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Abstract

In thispaperwe developa solutionto thediscrete-timerobustoutputfeedbackcontrolproblemfor Linear

Time-Varying (LTV) systems.The solutionis developedalong the strategyset up in [1] and the main

ingredientin its derivationis the extensionof the well-knownboundedreal lemmain a (discrete)time-

varying context,developedin [2]. This approachcontributesto the conceptualsimplicity, andhenceto

the accessibility, of the solution.

Apart from that,we treatthe∞-horizoncasefor LTV systemof non-uniform statedimension,andvarying

input andoutputdimension.Both situationscaneasilyoccur in practice,e.g. in multiratesampleddata

controlsystems.

1. Intr oduction.

In this paper, we analyzethe topic of robustcontrol of LTV systems. In a time-invariantcontext this

topic is indicatedby H∞ control and in the pastdecadea burstof researchactivity hastakenplacein

this field. Without giving a detailedoverview of the contributions in this field, we mentiontwo main

strategiesto solvethe “standard”four block H∞ problem.Oneis theapproachindicatedby the so-called

“1984 approach”in [1] and is basedon variousstandardfactorizations,suchasspectraland inner-outer

factorization,of transferfunctions. This approachis well documentedin [4]. The other is the “Riccati

statespaceapproach”presentedin [1], which establishesa striking parallelbetweenstatespacesolutions

to LQG andH∞ controlproblems.

Most of the researchactivitiesin this areaare for continuoustime systems,howeversolutions existsin

a discretetime context,suchas [5], [6], [7] and[8].

For LTV systema restrictednumberof solutionshavebeenpublished.The earliestcontribution to this
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topic is thepaper[9], wheretheso-called“1984approach”hasbeenformulatedinto anoperatortheoretic

framework covering discreteLTV systems. In that paper, it was howeverremarkedthat “at present,

computationof uniformly optimal controllersfor LTV systemsis not feasible”. With the algorithms

that have recently beendeveloped[22] to calculatean inner-outer, spectralfactorizationand to solve

the Nehari problem,we are now in a positionto map the solutionof [9] into a computationalscheme.

However, as in the time-invariantcasesucha solutionwill give rise to controllersof largesystemorder.

A particularsituationthat needsto be avoidedin practice.

Within the classof solutions following the “1984 approach”,we havesolveda prototype robustcontrol

problem,namely the (weighted)sensitivityminimization problem, for discreteLTV systems[10]. As

in the time-invariantcase,this problemhasbeenformulatedasa Nevanlinna-Pickinterpolation problem

basedon the inner-outerfactorizationof the given causalplant. Relatedcontributionsfor periodictime-

varying systemsare[11] and[12].

In thewakeof thepioneeringpaper[1] a numberof extensionshavebeenpublishedtreatingLTV systems.

In the contextof differentialgameswe mentionthe contributionsof [13], [14] andin the contextof the

maximumprinciple we mention[15]. Apart from the work in [14] which also treatsthe discretetime

case,all thesesolutions arefor the finite horizoncaseandfor continuoustime systems.The particularly

moredifficult infinite horizoncasehasonly beentreatedin [15] and[16] for continuoustime systems.

In this paper, we treatthe infinite horizoncasefor LTV discretetime systems.Apart from this, themerits

of thepaperare: (1) thesimplicity of the solutiononly basedon the discretetime BoundedRealLemma

for LTV systems[2], (2) the treatmentof varyingstatedimensions(andinput-outputdimensions).It has

beenobservedthat the latter situationscaneasilyoccur in practice.E.g. the changeof the input/output

dimensionoccursin multiratesampleddatasystems.

The solutionpresentedfollows the strategydevelopedin [1] andcontinuouson the contributions made

in [8] and[17], discussingrelatedproblemsfor LTI systems.As in [1], the threedifferentstagesalong

which we developa solutionare: (1) Solving the robuststatic statefeedbackcontrol problemand its

dualvariantof robuststatereconstruction,(2) Formulatingtheplantto becontrolledasa linear fractional

transformationof an “inner” operatorand (3) Combiningthe first two stagesin providinga solutionto

the robustoutputfeedbackproblem.

