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The algebraicconstantmodulus algorithm (ACMA) is a non-
iterative blind sourceseparationalgorithm. It computesjointly
beamforming
�

vectorsfor all constantmodulussourcesasthesolu-
tion of a joint diagonalizationproblem. In this paperwe analyze
its asymptoticpropertiesandshowthat(unlike theiterativeCMA)
it convergesto the Wienersolution in samplesor SNR.We also
sketchits connectionto therelatedJADE algorithm.

1. INTRODUCTION

Constantmodulusalgorithms(CMAs) enjoy widespreadpopu-
larity asmethodsfor blind sourceseparationandequalizationof
communicationsignals.IterativeCMAs arestraightforwardto im-
plement� andcomputationallyof modestcomplexity. For thepur-
pose� of blind sourceseparation,a complicationis thatonly a sin-
gle weightvectoris found at a time. To recovertheothersignals
successively, we haveto removethe previoussolutionsfrom the
data,whichreliesonindependenceandrequiresmanysamples[1].
Moreover, convergecanbeslow, with unpredictableconvergence
speeddependinguponinitialization.

TheACMA wasintroducedin [2] asanalgebraicmethodfor
computingthecompletecollectionof beamformersin oneshot,as
the solution of a generalizedeigenvalueproblem. Only a small
batch
�

of samplesis needed,andthenumberof CM signalscanbe
detectedaswell. Convergenceis not anissue.

In this paper, we analyzetheasymptoticpropertiesof ACMA
andshowthat,with Gaussiannoise,it convergesto theWienerso-
lution in samplesor SNR. We alsodiscussits connectionto the
JADEalgorithm.

2. DATA MODEL

Considerd independentsources,transmittingsignalssi� � t � with
constantmoduluswaveforms � |si� � t 	 |
 � 1) in a wirelessscenario.
Thesignalsarereceivedby anarrayof m antennas.We stackthe
antennaoutputsx� i

�  t � into vectorsx � t � andcollect n samplesin a
matrixX : m×n. Assumingthatthesourcesaresufficientlynarrow-
band
�

in comparisonto thedelayspreadof themultipathchannel,
this leadsto thewell-knowndatamodel

xk
� � Ask

� ⇒� X � AS � (1)

A
� ���

a1 · · ·ad
� � ∈� |

�
C m� ×d

�
is thearrayresponsematrix. Therowsof

S ∈ |
�
C d
�

×n� containthesamplesof thesourcesignals.Both A andS
areunknown,andtheobjectiveis,givenX

 
, to find thefactorization

X ! AS suchthat |


Si j
� | " 1. Alternatively, we try to find a beam-

forming matrixW #%$w1 & · · ·' wd
� ( ∈ |

�
C
) m� ×d

�
of full row rankd such

thatS * W ∗ X. For this weneedA to havefull rankd, andm ≥ d.
In thepresenceof additivenoise,we write x̃k

� + A
�

sk
� , nk

� , or

X̃
 -

AS
� .

N
/ 0

(2)

The noiseis assumedto be additivewhite, zeromean,circularly
symmetric,with finite covarianceE 1 nn∗ 2 and fourth-ordermo-
ments,andindependentfrom thesources.

Notation
/

Overbar(¯)denotescomplexconjugation,T is thema-
trix transpose,∗ thematrixcomplexconjugatetranspose,† thema-
trix pseudo-inverse(Moore-Penroseinverse).0 and1 arevectors
for which all entriesareequalto 0 and1, respectively. We usethe
tilde ( ˜ ) to denotevariablesderivedfrom noisydata.

vec3 A� 4 is astackingof thecolumnsof amatrixA
�

into avector.
⊗ is theKroneckerproduct, 5 is theKhatri-Raoproduct,which is
a column-wiseKroneckerproduct:

A
� 6

B
7 8:9

a1 ⊗ b1 a2 ⊗ b2 · · ·;=<
3. DERIVATION OF THE ACMA

W
>

esummarizethederivationof thebasicACMA algorithmfor the
noiselesscase.Theobjectiveis to find all independentbeamform-
ingvectorsw thatreconstructasignalwith aconstantmodulus,i.e.,

w∗ X
 ?

s @ suchthat |sk
� |2A B 1 C k D 1 E · · ·F n GIH

Let xk
� be
�

thek-th columnof X
 

. By substitution,we find

w∗ J xk
� x∗

k
� K w L 1 M k N 1 O · · ·P n Q (3)

Notethatw∗ R xk
� x∗

k
� S w TVU x̄k

� ⊗ xk
� W ∗ X w̄ ⊗ w Y . Thuslet P

Z
: [:\ X̄ ] X

 ^ ∗
(sizen ×d2). Then(3) is equivalentto finding all w thatsatisfy

P
Z

y _ 1 ` y a w̄ ⊗ w b
This is a linear systemof equations,subjectto a quadraticcon-
straint. The linearsystemis overdeterminedoncen ≥ d2

A
, andwe

will assumethatthis is thecase.
In generaloutline, the ACMA techniquesolvesthis problem

by
�

thefollowing steps:

1. First solve the linear system Py c 1. Notethatthereareat
leastd independentsolutionsto the linearsystem,namely
w̄i
� ⊗ wi

� (i d 1 e · · ·f d). But alsoalinearcombinationof these
solutions

y g λ
h

1 i w̄1 ⊗
j

w1 kml · · ·n λ
h

d
� o w̄d

� ⊗ wd
� p

(scaledsuchthat∑λ
h

i
� q 1) will solveP

Z
y r 1.

To find abasis{
s
yi
� } of solutions,let Q be

�
anyunitarymatrix

suchthatQ1 tvu n w 10x y . Apply Q to z 1 P
Z {

:

Q | 1 P }�~ : � n � 1 p∗

0 G ��� (4)

Then

Py � 1 ⇔ Q � 1 P ��� −1
y ��� 0 ⇔ � p∗ y � 1

Gy � 0 (5)

Thus,{ yi
� } is a basisfor thenull spaceof thematrixG, and

canbeconvenientlyfoundfrom anSVD of G. Generically
(after prefiltering, seebelow), thereare preciselyd solu-
tions.



2. Decouple: find a basis{
s
w̄1 ⊗ w1 � · · ·� w̄d

� ⊗ wd
� } thatspans

thesamelinearsubspaceas{
s
y1 � · · ·� yd

� } . Since

w̄i
� ⊗ wi

� � vec� wi
� w∗

i
� �

wecanassociatetoeachstructuredbasisvectorarank-1her-
mitianmatrix. In thesamewaywecanassociateto eachyi

� a
d ×d matrixYi

� suchthatvec� Yi
� ��� yi

� . Sinceeachyi
� is in the

spanof { w̄i
� ⊗ wi

� } , eachYi
� isanunknownlinearcombination

of therank-1matrices:��� �� Y1   λ11w1w∗
1 ¡ · · ·¢ λ

h
1d
� wd
� w∗

d
�

...
Yd
� £ λd

�
1w1w∗

1 ¤ · · ·¥ λdd
� wd

� w∗
d
� ⇔¦ §¨© ª« Y1 ¬ WΛ1W ∗

...
Yd
�  WΛd

� W ∗

whereΛi
� ® diaḡλi

�
1 ° · · ·± λh id

� ² andW ³:´w1 µ · · ·¶ wd
� · .

This is a joint diagonalizationproblem,a generalizationof
thestandardeigenvaluedecomposition,andcanbesolved.

3. Scale each solution wi
� suchthat theaverageoutputpower

is equalto 1.

In thenoise-freecaseandwith n ≥ d2, thisalgorithmproducesthe
exactseparatingbeamformerW ¸ A†∗ .

