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Abstract

In this paperwe developa solutionto the discrete-timeaobustoutputfeedbackcontrol problemfor Linear
Time-Varying (LTV) systems. The solutionis developedalongthe strategysetup in [1] andthe main
ingredientin its derivationis the extensionof the well-known boundedreal lemmain a (discrete)time-
varying context,developedn [2]. This approachcontribuesto the conceptuakimplicity, and henceto
the accessibility of the solution.

Apartfrom that, we treatthe co-horizoncasefor LTV systemof non-unifom statedimension andvarying
input and outputdimension. Both situationscan easily occurin practice,e.g. in multirate sampleddata
control systems.

1. Intr oduction.

In this paper we analyzethe topic of robustcontrol of LTV systems.In a time-invariantcontextthis
topic is indicatedby H., controlandin the pastdecadea burstof researchactivity hastaken placein

this field. Without giving a detailedoverview of the contributims in this field, we mentiontwo main

strategiedo solvethe “standard”four block H. problem.Oneis the approachindicatedby the so-called
“1984 approach”in [1] andis basedon variousstandardactorizations suchas spectralandinnerouter
factorization,of transferfunctions. This approachis well documentedn [4]. The otheris the “Riccati
statespaceapproachpresentedn [1], which establishes striking parallelbetweerstatespacesolutiors
to LQG andH., controlproblems.

Most of the researchactivitiesin this areaare for continuougtime systems howeversolutiors existsin
a discretetime context,suchas|[5], [6], [7] and[8].

For LTV systema restrictednumberof solutionshavebeenpublished. The earliestcontributon to this
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topicis the paper[9], wherethe so-called*1984 approach™hasbeenformulatedinto an operatortheoretic
framework covering discreteLTV systems. In that paper it was howeverremarkedthat “at present,
computationof uniformly optimal controllersfor LTV systemsis not feasible”. With the algorithms
that have recently beendeveloped[22] to calculatean innerouter, spectralfactorizationand to solve
the Nehariproblem,we are now in a positionto map the solutionof [9] into a computationakcheme.
However asin the time-invariantcasesucha solutionwill give rise to controllersof large systemordet

A particularsituationthat needsto be avoidedin practice.

Within the classof solutiors following the “1984 approach” we havesolveda prototype robustcontrol
problem, namely the (weighted)sensitivity minimization problem, for discreteLTV systems[10]. As
in the time-invariantcase this problemhasbeenformulatedas a Nevanlinna-Pickinterpolaton problem
basedon the innerouterfactorizationof the given causalplant. Relatedcontributbnsfor periodictime-
varying systemsare[11] and[12].

In thewakeof the pioneeringpaper| 1] a numberof extension$iavebeenpublishedreatingLTV systems.
In the contextof differentialgameswe mentionthe contributonsof [13], [14] andin the contextof the
maximum principle we mention[15]. Apart from the work in [14] which also treatsthe discretetime
case,all thesesolutiors are for the finite horizoncaseandfor continuougime systems.The particularly
moredifficult infinite horizoncasehasonly beentreatedin [15] and[16] for continuougime systems.

In this paper we treatthe infinite horizoncasefor LTV discretetime systems.Apart from this, the merits
of the paperare: (1) the simplicity of the solutiononly basedon the discretetime BoundedRealLemma
for LTV systemd2], (2) the treatmentof varying statedimensiongandinput-ouputdimensions).It has
beenobservedhat the latter situationscan easily occurin practice. E.g. the changeof the input/autput
dimensionoccursin multirate sampleddatasystems.

The solutionpresentedollows the strategydevelopedn [1] and continuouson the contributiors made
in [8] and[17], discussingelatedproblemsfor LTI systems.As in [1], the threedifferentstagesalong
which we developa solutionare: (1) Solving the robuststatic statefeedbackcontrol problemand its

dualvariantof robuststatereconstruction(2) Formulatingthe plantto be controlledasa linear fractional
transformatiorof an “inner” operatorand (3) Combiningthe first two stagesin providinga solutionto

the robustoutputfeedbackproblem.

