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A Subspac@pproachto Blind Space-ime Signal
Processindor WirelessCommunicatiorbystems
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Abstract— The two key limiting factor sfacing wireless systemstoday are
multipath interference and multiuser interference. In this context, a chal-
lenging signal processing problem is the joint space-time equalization of
multiple digital signalstransmitted over multipath channels. We propose
a blind approach which does not usetraining setsto estimate the transmit-
ted signalsand the space-time channel. I nstead, thisapproach takes advan-
tage of spatial and temporal oversampling techniques and the finite alpha-
bet property of digital signalsto determinethe user symbol sequences. The
problem of channels with largely differing and ill-defined delay spreadsis
discussed. The proposed approach istested on actual channel data.

I. INTRODUCTION

A challengingproblemin signalprocessings the blind joint
space-timezqualizationof multiple digital signalstransmitted
overmultipathchannels An importantareawheresucha prob-
lem ariseds wireless(mobile)communicationsConsideasce-
nariowhereseveralusersaretrying to talk to a centralbasesta-
tion, which hasseveralantennagviz. figure 1). A space-time
equalizeratthe basestationcombineswo signalprocessings-
pects:equalization (or echocancelingko combattheintersym-
bolinterferencelueto large-delaymultipath,andsource separ a-
tion to combatco-channeinterferencdCCl). The CCl mightbe
interferingsignalsatthesamerequencyfrom neighboringcom-
municationcells,or we mightintentionallyallow multiple users
atthe samefrequencyin orderto increasethe systemcapacity
Thelatteris knownasSDMA: spacalivisionmultipleaccesshe-
causédt essentiallyseparateasershasedn differencesn loca-
tion.

Currentcommunicatiorsystemsuchas|S-54and GSM re-
guire someamountof equalization(up to 5 symbol periodsin
GSM, andupto 1 symbolperiodin 1IS-54),butarenotdesigned
to handleco-channelusers. To assist“classical” single-user
channeldentificationalgorithms afair numberof trainingsym-
bols areincorporatedn the datapackets. However in recent
yearsit becamegraduallyknownthatdigital signalscanalsobe
separatedndequalizedolindly, i.e. withoutthe aid of training
sequencedyy exploitingtheunderlyingstructureof the signals.
Althoughtheuseof trainingsequencess aninherentlymorero-
bustway to estimatethe channelthereare severalreasongor
studyingblind algorithms asidefrom the obviousacademi@and
military motivations.Mostnotably addingunnecessaryaining
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Fig. 1. Multiray scenaridn wirelesscommunications

bits is a directwasteof the availablebandwidth.Also, training
is not efficientin rapidly time-varyingchannelspr in protocols
with very small datapackagessuchasthe uplink of wireless
teletypesin PCSor in distributednetworks. Training requires
synchronizationwhich is not alwaysavailableor feasiblein

multi-userscenarios. Finally, the insightsgainedare also ap-
plicableto othersystemsuchasCDMA, whereit mightbeused
to improvethe nearfar resistance.

Blind algorithmshave now becomea very active research
area,in particularin the contextof digital communicatiorsig-
nals,wherethereareseveraleverage$or solvingtheblind FIR-
MIMO ! identificationproblemconsideredin this paper For ex-
ample, the fixed symbol rate of digital signalsin combination
with linearchannelsmultipleantennaandoversamplingillows
to blindly synchronizeandequalize(but not separatejuchsig-
nals. Statistically oversamplingligital signalsgivesriseto cy-
clostationarityof the spectrun{3]. Tong,Xu andKailath were
thefirst to realizethatcyclostationarityallowstheidentification
of non-minimumphaseFIR-SISOchanneldrom second-order
statisticd4,5]. In adeterministiadiscrete-timesetting theprop-
ertyleadsto structured Toeplitz)matricesandhasinspiredsev-
eral subspace-basealgorithms[6-9]. A seconduseful prop-
erty is thefinite alphabet (FA) structureof digital signals. For
equalizationthis hasbeenexploitedin decision-directecdap-
tive algorithmg[10-13] andalsoin joint channekstimatiorand
sequenceéletection14,15]. Severaiterativealgorithmsfor the
separatiorof instantaneousuperpositiong‘l-MIMO”) 2 of fi-
nite alphabetignalswereoriginally proposediy Talwar et al.
[16-18]; an algorithm basedon expectatiormaximizationap-
pearedn [19]. Thetwo propertiesarein fact readilycombined
into onealgorithmto solvethe FIR-MIMO problem,aswasdis-
coveredindependenthpy Liu andXu [20,21] andthe present
authordq1, 2]. Relatedwork onblind FIR-MIMO identification

1FIR-MIMO = finite impulseresponsemultiple inputs,multiple outputs
2l-MIMO = instantaneousuperpositionsnultiple inputs,multiple outputs



wascarriedoutin parallelby Abed-Meraimetal. aswell [22].