The presentpaperis organizedas follows. In section2, we give a brief overviewof the notationand

the representationof a statespacemodelof LTV systemsusedthroughout the paper. The variantsof the

boundedreal lemma necessaryto tackle the problemsin the first stageare presentedin section3 and

appliedto therobuststaticstatefeedbackproblemin section4 andtherobuststatereconstructionproblem

in section5. The equivalentrepresentationof the given plant asa linear fractionaltransformationof an

“inner” operatorandthe solutionto the robustoutputfeedbackproblemaretreatedin section6.

2. Preliminaries.

In this section,we introducethe notationusedin representingLinear Time-Varying (LTV) systems.

A statespacerealizationof the LTV systemP to be controlled,is denotedon a local time scaleas:

xk+1 = xkAk + ukBk

yk = xkCk + ukDk (1)
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wherexk, uk andyk are(finite dimensional)row vectorsin respectively |CNk , |CMk and |CLk andthematrices�
Ak, Bk, Ck, Dk � areboundedmatricesof appropriatedimensions.Remarkthatthis notationis compatible

with the earlierwork on LTV systemsasreportedin [3] and[22].

To denotethestatespacerepresentationmorecompactly, we introduceasdonein the paper[3] and[22],

the dimensionspacesequences� ,� = ����� × � 0 × � 1 × �����
where � k = |CNk andthesquarebox identifiesthespaceof the 0−th entry. In a similar way, we introduce

the dimensionspacesequence� and � from the integersequences
�
Mk � and

�
Lk � . It is allowedthat

someintegersin thesesequencesare zero. The spaceof sequencesin � with finite 2-norm will be

denotedby �
	2 . Next we stackthe sequenceof statevectorsxk, input vectorsuk and outputvectorsyk

into ∞-dimensionalrow vectorsx, u andy; denotedexplicitly for the statevectorsequenceas,

x = ������� x−1 x0 x1 ������
wherethe squareidentifiesthe positionof the 0-th entry. Let � (−1) denotethe shifteddimensionspace

sequenceof � , i.e.� (−1) = ����� × � 1 × � 2 × �����
andlet � ( � , � ) denotethe Hilbert spaceof boundeddiagonaloperators���2 → ���2 , thenwe canstack

the systemoperatorsAk, Bk, Ck and Dk into the diagonaloperatorsA,B,C and D, as (denotedonly

explicitly for A):

A = diag � ����� A−1 A0 A1 �����  ∈ � ( � , � (−1)) ,

C ∈ � ( � , � ) , B ∈ � ( � , � (−1)) , D ∈ � ( � , � ) .

Let the causalbilateralshift operatoron sequencesbe denotedby Z, suchthat,������� x−1 x0 x1 ������ Z = ������� x−2 x−1 x0 ������
thena compactnotationon a global time scaleof the statespacerepresentation(1) is:

xZ−1 = xA+ uB

y = xC+ uD
alsodenotedas P = � A C

B D � (2)

With this notationit is possibleto representa LTV systemas an operator. Let the transitionoperator

Φ(j, k) of the systemwith statespacerepresentation(2) be definedas,

Φ(j, k) = ��� �� AkAk+1 ����� Aj−1 j > k

I j = k

undefined j < k

and let lim j→∞ Φ(j, k) = 0 ∀k < ∞, then the inverseof the operator(I − AZ) existsand is in � and the

operatorrepresentationof the (asymptoticallystable(a.s))LTV systemP becomes:

P = D + BZ(I − AZ)−1C (3)

This transferoperatoris upper triangularand in generalthe Hilbert spaceof boundedupperoperators
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actingfrom ���2 to ���2 is denotedby � ( � , � ) or denotedin shortby � . Whenthe dimensionNk of the

statevectoris finite for all k thenthe operatorrepresentedasin Eq. (3) is locally finite. In the sameway

as � , we denotethespaceof boundedoperatorsby � ( � , � ) andthe spaceof boundedlower triangular

operatorsby � ( � , � ).

Finally, operatorsrepresentinginput-output mapsare sometimesindexed. In this way, the input-output

mapTwz relatesthe input sequencew to the outputsequencez.

3. The Bounded Real Lemma and its Extension.

In this section,we considera causalsystemT with staterealizationT = � A C

B D � suchthat A,B,C,D

havethe dimensionsas indicatedin the Preliminarysection.

