenientlyfoundfrom anSVD of G. Generically
(after prefiltering, seebelow), there are preciselyd solu-
tions.



2. Decouple: find a basis{w; 0wy, - - - Wgq O wg} thatspans
thesamdinearsubspac@s{y,- - +Yq}. Since

w; Ow; = veqw;w)

wecanassociatéo eachstructuredasisvectorarank-1her
mitianmatrix. In thesamewaywe canassociatéo eachy; a
dxd matrixY; suchthatveq;) = y;. Sinceeachy; isin the
spanof {w; Ow;}, eachy; is anunknownlinearcombination
of therank-1matrices:

Y, = }\11W1W?+ s }\:|_deW5I Y, = W/\]_WEI

Yg = AgaWiWi+ - - + AggWgwy Y4 = WAGWD

where/; = diagAi1, - - -, Ajg] andW = [wy, - - -, Wg].
Thisis ajoint diagonalizatiorproblem,a generalizatiorof
the standarceigenvaluedecompositionandcanbe solved.

3. Scale each solution w; suchthatthe averageoutputpower
is equalto 1.

In thenoise-freecaseandwith n = d?, this algorithmproduceshe
exactseparatindpeamformekV = A2,

By squaring(4), we obtainexplicit expression$or p andC :=
GG thatwill beusefullater:

p = P =1yx0Ox
C := GG = ipP-pp" (6)

= 13 (%0x) (X Oxi0) = [%kaDXk] [%zikljxk]m

Theformerexpressiorshowsthat(for y =w O w)
_ 0
py = [%Xkaxk] y = WD[%ZXKXE] w=wRw (7)

Thus,theconditionp™y = 1 in (5) is implementedby thelaststep
of the algorithmoutline, wherethe averageoutputpowerof each
beamformeis fixedto 1.

Whitening and rank reduction

To avoid problemswith nonuniquesolutionsthat would occur if

Ais atall matrix, we haveto performa dimension-reducingre-
filtering. Theunderscoré_ ) isusedo denoteprefilteredvariables.
Thus,let X := FOX whereF : mxd. Then

X=AS+N, where A:=FFA, N:=FWN.

X hasonly d channels Theblind beamformingproblemis now re-
placedby finding a separatingoeamformingmatrix T : d xd with
columnst;, actingon X. After T hasbeenfound,thebeamforming
matrix ontheoriginal datawill beW = FT.

Assumingwhite i.i.d. noisewith covariancerpatrix czzl~ we
will chooseF suchthatthe datais whitened. LetRy = %XXD be
the noisy sampledatacovariancematrix, with eigenvaluedecom-
position

R« = Uz2UH. (8)
Here,U is mxm unitary andZ is mxm diagonal. Collectthed
largesteigenvalue@to adiagonamatrix52 andthecorresponding
d eigenvectorsntoU, anddefineF as

F=US", 9)

This prewhitenings suchthatR, := %ﬁu becomesinity: R, = 1.
After prewhiteningwe cancontinuewith thealgorithmasoutlined
before.Seeg[2] for details.

4. ACMA IN NOISE

Letusnowassumehatour observationarenoiseperturbediy =
Xk + Nk (k=1,---n). Ourobjectivein this sectionis to rederive
theACMA procedurey startingfrom theCMA(2,2) costfunction,
heredeterminsticallydefinedas
l 2 ’s EB,Z

w= argmln—Z(|sk| ) , § =W X.
Followingtheoutlineof section3, andusingthesamefactorization
asin (4), we canmakea similar derivation:

Is(aP-1)?2 = I3 [ O%) WOw)-1]?
= lHF’y 12 (y=wOw)
= BY-1P + || Gy|P.

Let ¥ bethe (structured)minimizer of this expressionanddefine
[3 pY. We canadda conditionthatpty = Btotheoptlmlzatlon
problemwithout changingthe outcome:

¥ IB B +11Gy 2

argmin [py -1 + Gy |* =
y=wlw

py=p

= argmin ||Gy|.

y=wOw

py=0

o<
<N
Il El
'D>|:I

Scalingp to 1 will scalethe solutiony accordingly anddoesnot
affect the fact thatit hasa Kroneckerstructure. The scaledcon-
dition p&y = 1 in turn motivatesin a naturalway the choiceof a
prewhiteningfilter F asgivenin (9), viz.

=F%,

Indeed,we derivedin (7) thatp™y = wPR,w. If we changevari-
ablesby prewhltenlngwlth dimensionreductiong = 5105 and
w=U3", then R =l andw"Rw = t't . Moreover |ly|]? =
yy = @o)Htot) =t OtH = |[t]20||t||2 = ||t]|*. It thusfol-
Iowsthatthellnearconstrainbny canbereplacedy amorepleas-
antunit-normconstrainbny in thewhiteneddomain.In summary
we haveobtained -

where F=U3sT1,

Xt

w = Ft,

w= ammin ||Gy|?> or t= agmin| Gy|?. (10)
y=wOw y=toOt
wRw=1 Ivl=1

The first minimization problemis equivalentto the CMA(2,2)
problemup to a scalingwhich is notimportant. The secondmini-
mizationproblemis almostequatto thefirst, exceptthatthewhiten-
ing alsoinvolvesadimensiorreduction:thiswill forcew =U51t
to lie in thedominantcolumnspanof X.