Many othersignalpropertiescanalsobe usedfor blind esti-
mation,for examplesourceindependencandhigh-orderstatis-
tical properties,and constantmodulusproperties. In addition,
the spatial propertiesof the receivingantennaarray might be
known, which allows signal separatiorbasedon differencedn
directions-of-arrival providedthe numberof antennass large
enougH23]. Assumingamultiraypropagatiorscenarioknowl-
edgeof boththe pulse-shap&nctionandthearraymanifoldal-
lows ajoint delayandangleestimationof all propagatiorpaths
(viz. [24,25]).

Contributions

In this paper we considerthe FIR-MIMO sourceseparation
andequalizatiorproblem.We assumaill sourcegransmitdigi-
tal communicatiorsignalswith the samesymbolrateandalpha-
bet,bothof which areknowna priori. Themeasurediatais ob-
tainedfrom aclusterof fractionallysampledgntennasWedonot
assumenowledgeof the antennaarray mainly becauseve do
not attemptto resolvethe individual directionsof theincoming
rays.

The proposednethodsare subspace-basdiock-algorithms
andattemptto providea structuredactorizationof the datama-
trix into a channelmatrix timesa symbolmatrix. The constant
symbolratetranslateso ablock-Toeplitzstructureof thesymbol
matrix, whichis sufficientfor equalization We rely stronglyon
thefinite alphabetpropertyfor the separatiorof theindividual
signals,andto someextentalsofor theequalization.

The outline of the paperis asfollows. The datamodelfor
the FIR-MIMO scenarids presentedn sectionll. Maximum-
likelihoodtechniques$or blind sequencestimatiorarenotcom-
putationallyfeasible. As an alternative,a subspace-baseap-
proachis presentedn sectionlll. A proofof identifiability and
someinsightinto theunderlyingsubspacetersectiormethods
givenin sectionV, aswell asacomparisoramongafew alterna-
tive methodsvia computersimulation.In sectionV, weindicate
problemghatoccurwith subspacéntersectiortechniquesf the
channelengthsarenotwell-defined andsuggest possibleso-
lution. Finally, in sectionVI, theproposedlgorithmis testecbn
simulateddatabasedn actualwirelessindoorchannels.

Thepaperencompasseggeliminaryshortversiond1,2]. Dur-
ing review the full versionof Liu and Xu’s approach20, 21]
appearedn [26]. Althoughthe original methodsusedarequite
identical,the presenpaperextendseyond[26] by providinga
significantlymoreefficientimplementationcomparinghe pro-
posedapproacho a similar techniquein which the channelis
identifiedfirst andsubsequentlynverted(cf. [7]), andaddress-
ing the casewith differing andill-definedchannelengths.

Notation

Lower casebold, asin x, denotesvectors. For a matrix A,
AT is the transposeA” is the complexconjugatetransposeA’
is theMoore-Penrospseudo-invers&ol(A) androw(A) denote
the columnspanandrow spanof A, and|| A||r is the Frobenius
normof A. vec(A) is the‘vectoring’ operatiorwhich stacksall
columnsof A in asinglevector and(d is theKroneckemproduct.