We only considerthe boundedreal lemmarelatedto the spectralfactorizationof the operatorΓoI − T∗T.

Let us recall Theorem11 andProposition14 of [2].

Theorem 1. (Theorem 11, [2]) LetT ∈ � ( � , � ) bea locally finiteoperatorwith anobservablestate

realization
�
A,B,C,D � suchthat A is a.s. Let Γo ∈ � (� , � ) suchthat Γo � 0. ThenΓoI − T∗T � 0 if

and only if there existsa solutionMo ∈ � ( � , � ) of

M(−1)
o = A∗MoA + � A∗MoC+ B∗D  (ΓoI − D∗D − C∗MoC)−1� D∗B + C∗MoA + B∗B (4)

suchthat ΓoI − D∗D − C∗MoC � 0 and Mo ≥ 0. This Mo is unique. If in additionthe realizationof T is

[uniformly] controllable,thenMo is [uniformly] positive.

If ΓoI − T∗T � 0, let W ∈ � (� , � ) be a factor of ΓoI − T∗T = W∗W. A realization
�
A,BW, C,DW � for W

suchthat W is outer is thengivenby the solutionM o of the aboveequation,and solutionsD W, BW of!
D∗

WDW = ΓoI − D∗D − C∗MoC

BW = −D−∗
W � D∗B + C∗MoA .

(5)

Proposition 2. (Proposition 14, [2]) Let T ∈ � ( � , � ) be an outer invertible operator, with state

realizationT =
�
A,B,C,D � . ThenS= T−1 ∈ � ( � , � ) hasa staterealizationgivenby

S = � A − CD−1B −CD−1

D−1B D−1 � (6)

Moreover, T is [uniformly] controllable if and only if S is [uniformly] controllable, T is [uniformly]

observableif and only if S is [uniformly] observable. Let A× = A − CD−1B. If A is a.s. and T is

controllable or observable,thenA× is a.s.

Basedon this proposition,we havethe following Corollary to Theorem1.

Corollary 3. Let the conditionsof Theorem1 hold, and let the samequantitiesas in this Theorembe

defined.Thenthe operatorA×
o, definedas:

A×
o = A + C(ΓoI − D∗D − C∗MoC)−1 � D∗B + C∗MoA (7)
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is a.s.

In order to addressthe robustcontrol problemsof this paper, we needthe following extensionof the

versionof the boundedreal lemma in Theorem1. In the proof of this extension,we makeuseof the

following definitionandLemma.

Definition 4. Thepair ( A , B ) is uniformlystabilizable if andonly if there existsa boundedoperator

F ∈ � ( � , � ) suchthat A + FB is a.s.

Lemma 5. (Extended Lyapunov lemma, [19]) Supposethe pair ( A , B ) is uniformly stabilizable.

Thenif there existsa solutionX ∈ � ( � , � ) and X ≥ 0 of:

X(−1) = A∗XA+ B∗B (8)

thenA is a.s. Conversely, if A is a.s., thenthere existsa uniqueboundedsolutionX ≥ 0 of Eq. (8).

Theorem 6. Let T ∈ � ( � , � ) be a locally finite operator with realization
�
A,B,C,D � . Let Γo ∈� (� , � ) suchthatΓo � 0. ThenΓoI −T∗T � 0 andA is a.s. if andonly if there existsa uniquesolution

Mo ∈ � ( � , � ) of Eq. (4) suchthat ΓoI − D∗D − C∗MoC � 0 and Mo ≥ 0. This operatorMo definesthe

operatorA×
o as in Eq. (7) suchthat A×

o is a.s.

Remark 7. It is easyto statethe dual (controllable) variantsof Theorem 1, Definition 4, Lemma5

and Theorem6. This is donein an extendedversionof this paper.

4. Robust Static State Feedback.

Using the controllable dual of Theorem6, we arenow in a positionto generalizethe solutionpresented

in [8] to thestaticH∞ statefeedbackcontrolproblemfor time-invariantsystemsto thetime-varyingcase.

