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A SubspaceApproachto Blind Space-TimeSignal
Processingfor WirelessCommunicationSystems

Alle-JanvanderVeen,ShilpaTalwar, andA. Paulraj

Abstract—The two key limiting factors facing wireless systems today are
multipath interference and multiuser interference. In this context, a chal-
lenging signal processing problem is the joint space-time equalization of
multiple digital signals transmitted over multipath channels. We propose
a blind approach which does not use training sets to estimate the transmit-
ted signals and the space-time channel. Instead, this approach takes advan-
tage of spatial and temporal oversampling techniques and the finite alpha-
bet property of digital signals to determine the user symbol sequences. The
problem of channels with largely differing and ill-defined delay spreads is
discussed. The proposed approach is tested on actual channel data.

I . INTRODUCTION

A challengingproblemin signalprocessingis theblind joint
space-timeequalizationof multiple digital signalstransmitted
overmultipathchannels.An importantareawheresucha prob-
lemarisesis wireless(mobile)communications.Considerasce-
nariowhereseveralusersaretrying to talk to a centralbasesta-
tion, which hasseveralantennas(viz. figure 1). A space-time
equalizerat thebasestationcombinestwo signalprocessingas-
pects:equalization (or echocanceling)to combattheintersym-
bol interferencedueto large-delaymultipath,andsource separa-
tion to combatco-channelinterference(CCI).TheCCI mightbe
interferingsignalsatthesamefrequencyfromneighboringcom-
municationcells,or wemight intentionallyallow multipleusers
at thesamefrequency, in orderto increasethesystemcapacity.
ThelatterisknownasSDMA: spacedivisionmultipleaccess,be-
causeit essentiallyseparatesusersbasedondifferencesin loca-
tion.

CurrentcommunicationsystemssuchasIS-54andGSM re-
quire someamountof equalization(up to 5 symbolperiodsin
GSM,andupto 1 symbolperiodin IS-54),butarenotdesigned
to handleco-channelusers. To assist“classical” single-user
channelidentificationalgorithms,afair numberof trainingsym-
bols are incorporatedin the datapackets. However, in recent
yearsit becamegraduallyknownthatdigital signalscanalsobe
separatedandequalizedblindly, i.e. without theaid of training
sequences,by exploitingtheunderlyingstructureof thesignals.
Althoughtheuseof trainingsequencesis aninherentlymorero-
bustway to estimatethe channel,thereareseveralreasonsfor
studyingblind algorithms,asidefrom theobviousacademicand
military motivations.Mostnotably, addingunnecessarytraining
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Fig. 1. Multiray scenarioin wirelesscommunications

bits is a directwasteof theavailablebandwidth.Also, training
is not efficient in rapidly time-varyingchannels,or in protocols
with very small datapackages,suchas the uplink of wireless
teletypesin PCSor in distributednetworks. Training requires
synchronization,which is not alwaysavailableor feasiblein
multi-userscenarios.Finally, the insightsgainedarealsoap-
plicableto othersystemssuchasCDMA, whereit mightbeused
to improvethenear-far resistance.

Blind algorithmshavenow becomea very active research
area,in particularin the contextof digital communicationsig-
nals,wherethereareseveralleveragesfor solvingtheblindFIR-
MIMO1 identificationproblemconsideredin thispaper. Forex-
ample,the fixed symbol rate of digital signalsin combination
with linearchannels,multipleantennasandoversamplingallows
to blindly synchronizeandequalize(but not separate)suchsig-
nals.Statistically, oversamplingdigital signalsgivesriseto cy-
clostationarityof thespectrum[3]. Tong,Xu andKailath were
thefirst to realizethatcyclostationarityallowstheidentification
of non-minimumphaseFIR-SISOchannelsfrom second-order
statistics[4,5]. In adeterministicdiscrete-timesetting,theprop-
erty leadsto structured(Toeplitz)matricesandhasinspiredsev-
eral subspace-basedalgorithms[6–9]. A seconduseful prop-
erty is the finite alphabet (FA) structureof digital signals. For
equalization,this hasbeenexploitedin decision-directedadap-
tive algorithms[10–13] andalsoin joint channelestimationand
sequencedetection[14,15]. Severaliterativealgorithmsfor the
separationof instantaneoussuperpositions(“I-MIMO”) 2 of fi-
nite alphabetsignalswereoriginally proposedby Talwaret al.
[16–18]; an algorithmbasedon expectationmaximizationap-
pearedin [19]. Thetwo propertiesarein fact readilycombined
into onealgorithmto solvetheFIR-MIMO problem,aswasdis-
coveredindependentlyby Liu andXu [20,21] andthe present
authors[1,2]. Relatedwork on blind FIR-MIMO identification

1FIR-MIMO = finite impulseresponse,multiple inputs,multipleoutputs
2I-MIMO = instantaneoussuperpositions,multiple inputs,multipleoutputs
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wascarriedout in parallelby Abed-Meraimetal. aswell [22].
Many othersignalpropertiescanalsobeusedfor blind esti-

mation,for examplesourceindependenceandhigh-orderstatis-
tical properties,andconstantmodulusproperties. In addition,
the spatialpropertiesof the receivingantennaarray might be
known,which allowssignalseparationbasedon differencesin
directions-of-arrival,providedthe numberof antennasis large
enough[23]. Assumingamultiraypropagationscenario,knowl-
edgeof boththepulse-shapefunctionandthearraymanifoldal-
lows a joint delayandangleestimationof all propagationpaths
(viz. [24,25]).

Contributions

In this paper, we considertheFIR-MIMO sourceseparation
andequalizationproblem.We assumeall sourcestransmitdigi-
tal communicationsignalswith thesamesymbolrateandalpha-
bet,bothof whichareknownapriori. Themeasureddatais ob-
tainedfromaclusterof fractionallysampledantennas.Wedonot
assumeknowledgeof theantennaarray, mainly becausewe do
not attemptto resolvetheindividual directionsof theincoming
rays.

Theproposedmethodsaresubspace-basedblock-algorithms
andattemptto provideastructuredfactorizationof thedatama-
trix into a channelmatrix timesa symbolmatrix. Theconstant
symbolratetranslatestoablock-Toeplitzstructureof thesymbol
matrix,which is sufficient for equalization.We rely stronglyon
thefinite alphabetpropertyfor theseparationof the individual
signals,andto someextentalsofor theequalization.

The outline of the paperis as follows. The datamodel for
theFIR-MIMO scenariois presentedin sectionII. Maximum-
likelihoodtechniquesfor blindsequenceestimationarenotcom-
putationallyfeasible. As an alternative,a subspace-basedap-
proachis presentedin sectionIII. A proof of identifiability and
someinsightinto theunderlyingsubspaceintersectionmethodis
givenin sectionIV, aswell asacomparisonamongafewalterna-
tive methodsvia computersimulation.In sectionV, weindicate
problemsthatoccurwith subspaceintersectiontechniquesif the
channellengthsarenotwell-defined,andsuggesta possibleso-
lution. Finally, in sectionVI, theproposedalgorithmis testedon
simulateddatabasedonactualwirelessindoorchannels.

Thepaperencompassespreliminaryshortversions[1,2]. Dur-
ing review, the full versionof Liu andXu’s approach[20,21]
appearedin [26]. Althoughtheoriginal methodsusedarequite
identical,thepresentpaperextendsbeyond[26] by providinga
significantlymoreefficient implementation,comparingthepro-
posedapproachto a similar techniquein which the channelis
identifiedfirst andsubsequentlyinverted(cf. [7]), andaddress-
ing thecasewith differingandill-definedchannellengths.

Notation

Lower casebold, as in x, denotesvectors. For a matrix A,
AT is the transpose,A∗ is thecomplexconjugatetranspose,A†

is theMoore-Penrosepseudo-inverse,col � A � androw � A � denote
thecolumnspanandrow spanof A, and � A � F is theFrobenius
normof A. vec � A � is the‘vectoring’ operationwhichstacksall
columnsof A in asinglevector, and⊗ is theKroneckerproduct.

I I . DATA MODEL

An arrayof M sensors,with outputsx1 � t ��� ··· � xM � t � , receives
d digital signalss1 � t ��� ··· � sd � t � , eachof which is describedas
a sequenceof dirac pulses,s j � t �
	 ∑∞

k � −∞ s j � kδ � t − kT �� For
convenience,we assumethe symbol rate T is normalizedto
T 	 1, and the digital symbolss j � n belongto a known finite
alphabetΩ 	 {±1 � ±3 ������ ± � NΩ − 1� } for real signals,or Ω 	
{±1 � ±3 ������ ± � NΩ −1� } ⊕ {± j � ± j3 ������ ± j � NΩ −1� } for complex
signals.Thewaveformreceivedat thearrayconsistsof multi-
ple pathspersignal,with echosarriving from differentangles,
with differentdelaysandattenuations.Theimpulseresponseof
the channelfrom the j-th sourceto the i-th sensor, hi j � t � , is a
convolutionof thepulseshapingfilter g j � t � andtheactualchan-
nel from s j � t � to xi � t � . We includeanypropagationdelaysand
delaysdueto asynchronoussignalsin hi j � t � . Thedatamodelis
writtencompactlyastheconvolutionx � t ��	 H � t � ∗ s � t ��� where

x � t ��	 ��� x1 � t �
...

xM � t �
���� � H � t ��	 ��� h11 � t � ··· h1d � t �

...
...

hM1 � t � ··· hMd � t �
���� �

s � t ��	 ��� s1 � t �
...

sd � t �
� �� 

It is commonto assumeat this point thatall M channelshi j � t �
areFIR filtersof lengthatmostL j ∈ |N :

hi j � t ��	 0 � t �∈ � 0 � L j ��� i 	 1 � ··· � M; j 	 1 � ··· � d 
Themaximalchannellengthamongall sourcesisdenotedbyL 	
maxj L j. An immediateconsequenceof theFIR assumptionis
that, at any given moment,at mostL j consecutivesymbolsof
signal j playarolein x � t � . Indeed,for t 	 n � τ, wheren ∈ ZZ and
0 ≤ τ � 1, theconvolutionxi � t ��	 ∑ j hi j ∗ s j � t � canbeexpressed
as

xi � n � τ � 	 L1−1

∑
k � 0

hi1 � k � τ � s1 � n−k � ··· � Ld−1

∑
k � 0

hid � k � τ � sd � n−k  (1)

For simplicity of the exposition,we initially assumethat all
channelshavethesamelengthL, andgeneralizelateron.

Supposewesampleeachxi � t � atarateP ∈ |N , whereP is the
oversamplingfactor, andcollectsamplesduringN symbolperi-
ods,thenwecanconstructa datamatrixX as

X 	 � x0 ··· xN−1 !
: 	 ����� x � 0� x � 1� ··· x � N − 1�

x � 1
P � x � 1 � 1

P � ·
...