IEEETRANSACTIONSON SIGNAL PROCESSING

II. DATA MODEL

An arrayof M sensorswith outputsx; (1), ---,xm(t), receives
d digital signalss; (t), ---,s4(t), eachof which is describedas
a sequencef dirac pulses,s;j(t) = 3__, SjKk0(t —KT). For
conveniencewe assumethe symbolrate T is normalizedto
T = 1, andthe digital symbolss;, belongto a known finite
alphabetQ = {+1,£3,...,+(Ng — 1)} for real signals,or Q =
{£1,4£3,...,£(Ng—1)} O{%]j,%j3,...,£j(Nqo—1)} for complex
signals. The waveformreceivedat the array consistsof multi-
ple pathsper signal,with echosarriving from differentangles,
with differentdelaysandattenuationsTheimpulseresponsef
the channelfrom the j-th sourceto the i-th sensorh;j(t), is a
convolutionof thepulseshapindfilter g; (t) andtheactualchan-
nel from s;j(t) to x(t). We includeany propagatiordelaysand
delaysdueto asynchronousignalsin hjj(t). Thedatamodelis
written compactlyasthe convolutionx(t) = H(t) Os(t) , where

x1(t) ha(t) hyg(t)
x©=1 : |, HO=| S
xm (t) hwa(t) hva(t)
si(t)
=] ;
su(t)

It is commonto assumaeat this point thatall M channeldh(t)
areFIR filters of lengthatmostL; O N :

hij(t)=0, tZ[O,L),
Themaximalchannelengthamongall sourcess denotedy L =
max; Lj. An immediateconsequencef the FIR assumptions
that, at any given moment,at mostL; consecutivesymbolsof
signalj playarolein x(t). Indeedfort = n+ 1, wheren J Z and
0<1 < 1,theconvolutionx(t) = ¥ ; hjj Osj(t) canbeexpressed
as

Ly-1 Lg-1
X(n+1) = Zo his(K+T)Spnk +- -+ Z) hig(K+T)sg,n«- (1)
& =

For simplicity of the exposition,we initially assumethat all
channeldhavethesamedengthL, andgeneralizdateron.

Supposeve samplesachx;(t) atarateP O N, whereP is the
oversamplindactor, andcollectsamplegiuringN symbolperi-
ods,thenwe canconstructa datamatrix X as

X = [XO XN—l]
x(0) x(1) x(N-1)
| xE) x@+p)
X(%22) x(N-1+%51)

Thek-th columnxy of X containsthe MP spatialandtemporal
samplegakenduring the k-th interval. Basedon the model of
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xi(t) in (1), it follows thatX hasafactorization

X = HS

[H(0) H(1)---H(L-1)

H(B)
H = |.°

[H(5) ~H(L-3)

SO SN2 SNt (2)
S = SN-2

Si4+2 S1+43

[S-1+1 S142 . OSN-L

H:MPxdL, &, :dLxN

Thematrix H representshe unknownspace-timechanneland
theblock-ToeplitzmatrixS = S| containghetransmittedsymbol
For generality we have assumedhat the measuredlock of
datastartswhile the transmissiorof eachof the signalswasal-
readyin progressj.e. Xo is determinedby previoussymbols
S1+1,7+,S1 aswell assy. A similar assumptioris madeon
Xn-1. Notethatif thechannelgslonotall havethesamdengthL,
thencertaincolumnsof H areequalto zero.GivenX, ourgoalin
blind estimatioris to find H andS suchthats is ablock-Toeplitz
matrix,andthesymbolsin S satisfythefinite alphabeproperty

If thesourcealphabets real,thenit is customaryto work with
areal-valueddatamodelby redefining(with someabuseof no-

tation)
| |

This effectively doublesthe numberof observabledP while
halvingthe noisepoweron eachentry.

_ [ rea(X) 3)

| realH)
imag(X) a [

imagH)

Thealgorithmswhichwe consideiin thispaperely ontheex-
istenceof a"filtering matrix” W suchthatWX = S. Thisimplies
thattherow sparof S is equalo (or containedn) therow sparof
X. Forthisto betrue,it is necessarthatH hasfull columnrank
whichimpliesthatMP = dL. This may put unduerequirements
onthenumberof antenna®r oversamplingate. However it is
possibleto easehis conditionby makinguseof time-invariance
andthestructureof S. ExtendingX to ablock-Hankeimatrix by
left-shifting and stackingm times (asdiscussedater, m canbe
viewedasanequalizedength,measuredh symbolperiods)we
obtain

Xo X1 XN-m
X X .
Xo = |2 T
XN-2
Xm-1 XN-2  XN-1

mMMPx (N-m+1).

3Thesubscript. denoteghe numberof block rowsin S. We usuallyomit the
subscriptf thisdoesnotleadto confusion.