Considerthe time-variantsystemT with statespacerealization:

xZ−1 = xA + wB1 + uB2

z = xC1 + wD11 + uD21

y = x

(9)

Notethatwe do notassumeT ∈ � ( � 1+ � 2, � 1+ � ) sincewe allow theA-operatorof (9) to beunstable.

We makethe following standardassumptions:

Assumptions8. (1) The pair ( A , B2 ) is uniformly stabilizable, and (2) The operator D 21D∗
21 is

uniformlypositive.

The robuststatic statefeedbackcontrol problemcan be statedas follows (Fig. 1): For a given level

of disturbanceattenuationΓc � 0, Γc ∈ � ( � 1, � 1), find (if it exists)a boundedstatic statefeedback

control law u = yF = xF, with F ∈ � ( � , � 2), suchthat:

1. The A-operatorA + FB2 of the closed-loopsystemin Figure1 is a.s. and
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2. Theclosed-loopoperatorTwz betweenw andzwith realization
�
A+FB2, B1, C1+FD21, D11 � satisfies:

ΓcI − TwzT∗
wz � 0

Figure 1. Block-schematicrepresentationof the robuststaticstatefeedbackproblem.

A solutionto the robuststaticstatefeedbackproblemis providedin the next theorem.

Theorem 9. Let T be a locally finite operator with state spacerealization (9) and satisfyingthe

Assumptions8. Furthermore, let Γc ∈ � ( � 1, � 1) be a prescribedlevel of disturbanceattenuation,

suchthat Γc � 0. Thenan operatorF ∈ � ( � , � 2) solvesthat the robuststatic statefeedbackcontrol

problemif and only if there existsa solutionM c ∈ � ( � , � ) of,

Mc = AM(−1)
c A∗ + � C1D∗

E + AM(−1)
c B∗

E  #" � ΓcI 0

0 0 � − DED∗
E − BEM(−1)

c B∗
E $ −1

� DEC∗
1 + BEM(−1)

c A∗  + C1C∗
1 (10)

with DE = � D11

D21 � and BE = � B1

B2 � , suchthat

ΓcI − D11D∗
11 − B1M(−1)

c B∗
1 � 0 Mc is uniqueand ≥ 0

and the operatorA×
c , definedas:

A×
c = A + � C1D∗

E + AM(−1)
c B∗

E  " � ΓcI 0

0 0 � − DED∗
E − BEM(−1)

c B∗
E $ −1

BE

is a.s. With this solutionM c of Eq. (10), the static statefeedbacklaw is givenas,

F = � C1D∗
E + AM(−1)

c B∗
E  " � ΓcI 0

0 0 � − DED∗
E − BEM(−1)

c B∗
E $ −1 � 0

I � (11)

Remark 10. A dualTheoremcanbeformulatedto solvetherobuststatereconstructionproblem.This

is donein an extendedversionof the paper, but seealso [18].
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5. Robust Output Feedback.

Let the time-variantsystemT be given with statespacerealization:

xZ−1 = xA + wB1 + uB2

z = xC1 + + uD21

y = xC2 + wD12 + uD22

(12)

Considerthe time-variantcontrollerK with statespacerealization:

ξZ−1 = ξΦ + yΨ1

u = ξΨ2 + yΨ3 (13)

whereΦ, Ψ1, Ψ2 andΨ3 areboundeddiagonaloperatorsandwherethe statedimensionsstill hasto be

determined.Bothsystemsareconnectedasdisplayedin Figure2. Thenunderthefollowing assumptions:

Figure 2. Block-schematicrepresentationof the robustoutputfeedbackproblem.

Assumptions11. (1) The pair ( A , B2 ) is uniformly stabilizable, the operator D 21D∗
21 � 0 and

Γc = γI � 1 with γ > 0 is chosensuchthat a solutionexiststo the robuststatic statefeedbackproblem

treatedin section4 and solvedin Theorem9. (2) Thepair ( A , C2 ) = ( A +
~
B1U−1

1 B1 , C2 +
~
B1U−1

1 D12 ),

with the quantities
~
B1 and U1 definedin Eq. (15), is uniformly detectableand (3) TheoperatorD ∗

12D12

is uniformlypositive.