The presentpaperis organizedas follows. In section2, we give a brief overview of the notationand
the representationf a statespacemodelof LTV systemsusedthroughotithe paper The variantsof the
boundedreal lemma necessaryto tackle the problemsin the first stageare presentedn section3 and
appliedto therobuststaticstatefeedbackproblemin sectiond andtherobuststatereconstructiormproblem
in section5. The equivalentrepresentatiownf the given plantasa linear fractionaltransformatiorof an
“inner” operatorandthe solutionto the robustoutputfeedbackproblemaretreatedin section6.

2. Preliminaries.

In this section,we introducethe notationusedin representind.inear Time-Varying (LTV) systems.

A statespacerealizationof the LTV systemP to be controlled,is denotedon a local time scaleas:
XAk + UkBy

%Ck + uDy 1)

Xg+1
Yk



wherexq, U, andyi are (finite dimensionalyow vectorsin respectivelyC™, C« andC™ andthe matrices
{Ax, Bk, Ck, Dk} areboundedmatricesof appropriatedimensions.Remarkthatthis notationis compatible
with the earlierwork on LTV systemsasreportedin [3] and[22].

To denotethe statespacerepresentatiomore compactly we introduceasdonein the paper[3] and[22],
the dimensionspacesequences,

B:...X‘BO‘XB]_X...

whereB, = C™ andthe squarebox identifiesthe spaceof the O-th entry. In a similar way, we introduce
the dimensionspacesequenceM and A from the integersequencegMy} and {Ly}. It is allowedthat
someintegersin thesesequencesre zero. The spaceof sequencesn B with finite 2-normwill be
denotedby ¢5. Next we stackthe sequencef statevectorsx, inputvectorsux and outputvectorsyy
into co-dimensionakow vectorsx, u andy; denotedexplicitly for the statevector sequences,

Y= [ oxa X)) x e ]

wherethe squareidentifiesthe position of the 0-th entry. Let 831 denotethe shifted dimensionspace
sequencef B, i.e.

B(‘l):...x‘Bl‘szx...

andlet D(M, N') denotethe Hilbert spaceof boundeddiagonaloperatorg* — KJZV, thenwe canstack
the systemoperatorsAx, Bk, Cx and D into the diagonaloperatorsA,B,C and D, as (denotedonly
explicitly for A):

A:diag[-u A @ A -~~]DD(B,B(‘1)),
C O DB,N), B O DPM,BY), D O DWM,N).

Let the causalbilateral shift operatoron sequence$e denotedby Z, suchthat,

[ [ x| z= ] ke ] % ]

thena compactnotationon a globaltime scaleof the statespacerepresentatiofl) is:

xZ1
y

With this notationit is possibleto representa LTV systemas an operator Let the transitionoperator
d(j, k) of the systemwith statespacerepresentatiorf2) be definedas,

AP A1 >k
e,k =4q I j=k
undefined i<k

XA+ uB
xC+uD

A C
B D

alsodenotedas P =

(2)

andlet limj_, P(j, k) = 0 Ok < o, thenthe inverseof the operator(l — AZ) existsandis in ¢ andthe
operatomrepresentationf the (asymptoticallystable(a.s))LTV systemP becomes:

P=D+BZI -A2'C @)

This transferoperatoris upper triangularandin generalthe Hilbert spaceof boundedupperoperators



actingfrom ¢4 to ¢ is denotedoy 2/ (M, N') or denotedn shortby /. Whenthe dimensionNy of the
statevectoris finite for all k thenthe operatorepresentedsin Eq. (3) is locally finite. In the sameway
asi, we denotethe spaceof boundedoperatordy X' (M, A) andthe spaceof boundedower triangular
operatorsby L(M,N).

Finally, operatorsrepresentingnput-ouput mapsare sometimesindexed. In this way, the input-output
map Ty, relatesthe input sequencev to the outputsequence.

3. The Bounded Real Lemma and its Extension.

. . . . L A
In this section,we considera causalsystemT with staterealizationT = [ B g ] suchthatA,B,C,D

havethe dimensionsasindicatedin the Preliminarysection.
We only considerthe boundedreal lemmarelatedto the spectralfactorizationof the operator™ ol — TOT.

Let usrecall Theorem11 and Propositionl4 of [2].