...
x � P−1

P � · ··· x � N − 1 � P−1
P �

� ���� 
Thek-th columnxk of X containstheMP spatialandtemporal
samplestakenduring the k-th interval. Basedon themodelof
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xi � t � in (1), it follows thatX hasa factorization

X 	 H " L

H 	 ����� H � 0� H � 1� ··· H � L − 1�
H � 1

P � · ·
...

...
H � P−1

P � · ··· H � L − 1
P �
� ����

SL 	
��������

s0 s1
... sN−2 sN−1

...
...

...
... sN−2

s−L # 2 s−L # 3
...

...
...

s−L # 1 s−L # 2
...

... sN−L

� ������� 
H : MP × dL �$" L : dL × N

(2)

Thematrix H representstheunknownspace-timechannel,and
theblock-Toeplitzmatrix "%	&" L containsthetransmittedsymbols.3

For generality, we haveassumedthat the measuredblock of
datastartswhile thetransmissionof eachof thesignalswasal-
readyin progress,i.e. x0 is determinedby previoussymbols
s−L # 1 � ··· � s−1 aswell as s0. A similar assumptionis madeon
xN−1. Notethatif thechannelsdonotall havethesamelengthL,
thencertaincolumnsof H areequaltozero.GivenX, ourgoalin
blindestimationis tofindH and" suchthat " isablock-Toeplitz
matrix,andthesymbolsin " satisfythefinite alphabetproperty.

If thesourcealphabetis real,thenit is customarytowork with
a real-valueddatamodelby redefining(with someabuseof no-
tation)

X : 	(' real� X �
imag� X �*) � H : 	(' real� H �

imag� H �+)  (3)

This effectively doublesthe numberof observablesMP while
halvingthenoisepoweroneachentry.

Thealgorithmswhichweconsiderin thispaperrelyontheex-
istenceof a“filtering matrix” W suchthatWX 	," . Thisimplies
thattherowspanof " isequalto(orcontainedin) therowspanof
X. For this to betrue,it is necessarythatH hasfull columnrank
which impliesthatMP ≥ dL. This mayput unduerequirements
on thenumberof antennasor oversamplingrate.However, it is
possibleto easethisconditionby makinguseof time-invariance
andthestructureof " . ExtendingX to ablock-Hankelmatrixby
left-shifting andstackingm times(asdiscussedlater, m canbe
viewedasanequalizerlength,measuredin symbolperiods),we
obtain

-
m 	 ���� x0 x1 ..

.
xN−m

x1 x2 ..
.

..
.

..
.

..
.

..
.

xN−2
xm−1 ..

.
xN−2 xN−1

�����
mMP × � N − m � 1��

3ThesubscriptL denotesthenumberof block rowsin . . Weusuallyomit the
subscriptif thisdoesnot leadto confusion.

Thisaugmenteddatamatrix
-

m hasa factorization-
m 	0/ m " L # m−1

	 ���� 0 H
..

.
..

.

H
H 0

�����
�������

sm−1
... sN−2 sN−1

...
...

... sN−2

s−L # 2s−L # 3
...

...

s−L # 1s−L # 2
... sN−L−m # 1

��������/ m : mMP × d � L � m − 1���" L # m−1 : d � L � m − 1� × � N− m � 1�
(4)

(them shiftsof H to the left areeachoverd positions)andthe
objectivebecomes,for given

-
, to determinefactors / and "

of theindicatedstructuresuchthattheentriesof " belongto the
finite alphabet.As weshowin thesequel,identificationis possi-
ble if this is a minimal-rankfactorization.Necessary conditions
for

-
tohaveauniquefactorization

- 	1/*" arethat / isa‘tall’
matrixand " is a ‘wide’ matrix,which for L 2 1 leadsto

MP 2 d

m ≥
dL − d
MP − d

N 2 dL �3� d � 1�4� m − 1�� (5)

Givensufficientdata,only MP 2 d posesa fundamentalidenti-
fiability restriction.

Note that theseconditionsarenot sufficient for / and " to
havefull rank.Onecasewhere/ doesnothavefull rankiswhen
thechannelsdonothaveequallengths,in whichcasetherankof-

is atmost∑L j � d � m − 1� . Ill-conditionedcasesmight occur
whenthechannelsarebandwidthlimited,sothatsamplingfaster
thantheNyquistratedoesnotprovideindependentlinearcombi-
nationsof thesamesymbols.In principle,themaximaleffective
P is givenby the ratio of the Nyquist rateandthesymbolrate
[27]. (Theremaybeotherpracticalreasonsto selecta largerP,
e.g.,to correctfor errorsin carrierrecovery. This is not consid-
eredhere.)

ForSISOmodels,theconditionthat / m is of full rankis usu-
ally formulatedin termsof “commonzeros”:if thez-transforms
hi � z � of therowsof H donothavearootin common,then/ m has
full columnrankfor at leastall m ≥ L (viz. e.g.[7,26]). For ar-
bitrarychannels,this technicalconditionholdsalmostsurely. In
theFIR-MIMO case,thecorrespondingrequirementis thatH � z �
is “irreducibleandcolumnreduced”(viz. [22]).

I I I . SUBSPACE-BASED APPROACHES

Accordingto theprevioussection,thebasicproblemin solv-
ing theblindFIR-MIMO problemis, for agivenmatrixX, tofind
afactorizationX 	 H " , where" ≡ " L is block-Toeplitzwith en-
tries �5"6� i j ∈ Ω. If weassumethatthedatamatrixX is corrupted
by additivewhiteGaussiannoise,thenthemaximumlikelihood
criterionyieldsthenonlinearleastsquaresminimizationproblem

min
H �87 ∈Ω: block-Toeplitz

� X − H "
� 2F  (6)

To find anexactsolutionof thisnonlinearoptimizationproblem
is computationallyformidable.It is possibleto approachtheop-
timumvia iterativetechniquesthatalternatinglyestimateH and" , startingfrom someinitial estimatefor H [28]. Thisapproach
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Fig. 2. Multistageequalization/separation filter

is still computationallyexpensivedueto therepeatedenumera-
tion of all possiblesequencesof lengthL usingthe Viterbi al-
gorithm. In addition,theinitial pointhasto bequiteaccuratein
orderto convergeto theglobalminimum,ratherthanoneof the
numerouslocalminima.

The subspace-basedapproachesderivedin this sectionsim-
plify theproblemby breakingit up into two subproblems.Sup-
posethat thechannelshaveequallengthsL andthat thecondi-
tions(5) aresatisfied.Then/ full columnrank ⇒ row � - ��	 row �5"6�" full row rank ⇒ col � - �@	 col �5/%�
To factor

-
into

- 	A/*" , the strategyis to find either " : a
block-Toeplitzmatrixwith a specifiedrow span,or / : a block-
Hankelmatrix with a specifiedcolumnspan.In thescalarcase
(d 	 1 signal),a numberof algorithmshavebeenproposedfor
doing the latter, in particular[7, 8], andit is straightforwardto
extendthesealgorithmsto the vectorcase(d 2 1), presuming
thechannellengthsareall equal.However, for d 2 1 subspace
informationaloneleadsto anambiguity:

- 	B�C/ D−1 ��� D "6� is
a factorizationwith thesamesubspaces,for D 	 diag� A � ··· � A !
andA anyinvertibled × d matrix. Thisambiguityis resolvedin
asecondstep,by takingadvantageof thefinite-alphabetproperty
of thesignals.

We outlinethreeapproaches,onewhich directly estimates"
fromits rowspan,aswasoriginallyproposedin [1,2,20],thenan
entirelyequivalentbutcomputationallymoreattractiveversion,
andfinally anapproachin which / is estimatedfirst. In theab-
senceof noise,all approachesgiveexactresults.Notethatnone
of theseapproachesprovidesa factorization

- 	D/+" in which
both factorsareforcedto havetherequiredToeplitzor Hankel
structure,sothattheyaresuboptimalin thatrespect.

A. Step 1: estimating the row span of "
We work with theextendedmatrix

- 	 -
m in (4). Thefirst

stepin the direct algorithmsis the estimationof an (orthonor-
mal) basisof the row spanof "E	F" L # m−1 from the row span
of

-
. Suppose,asbefore,thatthechannelshaveequallengths,

equation(5) holds,and/ hasfull columnrank.Thenrow � - �G	
row �C"6� , sothatwecandeterminetherow spanof " from thatof-

. This requiresthecomputationof anSVD of
-

,
- 	 UΣV �

whereU � V areunitarymatrices,andΣ is adiagonalmatrixcon-
taining the singularvaluesin nonincreasingorder[29]. With-
out noise,the rankd H of

-
is equalto thenumberof nonzero

singularvalues,andwe canwrite
- 	 ÛΣ̂V̂ , whereÛ consists

of the first d H columnsof U, Σ̂ is a diagonald H × d H matrix
consistingof thenonzerosingularvalues,andV̂ is thefirst d H
rowsof V thatform anorthonormalbasisfor row � - � . Forwell-
conditionedproblemswith equalchannellengthsL, we expect
d HI	 d � L � m − 1� . If

-
is corruptedby noise,thenthenumer-

ical rank d̂ H of
-

is estimatedby decidinghow manysingular
valuesof

-
areabovethenoiselevel. Theestimatedrow span

V̂ is givenby thefirst d̂ H rowsof V .

If the noiseon
-

is white andi.i.d., with covariancematrix
σ2I, thenÛ asymptoticallyconvergesto a basisfor thecolumn
spanof the noisefree data /*" . For i.i.d. signals, 1

N "J" ∗ → I
(or a multiple thereof),sothat 1

N Σ̂2 asymptoticallyconvergesto
Σ2K � σ2I, whereΣ K containsthesingularvaluesof / . Notethat
V̂ doesnot convergeto its noise-freevaluesinceits dimension
growsalongwith N. However, we canwrite V̂ 	F� Σ̂−1Û∗ ! - , so
thateachcolumnof V̂ is determinedby a linearcombinationof
thecorrespondingcolumnof

-
. Becauseof theHankelstructure

of
-

, this columncontainssamplesfrom m consecutivesym-
bol periods.Hencethematrix multiplicationcanbeviewedas
anFIR filter, wherem is theequalizerlength,andtherowsof V̂
canbeviewedasanew, filtereddataset.This is depictedin fig-
ure2, wherewehavejust coveredthefirst stage(of three).The
filter coefficientsaregivenby theentriesof � Σ̂−1Û∗ ! . Themain
purposeof suchasubspacefilter is dimensionalityreduction,al-
thoughwewill usetheorthonormalityof V̂ aswell.