We can state the robust feedbackproblem as follows (Figure 2): For a given level of disturbance

attenuationΓc = γI � 1 with γ > 0, find a statespacerealization
�
Φ, Ψ1, Ψ2, Ψ3 � of the controllerK in

Eq. (13), suchthat:

1. The A-operatorof the closed-loopsystemin Figure2, which hasthe following form:

Acl = � A + C2Ψ3(I − D22Ψ3)−1B2 C2Ψ1 + C2Ψ3(I − D22Ψ3)−1D22

Ψ2(I − D22Ψ3)−1B2 Φ + Ψ2(I − D22Ψ3)−1D22Ψ1 � ,

is a.s. When this is the case,the closed-loopsystemdepictedin Figure2 is internally stable,as

definedin Definition 14.

2. The operatorTwz betweenw andz in Figure2 satisfiesΓcI − TwzT∗
wz � 0.

As outlined in the introduction, a solution to this problemwill be developedin threedifferent stages.

The first stageis the solutionto the robuststaticstatefeedbackcontrol problemdiscussedin section4.

Theorem9 providesthe static feedbackgain operatorF that solvesthis problem. Continuing with this

solutionwe will now subsequentlytreat the next two stages,namely:
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Stage2 Using the solutionof the first stagewe formulateandsolvean intermediateproblemthat falls

within the classof robuststatereconstructionproblems.The quantitythatwill be reconstructedin

this intermediateproblemis xF.

Stage3 Relatethe solutionderivedin Stage2 to the original robustoutputfeedbackproblem.

5.1. Equivalent representationof the given LTV plant T.

As for the solutiongivento the time-invariantH ∞ outputfeedbackproblemin [1], [17] we derivebased

on the solution to the robuststatic statefeedbackproblemtwo LTV systemsfrom the given plant T

makinguseof the following identity:

xZ−1M(−1)
c Zx∗ − xMcx∗ = 0

Making use of the state spacerepresentationin Eq. (12) and the expressionfor Mc in Theorem9,

rewrittenas,

Mc = AM(−1)
c A∗ +

~
B1U−1

1
~
B∗

1 + C1C∗
1 − U3U−1

2 U∗
3 (14)

with,

U1 = ΓcI − B1M(−1)
c B∗

1
~
B1 = AM(−1)

c B∗
1

~
B2 = C1D∗

21 + AM(−1)
c B∗

2
~
B3 = +B2M(−1)

c B∗
1

U2 = B2M(−1)
c B∗

2 +
~
B3U−1

1
~
B∗

3 + D21D21 U3 =
~
B2 +

~
B1U−1

1
~
B∗

3

(15)

the aboveidentity canbe written as,

0 = x � U3U−1
2 U∗

3 − ~
B1U−1

1
~
B∗

1  x∗ − xC1C∗
1x

∗

+wB1M(−1)
c B∗

1w
∗ + uB2M(−1)

c B∗
2u∗

+2xAM(−1)
c B∗

1w∗ + 2uB2M(−1)
c B∗

1w∗ + 2xAM(−1)
c B∗

2u∗

Adding andsubtractingthe term wΓcw∗, uD21D∗
21u

∗, 2xC1D∗
21u

∗ andusingthe expressionsin Eq. (15),

yields:

0 = wΓcw∗ − zz∗ + x � U3U−1
2 U∗

3 − ~
B1U−1

1
~
B∗

1  x∗

−wU1w∗ + uU2u∗ − u
~
B3U−1

1
~
B∗

3u
∗

+2x
~
B2u∗ + 2(x

~
B1 + u

~
B3)w∗

Completingthe squareswith the underlinedterms,using the expressionfor U 3 in Eq. (15) andF now

denotedas −U3U−1
2 , leadsto:

0 = wΓcw∗ − zz∗

− � (w − (x
~
B1 + u

~
B3)U−1

1 )U
1
2
1 Γ− 1

2
c  Γc � Γ− 1

2
c U

1
2
1 (w∗ − U−1

1 (
~
B∗

1x
∗ +

~
B∗

3u
∗)) 

+(u − xF)U2(u∗ − F∗x∗)