Theorem 1. (Theorem 11, [2]) LetT O U (M, N) bealocallyfinite operatorwith an observablestate
realization{A,B,C,D} suchthatAis a.s. Let, 0 D(V, ) suchthat, > 0. Thenlol = TFT > 0 if
and only if there existsa solutionM, O D(B, B) of

MED = ATMGA + [AMC+B™D] (ol = DD - CMC) ™
[D"B+C"™MoA] +B"B 4)
suchthat Il - DD — CPM,C > 0 and M, = 0. This M, is unique. If in additionthe realizationof T is
[uniformly] controllable,thenM, is [uniformly] positive.

If Fol =TT > 0, letW O U(N, N) be a factor of "ol — TT = WOW. A realization{A, Bw, C,Dw} for W
suchthat W is outer is thengivenby the solutionM 4 of the aboveequation,and solutionsD , By of

By = -Di[DB+CMoA . ®)

{ DUDw = Tol —DD-CM,C

Proposition 2.  (Proposition 14, [2]) Let T O U (M, M) be an outer invertible operator with state
realizationT = {A,B,C,D}. ThenS= T 0% (M, M) hasa staterealizationgiven by

A-CD'B -CD?!

S=
DB D1

(6)

Moreover T is [uniformly] controllable if and only if S is [uniformly] controllable, T is [uniformly]
observableif and only if S is [uniformly] observable. Let A = A-CDB. If Aisa.s. andT is
controllable or observablethenA* is a.s.

Basedon this proposition,we havethe following Corollaryto Theorem1.
Corollary 3.  Letthe conditionsof Theoem1 hold, and let the samequantitiesasin this Theoembe
defined.Thenthe operator A;, definedas:

Ay = A+ C(lol = D"D = C'MoC) ™ [D'B + C"M A (7)
4



is a.s.

In order to addressthe robustcontrol problemsof this paper we needthe following extensionof the
versionof the boundedreal lemmain Theoreml. In the proof of this extension,we make use of the
following definitionand Lemma.

Definition 4.  Thepair (A, B) is uniformlystabilizabk if and only if there existsa boundedoperator
F OD(B, M) suchthatA+FB is a.s.

Lemmab5. (Extended Lyapunovlemma,[19]) Supposehe pair (A, B) is uniformly stabilizabie.
Thenif there existsa solutionX 0 D(B, B) and X = 0 of:

XD = AXA+ BB 8)

thenA is a.s. Converselyif A is a.s.,thenthere existsa uniqueboundedsolutionX = 0 of Eq. (8).

Theorem 6. LetT O U(M,N) be a locally finite operator with realization{A,B,C,D}. Letl, O
DNV, N) suchthatl, > 0. Thenl,l -THT > 0 andA is a.s. if andonly if there existsa uniquesolution
Mo O D(B, B) of Eq. (4) suchthat 4l - D™D — C"M,C > 0 and M, = 0. This operator M, definesthe
operatorA; asin Eq. (7) suchthatA; is a.s.

Remark 7. It is easyto statethe dual (contmllable) variants of Theoem 1, Definition 4, Lemmab
and Theoem 6. Thisis donein an extendedversionof this paper

4. Robust Static State Feedback.

Using the controllabk dual of Theorem6, we are now in a positionto generalizethe solutionpresented
in [8] to the staticH., statefeedbackcontrolproblemfor time-invariantsystemso thetime-varyingcase.

Considerthe time-variantsystemT with statespacerealization:
xZ! = xA + wB, + uB,
z = xC + wDy; + uDy (9)
y = X
Notethatwe do notassumer O i/ (M 1+ M, N1+ B) sincewe allow the A-operatorof (9) to be unstable.

We makethe following standardassumptions:

Assumptions8. (1) The pair (A, By) is uniformly stabilizale, and (2) The operator D ;D5 is
uniformly positive.

The robuststatic statefeedbackcontrol problemcan be statedas follows (Fig. 1): For a given level
of disturbanceattenuatiorl ¢ >> 0, I'c O D(M 1, M3), find (if it exists)a boundedstatic statefeedback
controllaw u = yF = xF, with F O D(B, M), suchthat:

1. The A-operatorA + FB; of the closed-loopsystemin Figurel is a.s. and
5



2. Theclosed-loopperatofT,,, betweenv andz with realization{ A+FBy, By, C; +FD51, D11 } satisfies:

Mel = TwzTi, > 0

Figure 1. Block-schematiaepresentationf the robuststatic statefeedbackproblem.