Computingthe SVD of an mMP × � N − m � matrix requires
about3 � mMP � 2 � N−m �L� 10� mMP � 3 operations[29]. It is possi-
ble to replacetheSVD by computationallymoreefficientadap-
tive subspacetrackingalgorithms,which updatethefilter coef-
ficientsasmoreandmorecolumnsof

-
aretakeninto account.

Severalupdatingalgorithmsareavailable,seefor example[30–
32].

B. Step 2: forcing the Toeplitz property of "
Thenextstepin computingthestructuredfactorization

- 	/*" is to find a descriptionof all possiblematrices"M	N" L # m−1
thathavea block-Toeplitzstructurewith L � m − 1 block rows,
andaresuchthatrow �5"6�G	 row � - � . Thelatterconditioncanbe
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trueonly if eachrow of " is in therow spanof
-

:� sm−1 sm ··· sN−1 ! ∈ row � - �� sm−2 sm−1 ··· sN−2 ! ∈ row � - �
...� s−L # 1 s−L # 2 ··· sN− O L # m−1P ! ∈ row � - � (7)

TheseL � m − 1 conditionscanbealignedto apply to a single
block-vectorin severalways.We chooseto work with

S : 	3" 1 	Q� s−L # 1 s−L # 2 ··· sN−1 ! �
which is thegeneratorof the Toeplitzmatrix " . HenceS is in
theintersection of therow spanof

-
andshiftsof this row span

(suitablyembeddedwith zeros).Alternatively, we cansaythat
S is orthogonalto the union of the complementsof theserow
spans.This leadsto astandardprocedureto enforcetheToeplitz
propertyof " , andwasoriginally usedin [1,20]. Wewill briefly
describethemethodfor reference,andthenshowhowrow span
intersectionsarecomputationallymoreefficientin producingex-
actly thesameresult.

Null spaceunion

LetG beamatrixwhosecolumnsconstituteabasisfor ker� - � ,
i.e., G is thecomplementof V̂ andcanbedeterminedfrom the
SVD of

-
. If / hasfull columnrank, thenG hasdimensions� N − m � 1� × � N − m � 1− d � L � m − 1���R	 : mG × NG. Moreover,-

G 	 0 ⇒ " G 	 0. Usingthefact that " is block-Toeplitz,we
obtain " G 	 0 ⇔ SGT O L P 	 0 �

GT O STP : 	
�����������

0
G

G
...
...
... G

0

������������� N �VU − 1� × NG �CU�� m − 1��
(8)

The numberof block-columnsof GT O STP is equalto UW� m − 1,
whereU is a parameterchosenequalto thechannellengthL (or
maybesmaller, aswe will proposelater). Theblocksareeach
shifteddownoveroneposition.

If GT O L P is a wide matrix (this givesadditionalconditionson
m andN), thenker� G∗

T O L P � determinesS, butonly up to a left in-
vertibled ×d matrixA, becauseY 	 AS alsosatisfiesYGT O L P 	 0.
Given GT O L P , we takeY to be a matrix whoserows form a ba-
sis for ker� G∗

T O L P � . Hence,theToeplitzmatrix " is determined
uniquelyup to multiplicationat theright by D 	 diag� T � ··· � T ! .
Now, to identify S, we haveto find the factorizationY 	 AS,
which, in thecaseof finite alphabetsignals,canbedoneusinga
suitableI-MIMO signalseparationalgorithm,asoutlinedin sec-
tion III-C below.

The computationof ker� G∗
T O L P � calls for an SVD of GT O L P ,

whichisamatrixwith dimensionsof orderN×N � L � m � . Hence,
thisapproachrequiresorderN3 � L � m � operations,which is not
feasiblefor N 2 50 or so. It is possibleto alleviatethecompu-
tationalrequirementsasweneedonly thed basisvectorsin the

null space,whichdoesnotrequirea full SVD. E.g.,a“spherical
subspace”updatingalgorithm,if applicable,wouldyield acom-
plexity of roughlydN2 � L � m � .
Rowspanintersections

We againconsiderequations(7), and let V̂ be a basisfor
row � - � asdeterminedin thefirst step.Define

V̂ O k P : 	 �� 0 V̂ 0
Ik−1 0 0
0 0 In−k

�� � (9)

wherewetaken 	 L � m − 1 for now, althoughwewill consider
othervaluesfor n later. Theconditionsin (7) canberealigned
into

S ∈ rowV̂ O 1P � V̂ O 1P 	 ' V̂ 0
0 IL # m−2 ) �

S ∈ rowV̂ O 2P � V̂ O 2P 	 �� 0 V̂ 0
1 0 0
0 0 IL # m−3

�� �
...

S ∈ rowV̂ O L # m−1P � V̂ O L # m−1P 	X' 0 V̂
IL # m−2 0 ) 

(10)

Indeed,theidentitymatricesin eachV̂ O k P reflectthefact that,at
that point, thereareno rangeconditionson the corresponding
columnsof S. Thus,S is in the intersectionof therow spansof
V̂ O 1P till V̂ O L # m−1P , andtheproblemis oneof determiningabasis
for the intersectionof a setof givensubspaces.Oneapproach,
aswe sawin the previoussubsection,is to computethe union
of thecomplementsof thesubspaces,andtakethecomplement
again.However, it is possibletocomputesubspaceintersections
without formingcomplements.To thisend,weusethefact that,
for orthonormal basesV̂ O k P in (9), preciselythesamesubspace
intersectionis obtainedby computingtheright singularvectors
of a matrix formedby stackingthebasisvectors(seeAppendix
A), i.e.,by computinganSVD of�� V̂ O 1P

...
V̂ O L # m−1P ��  (11)

More conveniently, (for n intersections,n 	 L � m − 1), we can
computetheSVD of

V̂

V̂

VT O n P : 	 ...
...

V̂

J1

J2

n

0

0

0

0

(12)

wherethen copiesof V̂ areeachshiftedover1 entryand

J1 	 ���� Y
n − 1 0... Y

2
0 1

����� � J2 	 ���� 1 0Y
2...

0
Y

n − 1

����� 
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The matricesJ1 � J2 summarizethe identity matricespresentin
{V̂ O k P }, which is possiblebecausewe areonly interestedin the
singularvaluesandright singularvectorsof VT O n P , andthesedo
not changeby replacingthestackof identity matricesby J1 � J2.
Thisis immediatelyseenby lookingatV∗

T O n P VT O n P , andobserving
thatit is thesameasthesquareof (11).

Theestimatedbasisfor theintersectionY is givenby theright
singularvectorsof VT O n P thatcorrespondto the largest singular
valuesof VT O n P : by AppendixA, thosethatareequalto

Y
n (if

thereis nonoise).As wewill motivatelaterin sectionIV-D, the
nextlargestsingularvaluesarecloseto

Y
n − 1. Thus,theISI fil-

teringprocessisbasedondistinguishingsingularvaluesbetweenY
n and

Y
n − 1. It is clearthat,for largen, this becomesa deli-

catematter. This motivatesusto keepn 	 L � m − 1 small,i.e.,
not to makethestackingparameterm largerthannecessary.

TherelationbetweenVT andGT in (8) is (cf. AppendixA)

V∗
T O n P VT O n P � GT O STP G∗

T O STP 	 nI � n 	MU�� m − 1�� (13)

Hence,theright singularvectorsof VT O ST# m−1P andG∗
T O STP arepair-

wise identical, exceptfor a reversalin ordering. Also, their
squaredsingularvaluespairwiseaddup to n. This is indepen-
dentof anynoiseinfluence,andentirelycausedby thefact that
we took V̂ andG∗ to be orthonormal basesof complementary
subspaces.Hence,the null spanunion methodis just asdeli-
cate: two methodsgive exactly the sameresultsandhavethe
samerobustnessandsensitivityto noise.

We let d̂S denotethe dimensionof Y , the estimatedbasisof
the intersection.Underthe (noise-free)conditionsspecifiedin
sectionIV-A below, with n 	 L � m − 1 intersections,we obtain
d̂S 	 d, i.e.,theintersectingsubspaceispreciselyd-dimensional.
This impliesthatS 	 TY for someinvertibled × d matrix T .

With noise,we follow thesameprocedure.We would like to
solve "I	 arg min7 :blockToeplitz

dist2 � row �C"Z��� row � - ���
where‘dist’ denotesthe distancebetweentwo subspaces[29].
Directly finding a solutionto this optimizationproblemis not
feasible. Instead,we find a generatorS for theToeplitzmatrix
by solving

S 	 argmin
S

L # m−1

∑
k � 1

dist2 � row � S ��� row � V̂ O k P ����� (14)

whichdeterminesamatrixS suchthattherow spanof eachseg-
mentof S isascloseto therowspanof V̂ aspossible.Thetwoop-
timizationproblemsarenotpreciselythesame.Thesolutionof
(14)isgivenin termsof theSVDofVT O n P , andisequalto theright
singularvectorscorrespondingto thelargestd̂S singularvalues
of thismatrix: thosethatarecloseto

Y
n andlargerthan

Y
n − 1.

Thus,theproposedintersectionalgorithmsolvesthesecondop-
timizationproblem.

In figure 2, the secondstageindicateshow VT O n P is formed
from V̂ andn − 1 delaysof V̂ , andthatthebasisY is obtainedby
linearcombinationsof therowsof VT O n P . Thecoefficientsof the
filter areobtainedfrom theU- andΣ-matrix of theSVD of VT ,
similar to thefirst stage.ThematricesJ1 � J2 areignoredin the

figure,astheyonly play a role in thefirst andlast few columns
of a blockof data,andnotduringthefiltering processitself.

If we taken 	 L � m − 1, thenVT O n P hasdimensions� d � L �
m − 1� 2 � 2 � L � m − 2��� × � N � L − 1� . UsinganSVD, this gives
the subspaceintersectionalgorithma complexityof [*� d2 � L �
m � 4N � , which is linearin N. Similar to stage1, wecanconsider
anupdatingimplementationof thisstageaswell, althoughthere-
quiredorthonormalityof theinputsignalsto thisstagegivesrise
to someinterestingcomplications.A sphericalsubspacetracker,
if applicable,would yield a complexityof orderd2 � L � m � 2N.
An investigationof thedetailsis beyondthescopeof thepaper.

If thecomplexityof the intersectionstepis too large, it may
beinterestingto consideramultistageintersectionapproach.In-
steadof computingthejoint intersectionof L � m − 1 subspaces,
which requiresa stackof n 	 L � m − 1 shifts of V̂ , we may
placee.g.,two intersectionstagesin cascade,eachconsistingof
a joint intersectionof n 	 1

2 � L � m − 1� subspaces.Likewise,
it is ultimatelypossibleto haveL � m − 1 stages,eachconsist-
ing of onepairwiseintersection.This reducesthecomplexityto[+� d2 � L � m � 3N � , andwithout noise,the result is preciselythe
sameindependentof thescheme.Numericallyandwith noise,
however, theresultis suboptimalbecauseit is sensitiveto theor-
derin which theintersectionsareperformed.