Therefore,if we definethe quantitiesv andr as:

v = (u − xF)U
1
2
2 (16)

r = (w − (x
~
B1 + u

~
B3)U−1

1 )U
1
2
1 Γ− 1

2
c (17)

thenthe aboveidentity canbe written compactlyas,

wΓcw∗ − zz∗ = rΓcr∗ − vv∗ (18)
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UsingEq. (16), a first new LTV systemP thatcanbe derivedfrom the LTV systemT hasthe following

input-output relationship,� z r  = � w v  P (19)

The latter systemP hasthe statespacerepresentation:

xZ−1 = x(A + FB2) + wB1 + vU
− 1

2
2 B2 (20)

z = x(C1 + FD21) + vU
− 1

2
2 D21 (21)

r = −xC2′ + wU
1
2
1 Γ− 1

2
c − vU

− 1
2

2
~
B3U

− 1
2

1 Γ− 1
2

c (22)

with C2′ =
~
B1U

− 1
2

1 Γ− 1
2

c + F
~
B3U

− 1
2

1 Γ− 1
2

c ).

In the sameway, we candefinea secondLTV systemT, suchthat,� v y  = � r u  T (23)

T hasthe statespacerepresentation,

xZ−1 = x(A +
~
B1U−1

1 B1) + rΓ
1
2
c U

− 1
2

1 B1 + u(
~
B3U−1

1 B1 + B2)

v = −xFU
1
2
2 + + uU

1
2
2

y = x(C2 +
~
B1U−1

1 D12) + rΓ
1
2
c U

− 1
2

1 D12 + u(
~
B3U−1

1 D12 + D22)

denotedcompactlyas,

xZ−1 = xA + rB1 + uB2

v = xC1 + + uD21

y = xC2 + rD12 + uD22

(24)

5.2. An intermediate robust state reconstruction problem for the LTV systemT.

For the LTV systemT, given by the statespacerealizationin Eq. (24), our aim of this sectionis to

designan observerK to reconstructthe quantityxF. Following the outline of section5, the observerK

hasthe statespacerepresentation:

x̂Z−1 = x̂A + uB2 + (y − x̂C2 − uD22)L

u = x̂F
(25)

andthe error ζ = x − x̂ on the reconstructedstatequantitiessatisfies,

ζZ−1 = ζ(A − C2L) + r(B1 − D12L) (26)

With the expressionfor F given as−U3U−1
2 , we canexpressthe outputv of the LTV systemT as:

v = ζU3U
− 1

2
2 = ζC1 (27)

Taking into accountthat the robust static state feedbackproblem of section4 has beensolved, that

the assumptions11(2-3) are satisfiedand thereforethe operatorD
∗
12D12 � 0, we addressthe following

intermediaterobuststatereconstructionproblem: For a given level of disturbanceattenuationΓo � 0,

Γo ∈ � ( � 2, � 2), find (if it exists)a boundedoperatorL, with L ∈ � (� 2, � (−1)), suchthat:

1. The A-operator, A − C2L, of the filter K in Figure3 is a.s.,and
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Figure 3. Block-schematicrepresentationof the intermediaterobuststatereconstructionproblem.

2. The operatorTrv betweenr andv in Figure3 with realization
�
A − C2L,B1 − D12L,C1, 0 � satisfies:

ΓoI − T
∗
rvTrv � 0

A solutionto this intermediateproblemis providedby the observabledual of Theorem9. This solution

is summarizedin the next Theorem,statedwithout proof.

Theorem 12. Let T be a locally finite operatorwith staterealization(24) andsatisfyingAssumptions

11(2-3). Furthermore, let Γo ∈ � ( � 2, � 2), be a prescribeddisturbanceattenuation level such that

Γo � 0. Thenan operatorL ∈ � (� 2, � (−1)) solvesthe intermediaterobuststatereconstructionproblem

if and only if there existsa solution Mo ∈ � ( � , � ) of

M
(−1)
o = A

∗
MoA + [B

∗
1DE + A

∗
MoCE] " � ΓoI 0

0 0 � − D
∗
EDE − C

∗
EMoCE $ −1

[D
∗
EB1 + C

∗
EMoA] + B

∗
1B1 (28)

with DE = � 0 D12  and CE = � C1 C2  , suchthat

ΓoI − C
∗
1MoC1 � 0, Mois uniqueand ≥ 0

and the operatorA
×
o, definedas:

A
×
o = A + CE " � ΓoI 0

0 0 � − D
∗
EDE − C

∗
EMoCE $ −1

[D
∗
EB1 + C

∗
EMoA]

is a.s. With this solution Mo of Eq. (28), the observergain operatorL is givenas,

L = − � 0 I %" � ΓoI 0

0 0 � − D
∗
EDE − C

∗
EMoCE $ −1

[D
∗
EB1 + C

∗
EMoA] (29)

5.3. A solution to the robust output feedback problem.

The LTV systemP definedin the previoussubsectionhassomeinterestingpropertieshighlighted in the

following Lemma.