By squaring(4), weobtainexplicit expressionsfor p andC : ¹
G∗ G thatwill beusefullater:

p º 1
n� P
Z ∗ 1 » 1

n� ∑
¼

x̄k
� ⊗
j

xk
�

C : ½ G∗ G ¾ 1
n� P
Z ∗ P
Z −pp∗ (6)¿ 1

n� ∑
¼ À

x̄k
� ⊗
j

xk
� ÁÃÂ x̄k

� ⊗ xk
� Ä ∗ − Å 1n� ∑

¼
x̄k
� ⊗ xk

� ÆÈÇ 1
n� ∑
¼

x̄k
� ⊗ xk

� É ∗ Ê
Theformerexpressionshowsthat(for y Ë w̄ ⊗

j
w)

p∗ y ÌÎÍ 1n� ∑ x̄k
� ⊗ xk

� Ï ∗
y Ð w∗ Ñ 1

n� ∑xk
� x∗

k
� Ò w Ó w∗ RxÔ w (7)

Thus,theconditionp∗ y Õ 1 in (5) is implementedby thelaststep
of thealgorithmoutline,wheretheaverageoutputpowerof each
beamformer
�

is fixed to 1.

Whitening and rank reduction

To avoid problemswith nonuniquesolutionsthat would occur if
A
�

is a tall matrix, we haveto performa dimension-reducingpre-
filtering. Theunderscore( ) isusedtodenoteprefilteredvariables.
Thus,let X̃

 
: Ö F ∗ X̃

 
whereF : m ×d. Then

X̃
 ×

A
�

S Ø N
/ Ù

where A
�

: Ú F∗ A
� Û

N
/

: Ü F ∗ N
/ Ý

X̃ hasonly d channels.Theblind beamformingproblemis nowre-
placed� by finding a separatingbeamformingmatrix T : d ×d with
columnsti� , actingon X̃. After T hasbeenfound,thebeamforming
matrix on theoriginal datawill beW Þ FT.

Assumingwhite i.i.d. noisewith covariancematrix σ2
A
I, we

will chooseF suchthat thedatais whitened.Let R̃
ß

xÔ à 1
n� X̃
 

X̃
 ∗ be
�

thenoisysampledatacovariancematrix, with eigenvaluedecom-
position�

R̃
ß

xÔ á UΣ2
A
U ∗ â (8)

Here,U is m × m unitary, andΣ is m × m diagonal. Collect the d
largesteigenvaluesintoadiagonalmatrixΣ̂2

A
andthecorresponding

d eigenvectorsintoÛ, anddefineF as

F ã ÛΣ̂−1 ä (9)

Thisprewhiteningis suchthatR̃xÔ : å 1
n� X̃X̃

∗
becomes
�

unity: R̃xÔ æ I.
After prewhitening,wecancontinuewith thealgorithmasoutlined
before.
�

See[2] for details.

4. ACMA IN NOISE

Let usnowassumethatourobservationsarenoiseperturbed:̃xk
� ç

xk
� è nk

� é k ê 1 ë · · ·ì n í . Our objectivein this sectionis to rederive
theACMA procedurebystartingfromtheCMA(2,2)costfunction,
heredeterminsticallydefinedas

w î argmin
wï 1

n ∑ ð |
 ŝk
� |2A −1ñ 2A ò ŝk

� ó w∗ x̃k
� ô

Followingtheoutlineof section3,andusingthesamefactorization
asin (4), wecanmakea similarderivation:

1
n� ∑ õ |
 ŝk

� |2A −1ö 2A ÷ 1
n� ∑
¼ øúù ¯̃xk

� ⊗ x̃k
� û ∗ ü w̄ ⊗ w ý −1þ 2ÿ 1

n� � P̃y −1 � 2A �
y � w̄ ⊗ w �� |p̃∗ y −1|


 2 ��� G̃y 	 2 

Let ŷ be

�
the (structured)minimizerof this expression,anddefine

β̂
� �

p̃∗ ŷ. We canadda conditionthatp̃∗ y  β̂ to theoptimization
problem� without changingtheoutcome:

ŷ � argmin
y� � w̄ï ⊗ wï
p̃� ∗ y� � β̂

|


p̃∗ y −1|


 2A ��� G̃y � 2A � argmin
y� � w̄ï ⊗ wï
p̃� ∗ y� � β̂

|β̂ −β
�

|2
A ���

G̃y � 2A
� argmin

y� � w̄ï ⊗ wï
p̃� ∗ y� � β̂

�
G̃y  2A !