C. Step 3: Forcing the finite alphabet property

At thispoint,wehaveonlyobtainedabasisY of ad̂S-dimensional
subspacewhichcontainsS 	E� s−L # 1 ··· sN−1 ! . To find S wehave
to determinewhich linearcombinationsof therowsof Y give a
finite alphabetstructure.This problemis a structuredfactoriza-
tion of theform Y 	 AS � Si j ∈ Ω, which is interpretedassepa-
ratinganinstantaneouslinearmixtureof finite alphabetsignals.
Severalalgorithmshavebeenproposedto solvesuchproblems.
In particular, a maximum-likelihood(ML) formulation of the
problemleadsto

min
A � S;Si j∈Ω

� Y − AS � (15)

which is preciselytheproblemstudiedin [16,17]. In thatpaper,
two iterativeblock algorithmsareintroduced,ILSE andILSP,
which aresummarizedbelow. Startingfrom an initial estimate
A O 0P , thealgorithmsproceedasfollows:

ILSE
for k 	 1 � 2 � ···

a. s O k Pi 	 argminsi∈Ω � yi − A O k P si �\� ∀i
b. A O k # 1P 	 YS O k P †

ILSP
for k 	 1 � 2 � ···

a. S O k P 	 ProjΩ ] A O k P †Y ^
b. A O k # 1P 	 YS O k P †

TheoperatorProjΩ denoteselement-wiseprojectiononto theal-
phabetΩ. TheILSE algorithmconvergesto theML estimateof
thepair � A � S � , providedtheinitial estimatefor A is closeto the
truevalue.Solvingstepa in ILSE involvesenumerationoverall
possiblecombinationsof symbols.TheILSP algorithmavoids
theenumerationby replacingit with a least-squaressolvefor S,
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TABLE I

THE ILSF ALGORITHM

In: Y , out: S s.t.S ∈ Ω, S ≈ TY
ChooseT O 0P
for k 	 1 � 2 � ···

a.S O k P 	 projΩ � T O k−1P Y !
b. T O k P 	 S O k P Y†

c. EnsureT O k P is full rank(seetext)
until T O k P − T O k−1P 	 0.

followedby aprojectionontothealphabet.Thisis computation-
ally cheaperbut suboptimal.Unlessthealphabetis BPSKand
thenumberof rowsof Y is small, it is importantto havea rea-
sonablyaccurateinitial estimateof A. Goodinitial pointsare
obtainedby therecentlyintroduced“analyticalconstantmodu-
lusalgorithm”(ACMA) [33], whichisreadilyspecializedtogive
closed-formeigenvalue-basedsolutionsfor simplefinite alpha-
betssuchasBPSKandMSK [34]. Dependingon thematrixdi-
mensionsandnoiselevel, ILSE andILSP usuallyconverge to
a fixed point in lessthan5–10iterations[16]. As mentionedin
theintroduction,severalotherI-MIMO sourceseparationalgo-
rithms aredescribedin the literature,somebasedon different
propertiessuchassourceindependenceorconstantmodulus[18,
19,35–38].

Alternatively, wecanminimizetheMMSE criterion

min
T full rank� S∈Ω

� S − TY � 2 � (16)

which essentiallyfits thesubspaceY to a FA matrix S. An iter-
ative algorithmto solvethis problemis called ‘Iterative Least
Squareswith SubspaceFitting’ (ILSF),andis listedin tableI. It
is very similar to ILSP, but hasthe advantagethat thepseudo-
inverseof the k-th iterateS O k P is avoided,and replacedby a
pseudo-inverseof Y which is constant.SinceY is anorthonor-
malbasis,this inverseis simplyequalto thecomplexconjugate
transpose,Y† 	 Y∗. For a smallnumberof sources,eachitera-
tion requires2Nd2 flops.

Oneaspectof theproblem(16)thatisdifferentfrom(6) is that
weexplicitly requireT to befull rankin orderto guaranteeinde-
pendentrowsof S. Indeed,T shouldbea well-conditionedma-
trix sincethe rows of S becomeorthogonalfor large N (asthe
signalsareuncorrelated).And sinceY is orthogonalaswell, T
is closeto unitary(upto ascaling):it rotatesoneorthogonalba-
sis into another. Hence,T is thesolutionto anorthogonal Pro-
crustes problem[29]. ForcingT to becloseto unitaryprovides
oneway of enforcingindependentsignalsin S. Note that for a
unitarymatrix T , thecriteria(16) and(15) arethesame,sothat
theperformanceof ILSF is quitesimilar to ILSP.

TheILSFstepis thelaststageof thefilter in figure2,with p 	
1 (p 2 1 is consideredin sectionV-C below). Thecoefficients
of thefilter in this stagearetheentriesof T . Similar to ILSP in
[17], it isstraightforwardtoreplaceILSFbyanupdatingversion,
whichoperatesin adecisiondirectedfeedbackmode.

D. Alternative: computation of / first

Insteadof estimating" directly, we canalsofirst estimate/
andinverttheresultingchannelto estimateS. This is potentially

interesting,sincethedimensionsof / do not grow with N, so
thatit canbeestimatedconsistently. Webrieflydescribethepro-
cedure,whichis basicallyanextensionof [7] tomultiplesignals.

Let G _ bea basisof theleft null spaceof
-

m. Assuming" to
beof full rank,wehaveG _ - 	 0 ⇒ G _`/ m 	 0. Write

H 	 : �H0 ··· HL−1 ! � Hi : MP × d
G _ 	 : �G _1 ··· G _m ! � G _i : � mMP − d HW� × MP

ThenG _`/ m 	 0 ⇔��������
G _m 0
...

...
... G _m

G _1 ...
...

...
0 G _1

� �������
��� H0

...
HL−1

� �� 	 0 
If thematrixontheleft is ‘tall’ (thisgivesminimalconditionson
m), thengenericallyits right null spacespecifiesH, upto aright
block-diagonalfactordiag�A � ··· � A ! . ForanysolutionH, theba-
sisY 	a�Y−L # 1 ···YN−1 ! is foundfrom aninversefilter associated
to H as ��� YN−1

...
Y−L # 1

���� 	3/ †
Nx �

wherex 	 vec� X � ≡
-

N is astackof all inputdata.At thispoint,
wearebackat themodelY 	 AS, andtheILSE/P/Falgorithmis
employedto removetheambiguitythatA represents.

Fortheestimationof / , it isonlyrequiredthat " beof full row
rank,which is amild condition.In particular, it is notnecessary
that all channelshaveequallength,althoughcertainmodifica-
tionsarein order(see[22], which alsocontainssomeidentifia-
bility results).

It is unclearwhetheradirectestimationof S is to bepreferred
over an indirect estimationvia / . The former initially forces
only thestructureof " , neglectingthatof / , whereasthelatter
doestheopposite.In general,estimating/ is computationally
easierfor largeN, andcanbedoneconsistently. Ourexperience
with simulations,however, is thatestimatingS directlymightbe
moreaccuratein the presenceof modelmismatch(seesection
IV-E). Also, if thechannellengthsarenot well-defined(i.e. the
FIR assumptionis only approximatelytrue),row spanmethods
canpotentiallyobtainabettermodelfit. This is becausetheydo
not forcezerosin thelower right blockof / , but havethefree-
domto inserttheactual(nonzero)coefficientsinstead.Finally,
withoutgoingintodetails,wementionthattherowspanmethods
arealmostimmediatelyapplicableto moregeneralARMA (ra-
tional)channelmodels,in whichastatespacemodelis assumed.

IV. ASPECTS OF THE ALGORITHM

A. Identifiability

Doestheintersection/FA algorithmprovideauniqueestimate
of " ? Thisidentifiability issueis thesubjectof thefollowing the-
orem. Similar resultsfor d 	 1 werepresentedin [7], but from
thepointof view of estimating/ from its Hankelstructure.An
alternativeproofappearsin [26].
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Theorem 1: ConsidertheFIR-MIMO scenariowith d sources
andchannelsof equallengthL j 	 L. Supposethatthedimension
conditions(5) aresatisfiedfor somem, andthattherank� - m ��	
d � L � m − 1� andrank� - m # 1 ��	 d � L � m � .

Let
-

m 	&/ m " L # m−1 beastructuredfactorizationof
-

m. Tak-
ing only theToeplitzstructureinto account," L # m−1 is uniquely
specifiedby theconditionrow � - m �b	 row �C" L # m−1 � up to a left
block-diagonalfactorD 	 diag� T � ··· � T ! whereT is aninvertible
d × d matrix.

TakingalsotheFA propertyinto account,underconditionsof
theorem3.2in [17],4 " L # m−1 is uniqueupto D 	 diag� T � ··· � T ! ,
whereT cantaketheform of apermutationandadiagonalscal-
ing by ±1 � ± j.

Wefirst derivethefollowing lemma,wheren canbeanynum-
berof intersectionsbetween1 andL � m − 1:

Lemma 2: For1≤ n ≤ L � m−1, let V̂ beanorthonormalbasis
of row � - m � , anddefineV̂ O k P asin (9).

Undertheconditionsof theorem1,row � V̂ O 1P � ∩···∩row � V̂ O n P �
is a subspaceof dimensiond � L � m − n � andcontains" L # m−n

(1 ≤ n ≤ L � m − 1).
Proof: of thelemma.Therankconditionon

-
m # 1 implies

that " L # m hasfull row rank. In turn,this impliesthat " k hasfull
row rankequalto dk, for 1 ≤ k ≤ L � m (sinceanysubsetof the
rowsof " L # m hasfull row rankaswell).

Supposen 	 2. In investigatingrow � V̂ O 1P � ∩ row � V̂ O 2P � , we
mayaswell lookat " L # m−1 insteadof V̂ sincetheyspanthesame
space.Consider' " L # m−1 ∗

∗ " L # m−1 ) 	���������������������

sm−1 sm
... sN−2 sN−1 ∗

sm−2 sm−1
... sN−3 sN−2 ∗

...
...

...
...

... ∗

s−L # 2s−L # 3
...

...
... ∗

s−L # 1s−L # 2
...

... sN−L−m # 1 ∗

∗ sm−1
...

... sN−2 sN−1

∗
...

...
...

...
...