A solutionto the robuststatic statefeedbackproblemis providedin the nexttheorem.

Theorem 9. Let T be a locally finite operator with state spacerealizaton (9) and satisfyingthe
Assumptions88. Furthermoe, let I'c O D(M1, M;) be a prescribedlevel of disturbanceattenuatia,
suchthat"c > 0. Thenan operatorF O D(B, M) solvesthat the robuststatic statefeedbackcontrol
problemif andonly if there existsa solutionM ¢ O D(, B) of,

0
0

DeCH+ BeMEVAT + ¢, CY (10)
1 C 1

-1
el
Me = AM{DA"+[CDE+AM{YBY] ( [ 5 - DeDg - BEM(C_l)BE>

with De =

D B
11 and Be = 1 , suchthat
21 B>

el =Dy DY - BiMEYBY > 0 M, is uniqueand = 0
andthe operator Az, definedas:

g O

-1
-DeDE-BeM{VBE | B
0 0 EVE EVlg E E

AS = A+ [CiDE + AMCVBH ( [

is a.s. With this solutionM ¢ of Eqg. (10), the static statefeedbacKaw is givenas,

F = [C.DE + AM VL] (l el

-1
- DeDE - BEM(C‘l)BE> [ ? ] (11)

Remark 10. A dual Theoemcanbeformulatedto solvethe robuststatereconstructiorproblem. This
is donein an extendedsersionof the paper but seealso[18].



5. Robust Output Feedback.

Let the time-variantsystemT be givenwith statespacerealization:

xZ! = xA + wB, + uB,
z = xC + + uDyq (12)
y = XC + wDi, + uDy

Considerthe time-variantcontrollerK with statespacerealization:
&t b +yW
u W2 +yWs (13)

where®, Wi, W, andW; are boundeddiagonaloperatorsand wherethe statedimensionsstill hasto be
determined.Both systemsare connectedsdisplayedn Figure2. Thenunderthefollowing assumptions:

Figure 2. Block-schematiaepresentationf the robustoutputfeedbackproblem.

Assumptions1l. (1) The pair (A , By) is uniformly stabilizalle, the operator D,;D5; > 0 and
e = lpm, with y > 0 is chosensuchthat a solutionexiststo the robuststatic state feedbackproblem
treatedin section4 and solvedin Theoem9. (2) Thepair (A, C,) = (A+BiU!B; , Co + B1U7D1y),
with the quantifes B; and U, definedin Eq. (15), is uniformly detectableand (3) The operatorD ,D12
is uniformly positive.

We can state the robust feedbackproblem as follows (Figure 2): For a given level of disturbance
attenuatior ¢ = yiaq, with y > 0, find a statespacerealization{®, ¥;, W,, W3} of the controllerK in
Eq. (13), suchthat:

1. The A-operatorof the closed-loopsystemin Figure 2, which hasthe following form:

_ | A+ CWs(l - D2oWs) 1B,  CoWp + CoWs(l — D2Ws) 1Dy,

Aci _
LI—’2(| - D22LP3)_1BZ D+ qJZ(I - D22LP3) 1D22LP1

is a.s. Whenthis is the case,the closed-loopsystemdepictedin Figure 2 is internally stable,as
definedin Definition 14.

2. The operatorT,, betweenw andz in Figure 2 satisfiesl ¢| — Ty, Ty, > O.

As outlinedin the introductbn, a solutionto this problemwill be developedn three different stages.
The first stageis the solutionto the robuststatic statefeedbackcontrol problemdiscussedn section4.
Theorem9 providesthe static feedbackgain operatorF that solvesthis problem. Continuing with this
solutionwe will now subsequentlyreatthe nexttwo stagesnamely:
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Stage 2 Using the solutionof the first stagewe formulateand solve an intermediateproblemthat falls
within the classof robuststatereconstructiorproblems.The quantitythatwill be reconstructedn
this intermediateproblemis xF.

Stage 3 Relatethe solutionderivedin Stage2 to the original robustoutputfeedbackproblem.