Scalingβ̂
�

to 1 will scalethesolutionŷ accordingly, anddoesnot
affect the fact that it hasa Kroneckerstructure. The scaledcon-
dition p̃∗ y " 1 in turn motivatesin a naturalway the choiceof a
prewhitening� filter F asgivenin (9), viz.

x̃ # F∗ x̃ $ w % Ft & where F ' ÛΣ̂−1 (
Indeed,we derivedin (7) thatp̃∗ y ) w∗ R̃xÔ w. If we changevari-
ablesby prewhiteningwith dimensionreduction,̃x * Σ̂−1Û ∗ x̃ and
w + ÛΣ̂−1t, then R̃xÔ , I andw∗ R̃xÔ w - t∗ t . Moreover, . y / 2A 0
y∗ y 132 t̄ ⊗

j
t 4 ∗ 5 t̄ ⊗

j
t 687 t̄∗ t̄ ⊗ t∗ t 9;: t̄ < 2 ⊗

j =
t > 2 ?;@ t A 4. It thusfol-

lowsthatthelinearconstraintony canbereplacedbyamorepleas-
antunit-normconstraintony in thewhiteneddomain.In summary,
we haveobtained

w B argmin
y� C w̄ï ⊗ wï
wï ∗ R̃
D

xE wï F 1

G
G̃y H 2 or t I argmin

y� J t̄
K ⊗ t
KL

y� MON 1

P
G̃y Q 2 R (10)

The first minimization problem is equivalentto the CMA(2,2)
problem� up to a scalingwhich is not important.Thesecondmini-
mizationproblemisalmostequalto thefirst,exceptthatthewhiten-
ing alsoinvolvesadimensionreduction:thiswill forcew S ÛΣ̂−1t
to lie in thedominantcolumnspanof X̃.

At this point, ACMA andCMA(2,2) will diverge in two dis-
tinct but closelyrelateddirections.CMA(2,2) hasto numerically
optimizethe first minimizationproblemin (10), andfind d inde-
pendent� solutions.With noise,thesolutionswill not exactlybe in
theapproximatenullspaceof G̃.

ACMA is makinga twist on this problem: insteadof solving
for thetrueminimum,it first findsabasisfor thethed-dimensional
approximatenullspaceof G̃, then looks for unit-normvectorsin
thissubspacethatbestfit therequiredstructure.As weshowin the
nextsection,thismodificationensuresthatasymptoticallyACMA
convergesto theWienersolution,whereasCMA(2,2) is knownto
be
�

closebut unequalto theWienersolution[3].



5. ASYMPTOTIC BEHAVIOR

In thenoiselesscase,wehavederivedin (6) anexpressionfor C T
G∗ G. In thepresenceof noise,̃xk

� U A
�

sk
� V nk

� , assumethatwecom-
pute� in thesameway

C̃ W 1
n ∑ X ¯̃xk

� ⊗ x̃k
� Y[Z ¯̃xk

� ⊗
j

x̃k
� \ ∗ −

1
n

]
∑ ¯̃xk

� ⊗
j

x̃k
� ^ 1

n

_
∑ ¯̃xk

� ⊗ x̃k
� ` ∗ a

(11)
W
>

eanalyzethecontributionof thenoisein thisexpression,assum-
ing that it is zeromean,circularly symmetric,independentof the
sources,andwith finite covarianceR

ß
n� b E c nn∗ d andfourth-order

moments.