∗ s−L # 2s−L # 3
... sN−L−m # 1sN−L−m # 2

∗ s−L # 1s−L # 2
... sN−L−m sN−L−m # 1

����������������������
where‘∗’ standsfor an arbitraryextensionas enabledby the
identity matricesin the {V̂ O k P }. The intersectionremovesall
rows that arenot linearly dependenton the rows of the oppo-
site block. With suitableextensions,this meansonly the first
andlastrowsarecandidatesfor removal.Notethattheycannot
belinearly dependenton theotherrows,becausethesubmatrix
of theabovematrix,obtainedby removingthefirst andlastcol-
umn,hasthesamesetof rowsas " L # m whichhasfull row rank.
Hencebothrowsareremoved,andtheresultof theintersection
isaspacewith preciselyd lessrows,andisgeneratedby therows
of " L # m−2 (sinceit is of full row rank).Theresultfor largern is

4This theorembasicallyrequiresthat S containsall possibled-dimensional
columnsthatcanbegeneratedby thefinitealphabet.Thisis asufficient,butpes-
simisticallylargeconditionon N.

obtainedby repeatingthesameargument.5

Proof: of thetheorem.Settingn 	 L � m − 1 in theabove
lemmagivesan intersectionsubspaceof dimensiond which is
spannedby thed rowsof S 	3" 1. Hence," 1 is uniqueupto left
multiplicationby someinvertibled × d matrix T ; consequently," L # m−1 is uniqueupto left multiplicationby D 	 diag� T � ··· � T ! .

Taking theFA propertyinto accountaswell, theorem3.2 in
[17] claimsthatfor sufficientlydiversesymbols," 1 is uniqueup
to permutationandscalingby ±1 � ± j. c
B. Detection of d and L

If / and " havefull columnrankandrow rank,respectively,
thentherankof

-
m is d HV	 d � L � m−1� . Thenumberof signals

d canbeestimatedby increasingm by one,andlookingatthein-
creasein rankof

-
m. Thispropertyprovidesaveryeffectivede-

tectionmechanismevenif thenoiselevel is quitehighsinceit is
independentof theactual(observable)channellength.Further-
more,it still holdsif all channelsdonothaveequallengths(see
sectionIV-C below). In casetheydo, thenL canbedetermined
from theestimatedrankof

-
, d̂ H , andtheestimatednumberof

signals,d̂, by L̂ 	 d̂ HZ� d̂ − m � 1.
It is interestingto notethatthereis anefficientupdatingalgo-

rithm for estimatingthe rankof
-

k andthecorrespondingcol-
umnspan,for all k from 1 to m atonce,withoutrequiringSVDs
andusingonly thefull-size

-
m. TheSSE-1subspaceestimator

derivedin [32] is a techniquefor computingthenumberof sin-
gularvaluesof a matrix X thatarelargerthana giventhreshold
γ, anda basisfor a subspacethat is γ-closeto thecolumnspan
of thematrix in somenorm. Thealgorithmis suchthat,at the
sametime, this informationis producedon all principalsubma-
tricesof X aswell. Applied to

-
m, it producestheranksof all-

k, k ≤ m, with respectto agiventhresholdat thecomplexityof
a QRfactorization.

C. Unequal channel lengths

Forsimplicity of presentation,wehaveonly consideredchan-
nelswith equallengthup to now: L j 	 L � j 	 1 � ··· � d. In gen-
eral,however, thelengthsL j maybedifferent.In thatcase,it is
perhapsmorenaturalto write thefactorization

-
m 	,/ m " m # L−1

with a rank-deficient/ m, as-
m 	M/ O 1P

m " O 1Pm # L1−1 � ··· �%/ O d P
m " O d Pm # Ld −1 � (17)

whereeach/ O k P
m and " O k P correspondto thechannelandsymbol

matrixof sourcek only. Generically, thesefactorsareof full rank
L j � m − 1. Therankof

-
m is thusexpectedto be

rank� - m ��	 Ltot � d � m − 1��� Ltot 	 d

∑
1

L j �
5The rankconditionon d m

9
1 is necessaryto avoidpathologicalcases:con-

sidere.g.,aperiodicsymbolmatrix. 3 eMf s2 s0 s1 s2 s0 s1
s1 s2 s0 s1 s2 s0
s0 s1 s2 s0 s1 s2 g

In thiscasetheintersectionsdonotremoveanyrow. Notethat . 4 hasrank≤ 3d,
sois notof full rank.
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assumingthe termsin (17) arelinearly independent.To obtain
row � - m � equaltothelinearenveloperow �C" O 1P � ˙� ··· ˙� row �C" O d P � ,
it is necessarythatmMP ≥ Ltot � d � m − 1� , i.e.,

MP 2 d � m ≥
Ltot − d
MP − d


To describetheresultof thesubspaceintersections,we needto
definea“rank profile” 6

r �5Uh� : 	 #{ j : L j ≥ U } �
i.e.,r �CUh� is equalto thenumberof sourceswith achannellength
L j ≥ U . Thus,r �5Uh� is monotonicallydecreasingfrom d ( Ui	 1) to
0 ( UZ2 L), and∑L

1 r �5Uh��	 Ltot.
If weperformintersectionsstepbystep,thenthefirst intersec-

tion removesthetop row of every " O k Pm # Lk−1, andtherankof the
intersectingsubspaceis d lessthantherankof

-
m. Thenextin-

tersectionremovesthesecondrow anddropstherankagainby
d, etcetera.Thiscontinuesuntil therankof oneormoreof " O k P is
exhausted,in whichcasethedropin rankperintersectionis now
less.Thelatterstartsto happenoncemorethanm intersections
aretaken,andthedropin rankfollows therankprofile r �CUh� . In
general,aftern ≥ m intersections,therankof theresultinginter-
sectingsubspaceis

rank ] ∩n
1 row � V̂ O k P � ^	Q� Ltot � d � m − 1� ! − � d � m − 1��� ∑n−m

1 r �5Uh� !	 Ltot − ∑n−m
1 r �CUh��

In principle, this allowsoneto determinethe rank profile r �CUh� ,
andhencetheindividualchannellengths.

In anapproachoutlinedby Liu andXu in [21], atechniquefor
estimatingsourcesignalswith unequalchannellengthsis pre-
sented.Essentially, the ideais to computeall intersectingsub-
spacesfor n 	 m to n 	 m � L − 1. Startingwith thesmallestdi-
mensionalsubspace(i.e.,n 	 m � L−1),first all themultiplesig-
nalsthatarein thissubspaceareseparated(by ILSF), whichare
preciselyther � L � signalswith channellengthL j 	 L. With these
signalsknown,thenexthigherdimensionalintersection(smaller
n) is computed,andthesignalsin it areseparated,usingthesig-
nalsthat werealreadyfound (andtheir shifts) aspartial initial
conditionsfor T in theILSF algorithm.In this way, it is in the-
ory possibleto unwindtheseparationproblem.

If, insteadof theSVD, we applytheSSE-1subspaceestima-
tor [32] to thefull-sizeVT O L # m−1P , we obtainrankandsubspace
informationof all principalsubmatricesof this matrix aswell.
Sincetheseprincipal submatricesareequalto the smallersize
VT O n P , n 	 1 � ··· � L � m−1, (ignoringtheeffectof J1 � 2), thisgives
sufficient informationto find thecompleterankprofile at once,
aswell asaway to reconstructall intersections.

D. Singular value model of intersections

Undernoise-freeconditions,we alreadyknow (by appendix
A) that the largestd singularvaluesof VT O L # m−1P areprecisely
equalto

Y
L � m − 1. Whatis themagnitudeof othersingularval-

ues?It is straightforwardto giveananswerfor N → ∞.

6ForasetE, #
�
E � denotesthenumberof elementsin E.

SinceV̂ is a basisof row �C"6� , we haveV̂ 	 Q " , for some
squarematrix Q. HenceVT O n P canbefactoredas

J2

J1

J2

J1

I

I

∗j 0

0

e ∗

∗
Q

Q

Q

. extQT k n l
0 0

s−L
9

1

0

0

0

0

sm−1

sN−1

0

0V̂

V̂

V̂

VT k L 9 m−1l
0

0

(18)
where‘∗’ denotesentriesthatarenotof interest.ForlargeN and
i.i.d. signals,therowsof " areapproximatelyorthogonaltoeach
other, that is 1

N "J" ∗ → I, which implies that
Y

NQ is closeto a
unitarymatrix. In thatcase,it follows thatthecolumnsof QT O n P
areasymptoticallyorthogonalto eachother. Ignoringthesecond
termin the factorization(18) for themoment,the factorization
of thefirst termdirectly translatesinto theSVD of VT . In par-
ticular, thesingularvaluesof VT arethenormsof the columns
of

Y
NQT , andthusareequalto 1 � ··· � Y n − 1� Y n � Y n − 1� ··· � 1,

eachrepeatedd times.Theleft singularvectorsarejustnormal-
izationsof thecolumnsof QT , andtheright singularvectorsare
normalizationsof therowsof " ext . Thelatternormalizationis in
theorderof 1m

N
. For largeN, it is clearthatrowsof thesecond

term(containingJ1 � 2) becomeorthogonalto 1m
N
" ext sincethein-

nerproductisproportionalto 1m
N

. Obviously, thecolumnsof this
termareorthogonalto QT . Hence,thesecondtermcontributes
additionalsingularvalues1 � ··· � Y n − 1, eachrepeatedtwotimes.
Altogether, asymptoticallyandundernoisefreeconditions,VT O n P
for n 	 L � m − 1 hasd singularvaluesequalto

Y
n, andgroups

of 2d � 2 singularvaluesequalto
Y

n − 1� ··· � 1. If we taken �
L � m − 1, thensimilarly wecanshowthattherearedS : 	 d � L �
m − 1� − d � n − 1� singularvaluesequalto

Y
n, followed by the

groupsof 2d � 2singularvaluesequalto
Y

n − 1� ··· � 1. Theright
singularvectorscorrespondingto thedS largestsingularvalues
area basisfor " L # m−1− O n−1P : the n intersectionshaveremoved
n − 1 echosof eachsignal.

If N is not largeandif thereis noise,thenobviouslythesin-
gularvaluesstartto deviatefrom theseasymptoticvalues,and
in particularthegapbetweenthesingularvaluesaround

Y
n andY

n − 1 closes.Theassessmentof thesedeviationsis subjectto
future research.Suchan analysiswould give pointersto suit-
ableminimal valuesfor N (in relationto the noiselevel) such
thattherestill canbea gap.
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c � SNR= 5 dB,underestimatingd q andtakinglessintersec-

tions.After intersections,̂dS e 3 signalsremain.
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��s †
N � , assumingperfect

knowledgeof H, theCRLBfor theblindscenario(notusingtheFA property),
andtheperformanceof ILSE initializedwith theexactH.