5.1. Equivalent representationof the given LTV plant T.

As for the solutiongivento the time-invariantH ., outputfeedbackproblemin [1], [17] we derive based
on the solutionto the robust static state feedbackproblemtwo LTV systemsfrom the given plant T
making useof the following identity:

xZIMEDZXE = xMcx” = 0

Making use of the state spacerepresentatiorin Eq. (12) and the expressionfor M. in Theorem?9,
rewrittenas,

Mc = AMCDAT + B, UTIBY + C1CT - UsU5 MUY (14)
with,
Uy = [l -BMEYBY Bi = AM{UB]
B, = C;DF,+AMCIBY Bs = +B,M{VBY (15)
U, = BzM((:_l)Bg"‘ §3U11§E+ Dy1Dy; Uz = §2 + §1U11§E

the aboveidentity can be written as,
0 = x[UsUz*U§-B1U*BY] x” - xC,CX
+wB;M{YBIWY + uB,MEVB5UY
+2XAMCDBIWH + 2uB,MEDBTWH + 2xAME VB U
Adding and subtractingthe term wi” ;w", uD,;D5;u", 2xC;D5;u” and usingthe expressionsn Eq. (15),
yields:
0 = wiow''—zZ'+x[UsU5 U5 - B U7 'BY] x”
—wUyw + ulpu - uB U7 tB5U”
+2xBou” + 2(xBy + UB3)W-
Completingthe squareswith the underlinedterms, using the expressiorfor U 3 in Eq. (15) and F now
denotedas -U3U3?, leadsto:
0 = ww'-z#
- [(w= 0B1 + uBUTHUTEE | T [retuf wd- Ur (B + Bu)|
+(u = xF)Ua(u” = F5)
Therefore,if we definethe quantitiesv andr as:
v = (u- xF)UZ% (16)
(- (xBy + uBg)UiU; e (17)

thenthe aboveidentity canbe written compactlyas,

r

W ow- = z2 = rrerP - w (18)



UsingEq. (16), a first new LTV systemP thatcanbe derivedfrom the LTV systemT hasthe following
input-ouput relationship,

[zr]:[w V]P (29)
The latter systemP hasthe statespacerepresentation:

xZ1 = x(A+FBp)+wB; + VUE%BZ (20)

Z = X(Ci+FDy)+ vu;% D,y (21)

= —xCy +wUIrg? —vU;PBU et (22)

with C7' = ByU; 2T +FBaU 2 162).
In the sameway, we candefinea secondLTV systemT, suchthat,

[v y]:[ru]f (23)
T hasthe statespacerepresentation,

xZ1 = x(A+BUflBy)  + rréU’B;  + u(BsUplBy +By)

v o= —xFUZ% + + uUé
y = XCx+ I§;1U11D12) + rré UI% Dy + U(§3U11D12 + D2o)
denotedcompactlyas,
xZ1 = xA + rEl + UEZ
vV = Xél + + U521 (24)

y = xC, + Dy + UDx»
5.2.An intermediate robust state reconstruction problem for the LTV systemT.

For the LTV systemT, given by the statespacerealizationin Eq. (24), our aim of this sectionis to
designan observerK to reconstructhe quantityxF. Following the outline of section5, the observerK
hasthe statespacerepresentation:

RZ1 = A + UEZ + (y—Xéz—Uﬁzz)E

u = xF (29)
andthe error { = x — X on the reconstructedtatequantitiessatisfies,
{Z = JA-Col) +r(By— Dyol) (26)
With the expressiorfor F givenas-U3U3?, we canexpresshe outputv of the LTV systemT as:
V= ZU3U£% ={C, (27)

Taking into accountthat the robust static state feedbackproblem of section4 has beensolved, that
the assumptiond1(2-3) are satisfiedand thereforethe operatorﬁfzﬁlz > 0, we addresghe following
intermediaterobuststatereconstructiorproblem: For a given level of disturbanceattenuationl, > 0,
o OD(M3, M»), find (if it exists)a boundedoperatorL, with L 0 D(N>, B&Y), suchthat:

1. The A-operatoy A - C,L, of thefilter K in Figure3 is a.s.,and



Figure 3. Block-schematiaepresentationf the intermediaterobuststatereconstructiorproblem.