Cumulants

Theasymptoticanalysisis bestdonevia theintroductionof fourth-
order cumulants. For a zero-meancircularly symmetricvector-
signalx e k f with componentsx� i

� g k h , definethetensorwith entries

κ j
i j

l
k

i
� l

k
� : m cum n x� i

� o x̄� j
i p x� k
� q x̄� l
k r

: s E t x� i
� x̄� j
i x� k
� x̄� l
k u − E v x� i

� x̄� j
i w E x x� k

� x̄� l
k y − E z x� i

� x̄� l
k { E | x� k

� x̄� j
i }

wherei ~ j� � k � l � 1 � · · ·� m andm is thedimensionof x. If wecollect
theentriesκ j

i �
l
k

i
� �

k
� into amatrixKxÔ with entriesKi

� �
jm
i �

l
k �

km
� � κ j

i �
l
k

i
� �

k
� , then

KxÔ � E � � x̄ ⊗ x ��� x̄ ⊗ x � ∗ � −E � x̄ ⊗ x � E � x̄ ⊗ x ��� ∗ −E � xx∗ � T ⊗ E � xx∗ �
NotethatE � xx∗  ¢¡ RxÔ , E £ x̄ ⊗ x ¤¢¥ vec¦ RxÔ § . Comparingto (11), it
is seenthat,asymptotically,

C ¨ KxÔ © R
ß T

xÔ ⊗
j

R
ß

xÔ ª C̃ « K̃xÔ ¬ R̃
ß T

xÔ ⊗ R̃
ß

xÔ 
Cumulantsare usedbecausethey haveseveralwell-known nice
properties,� suchasmultilinearity, additivity andthefact thatGaus-
siansignalshavezerocumulants.Forourmodel̃xk

� ® Ask
� ¯ nk

� , as-
sumingindependentcircularly symmetricCM signals(autocumu-
lantsκ° ± −1) andindependentGaussiannoise,this resultsin

K̃xÔ ²´³ Ā ⊗ A µ Ks¶ · Ā ⊗ A ¸ ∗ ¹ Kn�º´» Ā� ¼ A
� ½¿¾

−I
À ÁÃÂ

Ā
� Ä

A
� Å ∗ (12)

Usingthesepropertieswecanderivethat,without noise, theCMA(2,2)
or ACMA criterionmatrixbecomes(usingRxÔ Æ AA∗ )

C Ç KxÔ È RT
xÔ ⊗ RxÔÉ´Ê Ā� ⊗ A

� Ë
Ks¶ Ì Ā� ⊗

j
A
� Í ∗ Î Ā

�
Ā
� ∗ ⊗ AA

� ∗Ï´Ð Ā ⊗ A Ñ¿Ò Ks¶ Ó I Ô¢Õ Ā ⊗ A Ö ∗ × Ø Ā ⊗ A Ù Cs¶ Ú Ā ⊗ A Û ∗ Ü (13)

NotethatCs¶ Ý Ks¶ Þ I is diagonal,with zeroentriesat thelocation
of thesourceautocumulants,and‘1’ entrieselsewhereon thedi-
agonal.Thenull spaceof Cs¶ is givenby { ei

� ⊗ ei
� }ß , andhencethe

null spaceof C by
�

{
s
w̄i
� ⊗ wi

� } , plus thenull spaceof à Ā� ⊗ A
� á ∗ (this

is removedby prefiltering).
With noise, theCMA(2,2) or ACMA criterionmatrixbecomes

(R̃xÔ â RxÔ ã Rn� )
C̃ ä K̃xÔ å R̃T

xÔ ⊗ R̃xÔ æ C ç E è Cn� (14)

whereC is givenin (13) and

E
é

: ê R
ß T

xÔ ⊗ R
ß

n� ë R
ß T

n� ⊗ R
ß

xÔ ì Cn� : í Kn� î R
ß T

n� ⊗ R
ß

n� ï
Thus,thenoisecontributesasecond-orderanda fourth-orderterm
to the ACMA criterion matrix, evenif it would be Gaussian.In
a previouspaper, we tried to removethis biasandderivedtheW-
ACMA algorithm[4], whoseasymptoticperformanceis closeto
a zero-forcing(ZF) beamformer. However, as we shownext,this
bias
�

ispreciselysuchthatACMA convergesto theWienersolution.