E. Comparison by simulation

To assessandcomparetheperformanceof theproposedalgo-
rithms, we considera simplebut unrealisticscenarioin which
all assumptionson themodelaresatisfied.A morechallenging
testcaseis deferredto sectionVI. We took d 	 2 real-valued
BPSKsourcesandarandomlyselectedcomplexchannelmatrix
with MP 	 4 observablesandequalchannellengthsL 	 3. (M
andP areequivalentin thisexample,becausethereisnomodula-
tion functionandnomultiraymodel.)We addedcomplexwhite
Gaussiani.i.d. noisewith varianceσ2. The numberof snap-
shotswasN 	 50. Thesignal-to-noiseratio (SNR)is definedas� H " L � 2F ��� dMPNσ2 � , which is theaverageSNRpersignalper
observable.Therelativepowerof bothsourceswassetequal.

Thesingularvaluesof
-

m aredisplayedin figure3. Without
noise,therankof

-
m is expectedto bed H 	 d � L � m−1� , which

turnsout to bethecase.Thenumberof sourcesd canbeidenti-
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fied from thegraphby looking at the increasein rankof
-

m as
m increases.Also, L canbeestimated,assumingequalchannel
lengths. Thedashedlines in thegraphindicateat which noise
levelthesmallsingularvaluesof

-
m will beobscured.Thislevel

increaseswith
Y

m, but thesingularvaluesof
-

m donot,soit is
advantageoustokeepm small.Below10dB, thetruerankof

-
m

is no longervisible andin practicewe would estimatetherank
of
-

m too low.
The singularvaluesof VT O n P areconsiderednext (figure 4).

For conveniencetheyareconvertedinto thesingularvaluesof
GT , by computing � nI − sv� VT O n P � 2 � 1t 2. (Recall from (13) that
thesingularvaluesof VT andGT , squared,addup to n by con-
struction.)After transformation,weexpectfor full intersections
(n 	 L � m − 1� atotalof d 	 2 zerosingularvaluescorrespond-
ing to the sources,and groupsof 2d � 2 	 6 singularvalues
around1,

Y
2, ···,

Y
n (asindicatedby thedottedlinesin thefig-

ure). For SNRsof 10 dB or more,this is indeedthe case,but
for SNR= 5 dB, thesecondsourceis no longerpresentafterin-
tersections(figure4(b)). If we takem 	 2 andtruncatetherank
of

-
at 7, which is its observablerank, thenthe rankequation

producesanestimatedchannellengthL̂ 	 31
2. SettingL̂ 	 2 in-

stead,wecanonly taken 	 2 intersections,andweareleft with
d̂S 	 d̂ H − d � L̂ � m − 1��� d 	 3 signals/echos.As seenin figure
4(c), this numberof remainingsignalsis still well visible,even
in theSNR= 5 dB case.This indicatesthatfor therow spanin-
tersectionmethodthereisanadvantagein underestimatingL and
d H .

This is confirmedby figure5, whichshowsthebit errorrates
(BER) for varyingSNR, for variouschoicesof the parameters
L̂ andd̂ H . Here,we comparethedirectly-estimating-" method
(row spanintersection)with theestimating-/ -first method(col-
umn nullspaceunion). If the exactparametersareusedin the
identification,theperformanceof bothmethodsisapproximately
thesame.

In [26], a Cramer-Rao lower bound(CRLB) is derivedfor
theblind equalizationof onesource,if only theToeplitz/Hankel
structureof " and / is takeninto account,but not the finite-
alphabetproperty. The result is readily generalizedto d 2 1.
However, a correctionto [26] by abouta factor 2 is in order,
which is discussedin AppendixB.

As seenin figure5(a),themethodsdo not reachtheapproxi-
mateblind-CRLB (22), becausetheyonly forceoneof thefac-
torsto havestructure(either " or / ), butnotboth.Forcompar-
ison,wealsoshowtheCRLB for estimationof S if H is known
(theperformancefor a zero-forcingequalizer),whichhasa bet-
ter performance,especiallyfor the secondsignal. The ‘ILSE’
curvesareobtainedby runningtheILSE algorithmonX, initial-
izedby theexactH, sothatit givestheML estimateof thefactor" L if its Toeplitzstructureis ignored.As its BER is well above
that of the blind CRLB, this indicatesthat using the Toeplitz
structureis relevant.

Figure5(b) showsthe casewherethe rank of
-

is underes-
timated,which would happenin practicebelow 10 dB. In that
case,underestimatingL aswell (hencetakinglessintersections,
n 	 3) leadsto d̂S 	 3 remainingsignalsafter intersections,
which are separatedby ILSE. As shownby the dotted lines,
this greatlyimprovesthe performance.We evengo below the
blind CRLB for the secondsignal, which is possiblebecause

theestimatorsarenotnecessarilyunbiased,andbecausetheFA
structureis usedmorestronglynow, but is notconsideredin the
bound.Thisholdsfor therow spanmethod.Usingsimilar tech-
niques,we werenot ableto to improvetheperformanceof col-
umnspanmethod.Instead,it collapsedon rank-truncateddata.

Theconclusionsof thesimulationcanbesummarizedasfol-
lows.

• The current and proposedblind equalization/separation
methodsforceonly onestructuralpropertyoutof three:the
Hankelstructureof / , theToeplitzstructureof " , andits
finite alphabetstructure.For the assumedmodel,eachof
thesepropertiesby itself is approximatelyequallystrong.
As shownby the theoreticalbounds,significantgainscan
still beobtainedby simultaneouslyforcing morethanone
property.

• The performanceof the row spanmethodcan be signifi-
cantly improvedby truncatingthe rank of

-
at the noise

level,underestimatingthechannellengthL, andseparating
theremainingsignalsplusechosbasedonthefinitealphabet
property. Thecolumnspanmethodis apparentlynotrobust
on truncateddata.

V. ILL-DEFINED CHANNEL LENGTHS

In reality, channelsdonothavewell-definedchannellengths.
Multipathechoswith a longdelaygenerallyhavea smalleram-
plitude,so that the channelresponsestrail down to zerorather
thanfilling outa sharplydefinedintervalin time. In suchcases,/ is ill-conditioned,andsubspaceintersectionscannotbeused
to preciselycancelall theechos.Ill-conditionedchannelmatri-
cesarealsoexpectedfor band-limitedsignals[27].

A. Effect on intersections

To illustratetheeffectof ill-conditionedchannelsonthecom-
putationof the intersectingsubspace,considerthe impulsere-
sponseh � t � shownin figure6(a). This is theconvolutionof an
actualline-of-sightindoorchannelat 2.4GHz with a raisedco-
sinepulse(T 	 10ns,modulationindexβ 	 0  5, oversampling
rateP 	 5). Themainpeakhasa width of about2 symbols,but
thereareseveralsmallerpeaksaswell. For this example,we
considerthedataobtainedfrom M 	 2 antennas,with d 	 1 sig-
nal present,which is alreadysufficient to makeour point. The
singularvaluesof / 10 areshownin figure 6(b). The rank of/ 10 is not clear;it is certainlynot of low rank in a mathemati-
calsense,andthenumericalrankdependsonthetruncationlevel
whichwechoose.Toavoidanexcessivelylargeinverseof / , we
wouldin thiscasedecidearankof d̂ HV	 12or so,corresponding
to anestimatedchannellengthof L̂ 	 3.

For largeN, thesignalsareapproximatelyorthogonalto their
shifts,andin thatcase,thesingularvaluesof / areequalto the
singularvaluesof 1m

N

-
. In fact, let /u	 UK Σ K Q beanSVD of/ , then - 	 /*"I	a�UK Σ K Q ! "	 U H Σ H V �

sothat,for orthogonal" , Σ HN	 Y
NΣ K andV 	 1m

N
Q " . If we

approximate
-

by truncatingits SVD to somerank d̂ H , then

ˆ- 	 � ÛK Σ̂ K Q̂ ! "	 Û H Σ̂ H V̂ 



12 IEEETRANSACTIONSON SIGNAL PROCESSING

0 10 20 30 40 50

0

5

10

15

20

0 10 20 30 40 50 60

0

5

10

15

20

0 10 20 30 40 50

0

5

10

15

20

25

:>.001 :>.01 :>.1 :>.5

5 10 15 20

10
−3

10
−2

index

0 10 20 30 40
0

2

4

6

8
x 10

−3

t [symbols]

h(t)

0 10 20 30 40
0

0.5

1

1.5

2

2.5

3

3.5

index

; b <

Singularvaluesof v 10

; e <

; a <
Rightsingularvectorsof QT > 12? , d̂ w+n 12

Rightsingularvectorsof QT > 10? , d̂ w+n 12

Q̂: right singularvectorsof v 10

; c < ; f <

Singularvaluesof QT > 12? , d̂ w n 12

; d <

Fig. 6.
�
a � Channelimpulseresponseh

�
t � , � b � singularvaluesof

s
10: thenumericalrankof

s
10 is about12,

�
c � Q̂, i.e., right singularvectorsof

s
10 (magnitude

of entries),
�
d � singularvaluesof QT k 12l , with d̂ q e 12,

�
e � right singularvectorsof QT k 12l , and

�
f � of QT k 10l

Ideally, / is full rankandQ is square,butfor ill-definedchannel
lengths,Q̂ hassized̂ H × � L � m−1� ,whereL is the“actual” (large
andfuzzy) channellength. Figure6(c) showsthemagnitudeof
theentriesof Q̂ (up to thefirst 24 rowsof Q̂). Thefirst 10 rows
of Q̂ have11 largeentries;thus,thefirst 10rowsof V̂ arealinear
combinationof 11 rowsof " , plussomeweakerISI from other
rows.Thereasonfor thisis thath � t � containsasharppeak,which
is smearedby them 	 10 shiftsover11 symbols.Thenextfew
rowsof Q̂ showtheinfluenceof thesmallerpeaksin h � t � : more
andmorerowsof " getinvolved.