Lemma 13. Let the LTV systemP = � P11 P12

P21 P22 � be definedas in Eq. (19), with state space

realizationgiven in Eq. (20), thenthe following conditionshold:

1. P ∈ � 2.
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2. P � I

Γc � P∗ = � Γc

I � .

3. P−1
12 ∈ � .

In the following lemma, we considerLTV systemsP satisfying the conditions1 to 3 of Lemma 13

operatingin closed-loopwith a LTV systemQ asdepictedin Figure4. In this lemma,we makeuseof

Figure 4. Closed-loopconfigurationof a LTV systemP satisfyingthe conditionsof Lemma 18 with a

LTV systemQ.

the following definitionof internalstability.

Definition 14. Theclosed-loopconfigurationdepictedin Figure 4 is internally stableif and only if,

Twz ∈ � , Twr ∈ � , Twv ∈ � andQ ∈ �
Lemma 15. Let P = � P11 P12

P21 P22 � be a givenLTV systemsatisfyingthe conditions1 to 3 of Lemma

13. Let Q ∈ � . Then,the systemis internally stable,well-posedand ΓcI − TwzT∗
wz � 0 if and only if

ΓcI − QQ∗ � 0

Proof (⇐) From the relationship � z r  = � w v  P andv = rQ, we derive,

r = wP12(I − QP22)−1 = wTwr

v = wP12(I − QP22)−1Q = wTwrQ

z = w � P11 + P12(I − QP22)−1QP21 (30)

SinceP � I

Γc � P∗ = � Γc

I � , it follows that P22ΓcP∗
22 = I − P21P∗

21 ≤ I. Hence,I ≥ P22ΓcP∗
22 �

P22QQ∗P22 and (I − QP22)−1 ∈ � . Therefore,the closed-loopsystemis well posed.SinceP ∈ � 2 and

Q ∈ � , internalstability follows.

Again, from the propertyP � I

Γc � P∗ = � Γc

I � , we derivethat,

zz∗ + rΓcr∗ = wΓcw∗ + vv∗

Using the definitionof r andv in termsof w asgiven in Eq. (30), this is equivalentto,

zz∗ = w & ΓcI + TwrQQ∗T∗
wr − TwrΓcT∗

wr ' w∗

11



= w & ΓcI − Twr(ΓcI − QQ∗)T∗
wr ' w∗

SinceΓcI − QQ∗ � 0 andTwr , T−1
wr areboth in � , it follows that,

zz∗ < wΓcw∗

for ∀w /=0. This is equivalentto,

ΓcI − TwzT∗
wz � 0

(⇒) Supposethereexistsa non-zero� 2 sequencer definingthe � 2 sequencesv = rQ, w = r(I − QP22)P−1
12

andz = wTwz, suchthat,

vv∗ − rΓcr∗ ≥ 0

Then, the relationshipP � I

Γc � P∗ = � Γc

I � , showsthat,

zz∗ − wΓcw∗ = vv∗ − rΓcr∗ ≥ 0

And therefore,thereexistsan � 2 sequencew, suchthat,

w(TwzT∗
wz − ΓcI)w∗ ≥ 0

However, this is a contradictionandthe lemmais proved.

The aboveLemma is the key towardsthe solutionof the robustoutput feedbackproblem. In order to

apply this Lemma,we considerthe feedbackconfigurationin Figure4 with the LTV systemQ replaced

by the LTV systemof Figure3. This is depictedin our final Figure 5. The solutionto robustoutput

feedbackproblemis summarizedin our final Theorem.

Figure 5. Block-schematicrepresentationof the solutionto robustoutputfeedbackproblem.