Asymptotic analysis of ACMA

In the analysisof ACMA, we alsohaveto take the effect of the
initial prewhiteningstepinto account.Recallthatthis stepis X̃ ð
F∗ X̃
 ñ

A
�

S ò N
/

, whereF ó ÛΣ̂−1 sothat R̃
ß

xÔ ô F∗ R̃
ß

xÔ F õ I
À
. In the

whiteneddomain,wesearchfor d-dimensionalbeamformerst, the
overallbeamformersarethengivenby w ö Ft.

Introducingthisinto thefirstexpressionforC̃ in (14),assuming
Gaussiannoise(Kn� ÷ 0), andusing(12),we obtain

C̃ ø´ù F ⊗ F ú ∗ C̃ û F ⊗ F üý´þ F ⊗ F ÿ ∗ K̃xÔ � F ⊗
j

F ��� I
À ⊗
j

I
À

��� Ā � A �
	 −I �� Ā � A � ∗ � I � (15)

Insertingthis in theCMA(2,2) costfunction,equation(10), it fol-
lows that both ACMA and CMA(2,2) look at the optimization
problem�

argmin
y� � t̄
K ⊗ t
K � �

y� ��� 1
y∗ C̃y � argmin

y� � t̄
K ⊗ t
K � �

y� ��� 1
y∗  "! Ā # A $&% −I ')( Ā * A + ∗ , I - y

. argmax
y� / t̄
K ⊗ t
K 0 1

y� 2�3 1
y∗ 4"5 Ā 6 A 7
8 Ā 9 A : ∗ ; y < (16)

CMA(2,2)continuesto optimizethisproblem.Theresultis in gen-
eralnot thedesiredvectorsof theform āi

� ⊗ ai
� , unlessA is unitary.

ACMA is takingaslightly differentapproachat this point: it does
not optimize(16), but solvesthe unstructuredproblemfirst. In-
deed,it looksfor anunconstrainedd-dimensionalbasis{ yi

� } of the
approximatenull spaceof G̃, equivalentlythenull spaceof C̃, or
d independentunit-normvectorsy thatminimizey∗ C̃y. With the
factorizationin (16), we seethat thesearethe d dominanteigen-
vectorsof = Ā > A ?A@ Ā B A C ∗ . Sincethis is a rank-d matrix, we have
thatthed dominanteigenvectorstogetherspanthesamesubspace
asthecolumnspanof D Ā E A F , hence

span{
s
y1 G · · ·H yd

� } I spanJ Ā K A LNM span{ ā1 ⊗ a1 O · · · P ād
� ⊗ ad

� }
As a secondstep,it will usethe joint diagonalizationto replace
theunstructuredbasisby onethathastherequiredKroneckerprod-
uct structure,i.e., look for d independentvectorsof theform t̄ ⊗ t
within thiscolumnspan.Fromtheaboveequation,weseethatthe
uniquesolutionis t̄i

� ⊗ ti
� Q āi

� ⊗ ai
� , so that

ti
� R ai

� S i T 1 U · · ·V d W
Thebeamformeron thewhitenedproblemis equalto thewhitened
directionvector(a matchedspatialfilter). If we go backto there-
sultingbeamformerontheoriginal(unwhitened)datamatrixX

 
, we

find (for i X 1 Y · · ·Z d)

ti
� [ ai

� \ F∗ ai
� ⇒� wi

� ] Fti
� ^ FF∗ ai

� _ R̃−1
xÔ ai
� ` (17)

sinceF a ÛΣ̂−1, R̃xÔ b UΣ2
A
U ∗ c ÛΣ̂2

A
Û d σ2

A
Û ⊥
e

Û ⊥∗
e

, andÛ ⊥∗
e

ai
� f

0. Wehavejustshownthat,with Gaussiannoise,ACMA isasymp-
totically equalto theWienersolution(aliasMMSE beamformer).
In general,this is a very attractiveproperty.