2. The operatorT,, betweenr andv in Figure 3 with realization{ A- C,L, B; — D1,L, C;, 0} satisfies:
— 7D7
Mol =Ty Tw >0

A solutionto this intermediateproblemis providedby the observabledual of Theorem9. This solution
is summarizedn the next Theorem,statedwithout proof.

Theorem 12. Let T be a locally finite operatorwith staterealization(24) and satisfyingAssumptions
11(2-3) Furthermoe, let I, O D(M,, M>), be a prescribeddisturbanceattenuaton level such that
o> 0. Thenan operatorL 0 D (N>, BMD) solvesthe intermediaterobuststatereconstructiorproblem
if and only if there existsa solution M, O D(B, B) of
ol O
0 O
[DeBy + CeMoA] + By B, (28)
with Dg = [ 0 D1 ] andCg = [ C G ] suchthat

-1
MY = AM.A+[B,De +ADI\7IOCE]( ~DeDe —cEMOCE>

ol —CTMOQ > 0, Mois uniqueand =0

andthe operatorﬁz, definedas:

Mol O

-1
ol - DgDe - cgmocE) [DeBy + CeMoA]

Az:A+CE<

is a.s. With this solution M, of Eq. (28), the observergain operatorL is givenas,

t=-|o |]([rgl 8

5.3. A solution to the robust output feedback problem.

-1
~DeDe —cEMOCE) [DeB; + CoMoA] (29)

The LTV systemP definedin the previoussubsectiorhassomeinterestingpropertieshighlighted in the
following Lemma.

Pu P

P21 P2
realizationgivenin Eq. (20), thenthe following conditionshold:

Lemma 13. Letthe LTV systemP = ] be definedas in Eq. (19), with state space

1. POUA
10



o e[ ]

3. P3OU.

In the following lemma, we considerLTV systemsP satisfyingthe conditions1 to 3 of Lemma 13
operatingin closed-loopwith a LTV systemQ asdepictedin Figure4. In this lemma,we make use of

Figure 4. Closed-loopconfigurationof a LTV systemP satisfyingthe conditionsof Lemma 18 with a
LTV systemQ.

the following definition of internal stability.

Definition 14.  Theclosed-loopconfigurationdepictedin Figure 4 is internally stableif and only if,

TWZDua TerU,TVWEIU andQ Ou

Pu P

P21 P22
13. Let Q O . Then,the systemis internally stable, well-posedand I" ¢| — Ty, Ty, > 0 if and only if

rcI _QQD>> 0

Lemma 15. LetP= [ ] be a given LTV systemsatisfyingthe conditionsl to 3 of Lemma

Proof (O0) Fromthe relationship[ zr ] = [ W Vv ] P andv =rQ, we derive,

r = wPp(l -QPyp)? = Wy
v = wPp(l -QP2)Q = wTwQ (30)
= W[Py + Pl = QP2) QP
. | oo | e . SR .
SinceP r P , it follows that P22l P35, = | = P21P5; < 1. Hence,l = Pl P35, >

C

P2,QQ"P2, and (I — QP»y)™t O . Therefore,the closed-loopsystemis well posed. SinceP O #2 and
Q O U, internal stability follows.

Again, from the propertyPl I r ] pU= l Fe | ],we derivethat,
C

22+ rr% = wigwP+ v

Using the definitionof r andv in termsof w asgivenin Eq. (30), this is equivalentto,
22 = w(lcl + TwQQ Ty, = TwlcTyy) W

11



= w (rc| —Twr(Fel - QQ[yTvar) w-
Sincel | —QQ”>> 0 and Ty, T,+ arebothin %, it follows that,

27 < wr wt
for Ow#0. This is equivalentto,
Mol = TwzTo, > 0

(O) Supposehereexistsa non-zero, sequence definingthe £, sequences = rQ, w = r(l — QPy,)P;2
andz = wT,;, suchthat,

W=rTer920
. . I 0 rC
Then, the relationshipP r pP-= L showsthat,
C

22 -wrowP=w=rTerP20
And therefore thereexistsan ¢, sequencev, suchthat,

W(TwzTo, = Fel)w" > 0

However this is a contradictionandthe lemmais proved. O

The abovelLemmais the key towardsthe solutionof the robustoutputfeedbackproblem. In orderto

apply this Lemma, we considerthe feedbackconfigurationin Figure4 with the LTV systemQ replaced
by the LTV systemof Figure3. This is depictedin our final Figure 5. The solutionto robustoutput
feedbackproblemis summarizedn our final Theorem.