Theorem 16. Let T bea locally finite operatorwith statespacerealizationin Eqs. (12) andsatisfying

theAssumptions11. Furthermore, let Γc = γI � 1 bea prescribeddisturbanceattenuationlevelwith γ > 0.

For this Γc, let Mc be a solutionto theRiccati equation(10) satisfyingthe conditionsof Theorem9. Let

this Mc definethe statespacerepresentationof the LTV systemT as in Eq. (24). Let Γo = γI � 2 and let

Mo be a solutionto the Riccati equation(28) satisfyingthe conditionsstatedin Theorem 12, then the

controller K definedin Eq. (25) by the observergain operator L of Eq. (29) solvesthe robustoutput

12



feedbackproblem.

Proof In additionto thesystemT, theoperatorMc definestheLTV systemP in Figure5 with statespace

representationasin Eq. (20). Sincethis systemP satisfiesconditions1 to 3 of Lemma13, we only have

to showthat the LTV systemwithin the dashedbox of Figure5 satisfiesthe conditionsstipulatedon the

LTV systemQ in Lemma15, in order to apply this Lemma. Theseare:

1. ΓcI − TrvT
∗
rv � 0: SincethesolutionMo of Theorem12 guaranteesthatΓoI − T

∗
rvTrv � 0 andsince

Γc = γI � 1 andΓo = γI � 2, the identity,� ΓcI − TrvT
∗
rv  −1

= Γ−1
c � I + Trv(ΓoI − T

∗
rvTrv)−1T

∗
rv 

showsthat this conditionholds.

2. Trv ∈ � : To showthat theoperatorTrv belongsto � , we derivea statespacerepresentationof this

operator. Recall the statespacerealizationfor T in Eq. (24) with u = x̂F:

xZ−1 = xA + rB1 + x̂FB2

v = xC1 + + x̂FD21

y = xC2 + rD12 + x̂FD22

Substituting the last outputequationin the stateequation(25) for the observer K yields:

x̂Z−1 = x̂A + x̂FB2 + (xC2 − x̂C2 + rD12)L

And therefore,the statespacerepresentationfor Trv becomes:� xZ−1 x̂Z−1  = � x x̂  � A C2L

FB2 A + FB2 − C2L � + r � B1 D12L 
v = � x x̂  � C1

FD21 �
We now performthe following constantsimilarity transformationto this staterealization:()*

I I

I

I

+-,. ()*
A C2L C1

FB2 A + FB2 − C2L FD21

B1 D12L

+-,. ()*
I −I

I

I

+-,. =()*
A + FB2 0 C1 + FD21

FB2 A − C2L FD21

B1 −B1 + D12L

+ ,.
From this staterepresentationwe concludethat Trv is in � if A + FB2 is a.s and A − C2L is a.s.

The latter conditionis guaranteedby the solution Mo in Theorem12. The first conditionholdsby

Theorem9, sinceby the definitionof the quantitiesA andB2 in Eq. (24):

A + FB2 = A +
~
B1U−1

1 B1 + F
~
B3U−1

1 B1 + FB2

andthe right handsideequalsthe operatorA×
c definedin Theorem9.

13



Hence,we concludeby Lemma 15, that with the controller K, the closed-loopsystemin Figure 5 is

well-posed,internallystableandsatisfies,

ΓcI − TwzT∗
wz � 0

6. CONCLUDING REMARKS.

The ∞-horizonrobustoutputfeedbackcontrolproblemfor LTV systemsunderstandardassumptionshas

beenaddressedin the presentpaper. The strategyof the solution follows that outlined in the keynote

paper[1]. However, contraryto [1], whichderivesasolutionfor thecontinuoustime-invariantcounterpart

basedon operatortheoreticresultsof mixed Hankel-Toeplitz operators,the boundedreal lemma in the

propertime-varyingcontextplaysthe key role in solving the robustoutputfeedbackproblem.

Taking into accountthat the latter lamm playsa fundamentalrole in the solutionof a large numberof
engineeringproblems,suchasdemonstratede.g. in [21] for the time-invariantcaseandlater on in [22]
for the time-variantcase,it might be expectedthat thesolutiondevisedin this way becomesmoreeasily
accessibleto the practitionerengineerinterestedin the theoreticalbackground.
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