At this point, ACMA and CMA(2,2) will divergein two dis-
tinct but closelyrelateddirections. CMA(2,2) hasto numerically
optimizethe first minimization problemin (10), andfind d inde-
pendentsolutions. With noise,the solutionswill not exactlybein
theapproximatenullspaceof G.

ACMA is makinga twist on this problem: insteadof solving
for thetrueminimum, it firsNtfindsabasisfor thethed-dimensional
approximatenullspaceof G, thenlooks for unit-normvectorsin
this subspacéhatbestfit therequiredstructure As we showin the
nextsection this modificationensureghatasymptoticalyACMA
convepgesto the Wienersolution,whereasCMA(2,2) is knownto
be closebutunequalo the Wienersolution[3].



5. ASYMPTOTIC BEHAVIOR

In thenoiselessasewe havederivedin (6) anexpressiorior C =
GIG. Inthepresencef noise % = As,+ Ny, assumehatwe com-
putein the sameway
C= Z(XkDXk)(XkDXk - szDXk ZXkDXk
(11)

We analyzethe contributionof thenoisein this expressionassum-
ing thatit is zeromean,circularly symmetric,independendf the
sourcesandwith finite covarianceR, = E(nnD) andfourth-order

moments.

Sk

Cumulants

Theasymptoticanalysiss bestdonevia theintroductionof fourth-
order cumulants. For a zero-mearcircularly symmetricvector
signalx(k) with components; (k), definethetensorwith entries

O L
KiJ,’k = oum(X, Xj, X0 X) - - -
= E(ixjx0q) = E(ix))E(xx) = E(xiX)E(4Xj )
wherei, j,k,| = 1,-- - mandmis thedimensionof x. Ifwecollect
theentrlesdll into amatrix Ky with entriesKi | jm | ykm = KI k, then

Ky = E[(XOx)(XOx)" -E[XOx]EXDOx)]"-E[xxI " 0 Exx]

Notethat E[xx" = Ry, E[X 1 x] = vedRy). Comparingto (11), it
is seenthat,asymptotically

C=Ky+RIORy, C=Ky+RIORy.
Cumulantsare usedbecausehey have severalwell-known nice
propertiessuchasmultilinearity, additivity andthefactthatGaus-
siansignalshavezerocumulants Forourmodeky = Asc+ n, as-
sumingindependentircularly symmetricCM signals(autocumu-
lantsk = —1) andindependenGaussiamoise,this resultsin

Ky = [ADA KS[ADA]D+Kn
= [AoA(-1)[Ac A" (12)

Usingthesepropertiesve canderivethat,without noise, theCMA(2,2)

or ACMA criterionmatrix becomegusingR, = AAD)

C = Kx+R} OR«
[ADAKSADA: +A/KDDAAD N
= [ADA (Ks+1)[ADAY = [ADAGJADA". (13)

NotethatCs = Ks+ | is diagonalwith zeroentriesat the location
of the sourceautocumulantsand‘l’ entrieselsewhereon the di-
agonal. The null spaceof Cs is givenby {g O g}, andhencethe
null spaceof C by {w; O w;}, plusthe null spaceof [AD AJ” (this
is removedby prefiltering).

_ Wthnoise, theCMA(2,2) or ACMA criterionmatrix becomes
(RX =R+ Rn)

C=K«+RIOR«=C+E+GC, (14)

whereC is givenin (13) and
E:=RIOR+RIOR:, Cn:=Kn+RIOR,.

Thus,thenoisecontributesa second-ordeanda fourth-orderterm
to the ACMA criterion matrix, evenif it would be Gaussian.In
a previouspaper we tried to removethis biasandderivedthe W-
ACMA algorithm[4], whoseasymptoticperformances closeto
a zero-forcing(ZF) beamformer However as we shownext, this
biasis preciselysuchthatACMA convepesto theWienersolution.

Asymptotic analysisof ACMA

In the analysisof ACMA, we also haveto take the effect of the
initial prewhiteningstepinto account.Recallthatthis stepisX =
FUX = AS+ N, whereF = US™1 sothatR, = F'RF = I. Inthe
whiteneddomain,we searctor d-dimensionabeamformers, the
overallbeamformersrethengivenby w = Ft.