Figure 5. Block-schematiaepresentationf the solutionto robustoutputfeedbackproblem.

Theorem 16. LetT bea locally finite operatorwith statespacerealizationin Egs. (12) and satisfying
the Assumptiondl. Furthermoee, let ¢ = yl o, be a prescribeddisturbanceattenuatiorievelwith y > 0.
For this ¢, let M be a solutionto the Riccati equation(10) satisfyingthe conditionsof Theoem9. Let
this M. definethe statespacerepresentatiorof the LTV systemT asin Eq. (24). Let [, = iy, andlet
M, be a solutionto the Riccati equation(28) satisfyingthe conditionsstatedin Theoem 12, thenthe
contoller K definedin Eg. (25) by the observergain operator L of Eqg. (29) solvesthe robustoutput

12



feedbackproblem.

Proof In additionto the systemT, the operatorM, definesthe LTV systemP in Figure5 with statespace
representatiomsin Eq. (20). Sincethis systemP satisfiesconditionsl to 3 of Lemmal3, we only have
to showthatthe LTV systemwithin the dashedbox of Figure5 satisfiesthe conditionsstipulatedon the

LTV systemQ in Lemmals, in orderto apply this Lemma. Theseare:

1. m: Sincethe solution M, of Theorem12 guaranteeshat | —T,DVTW > 0 andsince
Me = Ym, andlo = Yo, theidentity,

= =071 _ __ = = =0= \_q=0
[rc| - TWTW] =rt [| + T (Fol = ToTr) o
showsthatthis conditionholds.

2. T,y OU: To showthatthe operatorT,, belongsto ¢/, we derivea statespacerepresentationf this
operator Recallthe statespacerealizationfor T in Eq. (24) with u = &F:

xZ1 = xA + rEl + f(FEz
vV = Xél + + $(F521
y = XC, + rDyp + XFDx
Substituing the last outputequationin the stateequation(25) for the observerK vyields:

KZ71 = RA+ KFB, + (Xéz -%Cyo + I'Blz)t

And therefore the statespacerepresentatiofior T, becomes:

A C,L o
xZ- >‘<z-1] = [x x] ~ e +r[B DL]
FB, A+FB,-CoL 1oTe

C;

vV = [x f(] _

FDo1

We now performthe following constantsimilarity transformatiorto this staterealization:

I A C,L Ci -l
| FEZ A+ FEZ - ézt FBZl | =
L | B Dol |
[ A+ FB> 0 C,+FD2;
FB2 A-CoL FD21
El —El + Blzt

From this staterepresentatiomwe concludethat T, is in ¢/ if A+ FB; is a.sandA-C,L is a.s.
The latter conditionis guaranteedy the solution M, in Theorem12. The first conditionholdsby
Theorem9, sinceby the definition of the quantitiesA andB; in Eq. (24):

A+FB; = A+B1U7'B; + FB3U7'B, + FB,

andthe right handside equalsthe operatorA; definedin Theorem9.
13



Hence, we concludeby Lemma 15, that with the controller K, the closed-loopsystemin Figure5 is
well-posed,internally stableand satisfies,

Mol = TwzTo, > 0

6. CONCLUDING REMARKS.

The co-horizonrobustoutputfeedbackcontrol problemfor LTV systemsunderstandardassumptionfias
beenaddressedn the presentpaper The strategyof the solutionfollows that outlined in the keynote
paper{1]. However contraryto [1], which derivesa solutionfor the continuougime-invariantcounterpart
basedon operatortheoreticresultsof mixed Hankel-Toeplitz operators the boundedreal lemmain the

propertime-varyingcontextplaysthe key role in solvingthe robustoutputfeedbackproblem.

Taking into accountthat the latter lamm plays a fundamentakole in the solutionof a large numberof

engineeringoroblems,suchasdemonstratee.g. in [21] for the time-invariantcaseandlater on in [22]

for the time-variantcase,it might be expectedhatthe solutiondevisedin this way becomesanore easily
accessibleao the practitionerengineerinterestedn the theoreticalbackground.
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