For largeN, wemaywrite, asin (18),

VT O n P ≈ QT O n P " ext �
neglectingtheedgeeffectscausedby J1 � 2. Sincetherowsof " ext

areclosetoorthogonal,theSVDof VT canbewrittenastheSVD

of QT times " ext . Figure6(d) showsthesingularvaluesof QT O n P
whenn 	 d̂ Hx	 12. Thereisonesingularvaluecloseto

Y
12, and

two around
Y

11 � Y 10� ···, asexpected.Hence,thereis onevec-
tor in theintersection.Thisvectoris givenby theproductof the
correspondingright singularvectorof QT times " ext . Theright
singularvectorsareshownin figure6(e). Sinceweexpectthere-
sult to bebasicallyonesymbolsequenceoutof " ext , thetoprow
shouldhaveonly onelarge entry. However, it is seenthat the
toprow hasat least8 largeentries,sothatthevectorin theinter-
sectionis still a linearcombinationof at least8 symbols.Thus,
the intersectiondid not producethedesiredeffect of removing
all ISI. The“Λ”-structureof thisfigureis verycharacteristicand
showshowtheintersectionswork. Indeed,smallsingularvalues
ofVT (orQT ) correspondtothetopandbottomrowsof " ext , since
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thesearerepeatedonlyafew timesin VT . Thelargesingularval-
uescorrespondto rowsin themiddleof " ext , whicharerepeated
upton times.Thewidthof thelegsof “Λ” isnearlyconstant.For
well-definedchannellengths,thewidthof thelegsis expectedto
be1,becausetherightsingularvectorscorrespondingtoasingu-
larvaluearespecificechos(rowsof " ext , cf. (18)). Thewidening
of thesecondlegof the“Λ” in ourexampleshowstheinfluence
of thestructurednoisethat is introducedby truncatingtherank
of / at12. Qualitatively, it canbeattributedto thesecondpeak
in h � t � , which is partly (butnotentirely)eliminatedby thetrun-
cationof / to rank12. Thetruncateddatamatrix still contains
oneorafew linearcombinationsof echos,butsincethereareless
combinationsthansymbolsthatplay a role aftertruncation,the
echoscannotberemovedby intersections.

Theconclusiondrawnfrom this experimentis thatfor actual
channelstheSVD-basedintersectionschememaynotremoveall
theISI if therankof / is ill-defined.

B. Effect of taking less intersections

Whathappensif wetakelessthanL � m−1 intersections?We
provideanintuitive analysis.Let ussaythat d̂ H is thetruerank
of

-
, andthat theresultingapproximationerror is lumpedinto

thenoiseterm.SinceV̂ 	Q� Σ̂−1Û∗ ! - , it is seenthatthenoiseon
therowsof V̂ is not uniform: Σ̂−1 amplifiesthenoiseat thetop
rowsof Û∗ - lessthanat the laterrows. Considera simpleex-
amplewhered 	 1 andQ̂ 	 I. If we taken � d̂ H intersections,
thenthebasisY of singularvectorsof VT O n P correspondingtosin-

gularvaluescloseto n still containsdS 	 d̂ H − � n − 1�@2 1 echos
of eachsignal.A straightforwardgeneralizationof thesingular
valuemodel(18) in sectionIV-D to n � L � m − 1 showsthat,
with Q̂ 	 I, eachrow of Y is anaverageof n out of d̂ H rowsof
V̂ . Rowsof Y thatareformedby combiningthetop n rowsof V̂
containlessnoisethanothers.

In general,̂V is someothercombinationof thesymbols(Q y	 I
andd 2 1). However, theeffect that,with fewer intersections,
somerowsof Y arelesscontaminatedbynoisethanothersis still
oftenobserved.This is illustratedin figure6 � f � , wherewehave
takenn 	 m 	 10intersections,ratherthan12. Thefirst two sin-
gularvectorsareeacha linearcombinationof only 3 symbols,
ratherthan8 aswe hadbeforewith full row spanintersections.
Y hasdS 	 3 rows,andthethird singularvectoris indeednoisy:
it is seento bea linearcombinationof 9 symbols.

C. Multistage intersections

Motivatedby theprecedingsubsection,we proposea multi-
stageintersectionscheme.Thefirst intersectionstageonly takes
the well-definedintersections:at mostn 	 m � minj � L j � − 1,
whereL j is anunderestimateof thechannellengthof signal j,
but without prior knowledgeof channellengthsperhapseven
only n 	 m. ThisproducesabasisY whichis toolarge.In fact,it
containsd̂S 	 d̂ H − d � n − 1� rowsandis a basisfor " L # m−n. The
secondintersectionstagehasto removethe remainingISI. In-
steadof usinganSVD,wecombinethisstagewith theseparation
stage(ILSF or someotherI-MIMO algorithm),i.e.,thefinite al-
phabetpropertyis usedto dotheremainingequalizationandthe
signalseparationaswell.

In principle,we canapply ILSF directly onY . We couldre-
coverall rows of " L # m−n, andselectthosed rows that arenot

TABLE II

BLIND FIR-MIMO IDENTIFICATION ALGORITHM

In:
-

,
out: " s.t.

- 	M/*" , w. " Toeplitz+FA
1. Estimate row � - � :

a. ComputeSVD(
-

):
- 	 : UΣV

b. Estimated̂ H 	 rank� - � from Σ
c. V̂ 	 first d̂ H rowsof V
(d. Estimated from rank� - m # 1 � )

2. Partial time-equalization: do n intersections:
a. n : 	 m � L̂ − 1, with L̂ 	 1 or L̂ 	 min � L j �
b. ConstructVT O n P in equation(12)
c. ComputeSVD(VT O n P )
d. Setd̂S 	 d̂ H − d � n − 1�
e. Y := largestd̂S right singularvectors

3. Separate signals based on FA property:

a. Selectp ≤ z d̂S
d {

b. Do ILSF onToeplitzmatrixYT O p P from Y
c. Detectechosby symbolsequencecomparison,

keepd indept.signalswith lowestvariance

shifts of eachotherand that havethe smallestdeviationfrom
the alphabet.However, sincethe rows of Y area basisfor the
Toeplitz matrix " d̂S

, it is more generalto preparefor a sub-
spaceintersectionstep,i.e.,augmentY toaToeplitzmatrixYT O p P ,
wherep is somesmall number. Similar asthe constructionof
VT from V̂ , we constructYT O p P by stackingp shiftedcopiesof
Y (omitting J1,J2). But, insteadof applyinganSVD to YT , we
applyILSF sothatsignalsandechosareseparatedbasedon fi-
nite alphabetproperties.The resultingvarianceon thesymbol
estimatesshouldbe lower sinceILSF hasthe samedegreesof
freedomasthe SVD, but is not blind to symbolvariance.The
valuefor p couldvary between1 andd̂ H6� d − n. A larger p will
alwaysresult in symbolestimateswith lower variance. In the
latter extremecase,we act on the samedatathat a secondary
SVD-basedsubspaceintersectionstagewoulduse.However, p
cannot be too largebecausethe complexityandthe reliability
of convergenceof ILSF to theglobalminimumdeteriorateswith
growingdimensions.

The resultingalgorithmhasthe generalstructureof figure2
andis listedin tableII. Thesignificanceof taking p 2 1 will be
clearfrom thesimulationresultsin sectionVI.

VI . SIMULATION RESULTS

In this section,we reporton a testof thealgorithmin anoff-
line experiment,in which we simulatethe receptionof a num-
berof BPSKsignalsthroughan indoorwirelesschannelat 2.4
GHz. Thechannelimpulseresponsesarederivedfrom experi-
mentaldatameasuredin anofficeatFEL-TNO(TheHague,The
Netherlands)in 1992[39]. 7

Theofficehasdimensions5.6m× 5.0m,andheight3.5m.The
actualmeasurementset-uphada transmitantennain thecenter
of theroomata heightof 3.0m,anda receivingantennacluster
locatedatvaryingpositions,ataheightof 1.5m.Theclustercon-

7Wearegratefulto G.J.M.Janssen(nowatTU Delft) for sharinghismeasure-
mentdata.
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Fig. 7.
�
a � Relativepower, and

�
b � responseto a raised-cosinepulse(T e 6ns,

β e 0| 5) of two measuredindoorchannels

sistedof six widebandantennasspacedλ � 2 in acirculararray.
Assumingreciprocity(notquitetrue),wecanpretendto sim-

ulatea centralbasestationantennaarrayof up to six elements,
receivingasuperpositionof signalsfrom anumberof userloca-
tions. We haveuseddatafrom two suchlocations,onewith a
directline of sight(RMSdelayspread= 7.3ns)andonewithout
LOS (RMS delayspread= 16.7ns). Therelativepowersin the
frequencydomainareplottedin figure7(a). Figure7(b) shows
theamplitudeof the impulseresponsesto a raised-cosinepulse
(T 	 6ns,β 	 0  5, demodulatedto basebandfrom a carrierfre-
quencyof 2.4GHz),eachnormalizedto unit power. We do not
haveanyapplicationin mindwith thesenumbers;theyarecho-
sento provideanambitioustestcasewhichusesall of themea-
suredbandwidth.

In theexperiment,we took d 	 2 BPSKsources,transmitted
overtheabovechannels,M 	 3 antennas,P 	 3 timesoversam-
pling,andN 	 300samples.Thereceivedpowerof bothsignals
wasscaledto beequal,andwe addedcomplexwhite Gaussian
noisewith varianceσ2 suchthat the signal-to-noiseratio SNR
:= � X � 2F ��� dMPNσ2 � = 15dBperantennapersamplepersignal.
Thesingularvaluesof

-
areplottedin figure8, for a rangeof

valuesof m. It isseenthatthenumericalrankof
-

( 	 d̂ H ) cannot
beestimatedvery well, but clearly, d 	 2, asdeducedfrom the
horizontalshiftsfor increasingm. Form 	 7, it seemsreasonable
tosetd̂ H in therange20–30,whichmakesthe“observablechan-
nel length” L̂ equalto 4–9,if thechannelshadequallengths.As
in thesingle-usercase(figure6 � a � b � ), theactualchannellengths
cannotreallybededucedfrom thedata.

Figure 9 showsthe standarddeviationsof the symbol esti-
mates(beforeclassificationas±1) for a rangeof parameterset-
tings: estimatedrank d̂ H , numberof intersectionsn, andsec-
ondaryequalizerp. ILSF initialized with T O 0P 	 I wasusedas
finitealphabetseparationalgorithm.Thevaluesof theseparame-
tershavea deliberateimpacton theperformance,but precisely
how to find thebestsettingsa priori is anopenproblem. As a

0 10 20 30 40 50

10
1

sv
va
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sv index

noiselevel

Fig. 8. Singularvaluesof d m, for m e 2 p ··· p 10

generalobservation,it ispossibletounderestimatêd H , butin that
caseit is essentialthatn is takensmall,n ≈ m, andthat ILSF is
usedasanequalizeraswell (p 2 1). However, p shouldnot be
takentoolarge,becausethenthematricesonwhichILSFactsbe-
cometoo big, leadingto anabundanceof local minima. To put
thegraphsinto perspective,notethatat thisnoiselevel thestan-
darddeviationsof thesymbolestimatesin an ISI-freescenario
whereL 	 1 andtheantennasandoversamplingproduceMP in-
dependentobservationspersymbolwouldbeσ � Y 2MP 	 0  04.
(Thefactor2 is dueto thetransformationof X to a realmatrix,
asin (3).)