Introducingthisinto thefirstexpressioriorC in (14), assuming
Gaussiamoise(Kn = 0), andusing(12), we obtain

C = (FOR)C(FOF)

= (FOF)Ky(FO F) +101
= [AcAl(-N)[Ac A" + 1. (15)

Insertingthis in the CMA(2,2) costfunction,equation(10), it fol-
lows that both ACMA and CMA(2,2) look at the optimization
problem

agmin y<€y = amgmin yP{[AcA/(-1)[Ac A" +1}y
y=i0tlyll=1 y=totlyl=1"
= amgmax y{[AcA[AcA"ly.  (16)
y=t0tlyll=1

CMA(2,2) continuego optimizethis problem.Theresultisin gen-
eralnot the desiredvectorsof theforma; O a;, unlessA is unitary.
ACMA is taking aslightly differentapproactatthis point: it does
not optimize (16), but solvesthe unstructuredproblemfirst. In-
deed,it looksfor anunconstrained-dimensionabasis{y;} of the
approximatenull spaceof G, equivalentlythe null spaceof €, or
d independentinit-normvectorsy that minimize y-Cy. With the
factorizationin (16), we seethatthesearethe d dominanteigen-
vectorsof [Ao Al[Aoc AP, Sincethisis a rankd matrix, we have
thatthed dominanteigenvectorsogetherspanthe samesubspace
asthe columnspanof [Ac A}, hence

»Ya} = spafAc Al = spafa; Day, - -,8g 0 ag}

As a secondstep, it will usethe joint diagonalizationto replace
theunstructuredasisby onethathastherequiredkroneckerprod-
uct structurej.e.,look for d independenvectorsof theformt [t
within this columnspan.Fromthe aboveequationwe seethatthe
uniquesolutionist; Ot; = 3 D &, so that

spafys, - -

ti=a, =1, d.

Thebeamformepn thewhitenedproblemis equalto thewhitened
directionvector(a matchedspatialfilter). If we go backto there-
sultingbeamformepntheoriginal (unwhitenedpatamatrix X, we
find (fori=1,---d)

ti=g=F%& O Rla, (17)

sinceF =U%™, Ry =Us2UP=0520 + 020200  andU T g =
0. Wehavejustshownthat,with Gaussiamoise ACMA is asymp-
totically equalto the Wienersolution (aliasMMSE beamformer).
In generalthisis avery attractiveproperty

Connection to JADE

JADE[5] is awidely usedalgorithmfor theblind separatiorof in-
dependenhon-Gaussiasourcesn Gaussiamoise. It is basedon
theconstructiorof thefourth-ordercumulantmatrixKy in equation
(12), butusesadifferentprefilteringstrategyF =U (52 - ?1)™/2
whereU ands areestimatedrom theeigenvaluelecompositiorof
R«. Theprefilteringleadsto X = F°X = AS+ N, whereA = FTA.

wj = Ftj = FF g =



This choiceis motivatedby the fact that, asymptotically F con-
vergesto F = UAZ;1 (basedonthe SVD A = UaZaVa), andthus
A = S3MURA = Va

is aunitarymatrix. Asymptotically thefourth-ordercumulantma-
trix is givenby . _ _

K, = [Ac A () [AcA]”
JADE computesbasisof thedominantcolumnspanof thismatrix,
whichin this asymptoticsituationspanghe samesubspaceas

Like ACMA, it thenperformsajoint diagonalizatiorio identify the
vectorsa, . After correctingfor the prefiltering,we find

T=A=Va 0O W=FT=UpZVa=A".

Hence thisstrategyeadsasymptoticallyto thezero-forcingpeam-
former, as well asthetrue A-matrix.

Apart from differentprefiltering, the asymptoticequationsof
JADE andACMA look similar. However the finite-sampleprop-
ertiesare quite different. In the absenceof noise,the null space
informationof C in ACMA is exactby constructionandhencethe
algorithmproduceghe exactseparatingpeamformers The dom-
inantcolumnspanof Ky usedin JADE is not exactsincethe sig-
nal sourcesdo not decorrelateexactly in finite samples:Ks is a
full matrix. Thus,keepingthe numberof sampledixed, the SNR-
asymptoticperformanceof JADE saturates.

6. SIMULATIONS

Someperformanceesultsareshownin figuresl and2. In thissim-
ulation,we took a uniform lineararrayconsistingof m= 4 anten-
nas,andd = 3 equal-powerconstant-modulusourceswith direc-
tions -10°,0°,20° respectively We comparethe performanceof
ACMA, W-ACMA [4] andJADE [5], bothfor theresidualsignal
to interferenceatio (SIR),whichindicateshowwell thecomputed
beamformingmatrix\W is aninverseof A, andfor the Signalto In-
terferenceandNoiseratio (SINR), indicatingthe outputerror.

Figurel showsthatthe SIR performancef JADE saturateor
finite n becausét relieson the convegenceof fourth-orderstatis-
tics, whereasthe SIR performanceof ACMA saturatedor finite
SNR, becauseét convegesto the Wienersolutionandhenceit is
biased.It is seernthatthewhiteningin W-ACMA removeghis sat-
urationsothatit canconvegeto afew dB belowthe ZF solution.
Figure2 showsthat ACMA convegesasymptotically(in n) to the
Wienersolution.
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Figure 2. SINR performanceof W-ACMA, ACMA andJADE