Connection to JADE

JADE[5] is awidely usedalgorithmfor theblind separationof in-
dependentnon-Gaussiansourcesin Gaussiannoise.It is basedon
theconstructionof thefourth-ordercumulantmatrixK̃xÔ in equation
(12),butusesadifferentprefilteringstrategy, F g Û h Σ̂2

A
−σ2
A
I i −1j 2A

whereÛ andΣ̂
k

areestimatedfromtheeigenvaluedecompositionof
R̃xÔ . Theprefilteringleadsto X̃ l F∗ X̃ m AS n N

/
, whereA o F∗ A.



This choiceis motivatedby the fact that, asymptotically, F con-
vergesto F p UA

q Σ
k −1

A (basedon theSVD A
� r

UA
q ΣA

q VA
q ), andthus

A s Σ−1
A
q U ∗

A
q A t VA

q
is aunitarymatrix. Asymptotically, thefourth-ordercumulantma-
trix is givenby

K̃
xÔ uwv Ā x A y{z −I |~} Ā � A � ∗

JADEcomputesabasisof thedominantcolumnspanof thismatrix,
which in this asymptoticsituationspansthesamesubspaceas

{
s
ā

i
� ⊗ a

i
� ; i � 1 � · · ·� d}

ß
Like ACMA, it thenperformsajoint diagonalizationto identify the
vectorsa

i
� . After correctingfor theprefiltering,we find

T � A � VA
q ⇒ W � FT � UA

q Σ−1
A
q VA

q � A†∗ �
Hence,thisstrategyleadsasymptoticallyto thezero-forcingbeam-
former, as well asthetrueA-matrix.

Apart from differentprefiltering,theasymptoticequationsof
JADE andACMA look similar. However, thefinite-sampleprop-
ertiesarequite different. In the absenceof noise,the null space
informationof C̃ in ACMA is exactby construction,andhencethe
algorithmproducestheexactseparatingbeamformers.Thedom-
inantcolumnspanof K̃xÔ usedin JADE is not exactsincethesig-
nal sourcesdo not decorrelateexactly in finite samples:Ks� is a
full matrix. Thus,keepingthenumberof samplesfixed, theSNR-
asymptoticperformanceof JADEsaturates.

6. SIMULATIONS

Someperformanceresultsareshownin figures1and2. In thissim-
ulation,we took a uniform lineararrayconsistingof m � 4 anten-
nas,andd � 3 equal-powerconstant-modulussourceswith direc-
tions −10��� 0��� 20� respectively. We comparethe performanceof
ACMA, W-ACMA [4] andJADE [5], bothfor theresidualsignal
to interferenceratio(SIR),whichindicateshowwell thecomputed
beamforming
�

matrixW is aninverseof A
�

, andfor theSignalto In-
terferenceandNoiseratio (SINR),indicatingtheoutputerror.

Figure1 showsthattheSIRperformanceof JADEsaturatesfor
finite n because

�
it relieson theconvergenceof fourth-orderstatis-

tics, whereasthe SIR performanceof ACMA saturatesfor finite
SNR,becauseit convergesto theWienersolutionandhenceit is
biased.
�

It is seenthatthewhiteningin W-ACMA removesthissat-
urationsothat it canconvergeto a few dB belowtheZF solution.
Figure2 showsthatACMA convergesasymptotically(in n) to the
W
>

ienersolution.
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Figure 1. SIRperformanceof W-ACMA, ACMA andJADE
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Figure 2. SINRperformanceof W-ACMA, ACMA andJADE