VI I . CONCLUSION

Wehavepresentedanalgorithmfor blindsequenceestimation
of multiple digital sourcesin a generalmultipathenvironment.
Thealgorithmusesinformationfrommultiplesensors,oversam-
pling to exploit theconstantsymbolperiod,andthefinite alpha-
betpropertyof digital signals.It is setin a deterministicframe-
work, andusessubspacepropertiesof theunderlyingstructured
matrix factorizationproblem.Thisapproachis effectivein situ-
ationswherethechannellengthsarewell-determined.We have
indicatedsomeproblemswhichmayarisein subspaceintersec-
tionsalgorithmswhenthechannellengthsarenot well-defined,
andsuggesteda modificationwhich shouldgive improvements
for channelswith well-definedpeaks.

APPENDICES

I . INTERSECTION OF SUBSPACES

Let / 1, / 2 besubspacesin |C N, with orthogonalcomplements}
1 	3/ ⊥

1 ,
}

2 	M/ ⊥
2 . Then/ 1 ∩ / 2 	a� } 1 � }

2 � ⊥
Thecomputationof theintersectionvia thisequationrequiresthe
formationof threeorthogonalcomplements.With K1, K2 matri-
ceswhosecolumnsform orthonormalbasesfor

}
1,
}

2, we can
obtaina basisfor theintersectionof / 1 and / 2 from thekernel
of �K1 K2 ! . With noisydata,this requiresthecomputationof an
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Fig. 9. Standarddeviationsof signalestimates,for m e 7 andvaryingsettingsof d̂ q , n, p.

SVD of �K1 K2 ! : a basisof theestimatedkernelis givenby the
singularvectorsthatcorrespondto smallsingularvalues.

In our application,thedimensionof the / i is independentof
N, sothatthedimensionof thecomplementsgrowwith N. This
meansthat, for large N, it is not attractiveto computethe in-
tersectionin this manner. We show, in the following proposi-
tion, that preciselythesameinformationmaybegleanedfrom
thelargesingularvaluesandcorrespondingsingularvectorsof a
matrix �H1 H2 ! , whereH1, H2 areorthonormalbasesof / 1, / 2.

Proposition 3: Let / 1, / 2 be subspacesin |C N, with ortho-
normalbasesH1, H2, andlet �H1 H2 ! 	 UHΣHV∗

H beanSVD.
Supposethat K1, K2 areorthonormalbasesfor / ⊥

1 , / ⊥
2 . Then�K1 K2 ! hasanSVD �K1 K2 ! 	 UH � 2I −Σ2

H � 1t 2V∗
K, for someuni-

tarymatrixVK.
Proof: SinceH1H∗

1 � K1K∗
1 	 I, H2H∗

2 � K2K∗
2 	 I, wehave�H1 H2 ! �H1 H2 ! ∗ �N�K1 K2 ! �K1 K2 ! ∗ 	 2I

Substituting �H1 H2 ! 	 UHΣHV∗
H, andmultiplying the above

equationwith U∗
H � ···� UH, weobtain

Σ2
H � U∗

H �K1 K2 ! �K1 K2 ! ∗UH 	 2I

SincebothΣ2
H and2I arediagonal,thisimpliesthatthereisauni-

tarymatrixVK suchthatU∗
H �K1 K2 ! VK is diagonal.But thiscon-

stitutespreciselyanSVD for �K1 K2 ! . c

This resultis readilygeneralizedto thejoint intersectionof n
subspaces/ i, i 	 1 � ··· � n. Likewise, we computean SVD of�H1 ··· Hn ! , but now look for singularvaluesthat areclosetoY

n.

I I . APPROXIMATE CRAMER-RAO BOUNDS

SupposeX 	 H " L � E, whereE is a white i.i.d. complex
Gaussiannoiseprocesswith covariancematrixσ2I. Forsimplic-
ity of futurenotation,let usspecializeto thecaseof realsignals
(e.g.,BPSKsignals,Ω 	 {±1}). Definevectorsof unknownpa-
rametersh : 	 vec � H � ands : 	�� sT

N−1 ··· sT
−L # 1 ! T . We assume

thatthenumberof sourcesd isknown,andthatthechannelshave
equalknownchannellengthL. If wedonottakeintoaccountthat
theentriesof s belongto afinite alphabet,thentheconcentrated
Fisherinformationmatrix for θ 	Q� sT � hT ! T is derivedin [26] as

Φ 	 1
σ2 ' / T

N / N / T
N �� T / N � T � ) � � : 	N" T

L ⊗ I2MP �
(originally for a singlesignal,but theresultsarereadilygener-
alizedfor d 2 1, andadaptedherefor a realdatamodel). The
CRLB thatdescribesthelower boundon thecovarianceof any
unbiasedestimatorfor s andh is obtainedby invertingΦ. How-
ever, asnotedin [26], thismatrixturnsouttobesingular,because
thereis ambiguityin theparametervalues:without forcing the
FA property, we canonly identify H andS up to an invertible
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d × d matrix A. Indeed,thedimensionof thenull spaceof Φ is
observed� to bed2 in genericexamples.To fix A, onehasto as-
sumethatcertainsymbolsareknown.

Ford 	 1, knowingthevalueof onesymbolof S suffices,and
thevarianceof theremainingestimatesis obtainedby deleting
thecorrespondingcolumnof / N. Let /+_N beequalto / N with
thecolumncorrespondingto theknownsymboltakenout, and
defines _ andΦ _ accordingly, thentheCRLB on thecovariance
of s _ is

C _ 	a� Φ _ −1 � 1 � 1 	 σ2{ / _ TN / _N − / _ TN � � � T � � −1 � T / _N}−1 � (19)

(the subscript‘1 � 1’ denotesthe (1,1)-blockof Φ _ −1, following
thepartitioningof Φ _ ) sothatin particular

var� s _ � ≥ diag� C _ � [CRLB with “training”, noFA]  (20)

This is basicallytheresultin [26], whereit is alsonotedthatal-
thoughtheboundis dependentonbothH andS, its dependence
on S is only weakin practice. However, a numberof remarks
thatgobeyond[26] arein order.

1. It makesadifferencewhich symbolisassumedtobeknown.
Not surprisingly, knowingoneof thecentersymbolsgives
significantlylower variancesthanknowingoneof thefirst
or lastL − 1 symbols,becausetheseplay a lesssignificant
role in " L. Also, thevariancesof thesymbolsin therange
0 � ··· � N − L areusuallyapproximatelyequalto eachother,
butthefirstandlastL−1symbolshaveasignificantlylarger
variance.In thecomputationof theexpectedbit errorrates,
wehavetakenthesetail symbolsoutof consideration.

2. The result (20) strictly speakingappliesto a scenarioin
which we havea “training sequence”of length 1. It is
readily generalizedfor training sequenceslonger than 1,
by leavingoutmorecolumnsof / N.

3. The aboveremarkimplies that, in the actual blind algo-
rithm, theabovelower boundon thevarianceis too large,
byaboutafactor2. Indeed,(20)isvalid for estimateswhere
the varianceof onesymbol,sr say, is madezero. This is
conceptuallydoneby estimatingany sequence,and then
normalizing the r-th entry by dividing the estimatedse-
quenceby theestimatedvalueof sr andmultiplicationby
its desiredvalue.Assumingrelativelysmallvariances,the
division causesthevarianceof all othersymbolestimates
to beenlargedby thevarianceof theestimateof sr.8 In the
actualblind scheme,wedonotnormalizeonasinglesym-
bol sr, but normalize � S � F. In thatcase,the lower bound
(20) is too highandformally notapplicable.To attemptto
correctfor this,wehaveto estimatethevarianceof sr, e.g.,
as 1

2mediandiag� C _�� , andsubtractto get

var� s _blind ���≈ diag� C _�� − 1
2mediandiag� C _��

[approx.blind CRLB, noFA, d 	 1]  (21)

(We takethe medianinsteadof the meanto avoid the in-
fluenceof outliersat thetails of thesequence.)This is the
(approximate)CRLB for a blind schemewhich relieson a

8Here,thefirst-orderapproximationsr
�
sr
j

er � −1 � s j e � ≈ s−ers−1
r s
j

e isused,
aswell astheBPSKassumption|si | e 1.

structuredfactorizationX 	 H " L, not taking thefinite al-
phabetinto accountotherthanfor removingtheambiguity.
If all estimateshaveapproximatelyequalvariance,theorig-
inally derivedbound(20) is abouta factor2 toohigh.

For d 2 1, roughlythesamederivationholds,exceptthatwe
havetopretendthatmoresymbolsareknown,becausetheambi-
guity factorA hasnowd2 degreesof freedom.Hencewehaveto
fix d symbolsof d signals,i.e.,a d × d submatrixSr of S, some-
wherein thecenterof S. An extracomplicationis thatthissub-
matrix Sr hasto be full rank, or elsesomeambiguity in A re-
mains. Hence,in computingtheboundwe haveto selectd in-
dependentcolumnsof S, locatedsomewherein the center, and
deletethe correspondingcolumnsof / N to obtain /x_N. After
this, thebound(20) is derivedasbefore.Thecorrectionfor the
unnaturalnormalizationasassumedin thatboundis somewhat
moreintricatenow. Indeed,beforenormalization,let ussaywe
havesymbolestimates

Sblind 	Q� Sr S _ ! �N�Er E _ ! 
Sr andS _ aretheexactsymbols,Er andE _ representsthenoiseon
theestimates.Normalizationtoarriveatanestimatein whichthe
knownsymbolshavezerovariancegivesthemodifiedestimates
S̃ _ for which theCRLB (20)holdsas

S̃ _�	 Sr � Sr � Er � −1 � S _�� E _��
≈ SrS−1

r � I − ErS−1
r �4� S _�� E _��

≈ S _ − ErS−1
r S _�� E _�

NotethatS−1
r canactuallyamplify thenoisecontributionby Er.

In estimatingthecorrectionon thebound,assume(not entirely
correctly)thatthecolumnsof E 	Q� Er E _ ! areindependent,zero
mean,andhaveequaldistributionE � eieT

i �J	 : Re. Let si be the
i-th columnof S _ , then

E ��� s̃i − si �4� s̃i − si � T � ≈ Re � S−1
r si � 2 � Re 	 Re � 1 �D� S−1

r si � 2 ��
Theleft handsideof thisexpressionis givenby theuncorrected
CRLB, namelyC _i, thed × d submatrixof C _ in (20)correspond-
ing to si. It follows that anestimateof Re andanapproximate
lowerboundonvar� si � blind � canbeobtainedas

Re ≈ mediani � C �i
1#�� S−1

r si � 2 �
var� si � blind � �≈ C _i − Re � S−1

r si � 2 (22)

For d 	 2 BPSKsignals,� S−1
r si �i	 1 always,andtheaboveex-

pressionreducesto (21).
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