Thisaugmentedlatamatrix X, hasafactorization

Xm = HmSL+m—1

Sm-1
0 [H]

TLoSv-2 SNl

SN-2

(4)

S 425143 -

SL+18142 " SN-L-mt1
Hm:mMPxd(L+m-1),
Si+m-1:d(L+m-1)x(N-m+1)

(them shiftsof H to theleft areeachoverd positions)andthe
objectivebecomesfor given X, to determinefactorsH andS
of theindicatedstructuresuchthattheentriesof S belongto the
finite alphabetAs we showin thesequeljdentificationis possi-
bleif thisis a minimal-rankfactorization.Necessary conditions
for X' to haveauniquefactorizationt’ = HS arethatH isa‘tall’

Ssmatrix andsS is a‘wide’ matrix, whichfor L > 1 leadsto

MP > d
dL—d
5
M2 WPd ©)
N > dL+(d+1)(m-1).

Givensufiicientdata,only MP > d posesa fundamentaidenti-
fiability restriction.

Note that theseconditionsare not sufficient for # andS to
havefull rank. Onecasevhere? doesnothavefull rankiswhen
thechannelglonothaveequallengths,n whichcaseherankof
X isatmosty L +d(m-1). lll-conditionedcasesnight occur
whenthechannelarebandwidtHimited, sothatsamplingfaster
thantheNyquistratedoesnotprovideindependeritnearcombi-
nationsof thesamesymbols.In principle,themaximaleffective
P is given by the ratio of the Nyquistrateandthe symbolrate
[27]. (Theremaybeotherpracticalreasongo selectalargerP,
e.g.,to correctfor errorsin carrierrecovery Thisis not consid-
eredhere.)

For SISOmodels theconditionthat#n, is of full rankis usu-
ally formulatedin termsof “commonzeros”:if thez-transforms
hi(z) of therowsof H donothavearootin commonthen?, has
full columnrankfor atleastall m=L (viz. e.g.[7, 26]). Forar
bitrary channelsthistechnicalconditionholdsalmostsurely In
theFIR-MIMO casethecorrespondingequirements thatH(z)
is “irreducibleandcolumnreduced’(viz. [22]).

1. SUBSPACE-BASED APPROACHES

Accordingto the previoussection the basicproblemin solv-
ing theblind FIR-MIMO problemis, for agivenmatrix X, to find
afactorizationX = HS, whereS =S, is block-Toeplitzwith en-
tries(S)ij 0 Q. If weassumehatthedatamatrix X is corrupted
by additivewhite Gaussiamoise thenthe maximumlikelihood
criterionyieldsthenonlineateastsquaresninimizationproblem

[X=HS||2. (6)

min
H, SOQ: block-Toeplitz
To find anexactsolutionof this nonlinearoptimizationproblem
is computationallyformidable.lt is possibleto approactiheop-
timum via iterativetechniqueghatalternatinglyestimated and
S, startingfrom someinitial estimatefor H [28]. Thisapproach
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Fig. 2. Multistageequalization/sepatian filter

is still computationallyexpensivedueto the repeatecenumera-
tion of all possiblesequencesf lengthL usingthe Viterbi al-
gorithm. In addition,theinitial point hasto be quiteaccuraten
orderto convegeto theglobalminimum,ratherthanoneof the
numeroudocal minima.

The subspace-baseapproacheslerivedin this sectionsim-
plify the problemby breakingit up into two subproblemsSup-
posethatthe channeldhaveequallengthsL andthatthe condi-
tions(5) aresatisfied.Then

H full columnrank
S full row rank

0 row(X) = row(S)
0 col(X) = col(H)

To factor X into X = HS, the strategyis to find eitherS: a
block-Toeplitzmatrix with a specifiedrow span,or #: ablock-
Hankelmatrix with a specifiedcolumnspan.In the scalarcase
(d = 1 signal),a numberof algorithmshavebeenproposedor
doingthe latter, in particular[7, 8], andit is straightforwardo
extendthesealgorithmsto the vectorcase(d > 1), presuming
the channelengthsareall equal. However for d > 1 subspace
informationaloneleadsto an ambiguity: X = (HD™1)(DS) is
a factorizationwith the samesubspacedpr D = diadA, - -+, A]
andA anyinvertibled x d matrix. This ambiguityis resolvedn
asecondtep by takingadvantagef thefinite-alphabeproperty
of thesignals.

We outlinethreeapproachesnewhich directly estimatesS
fromitsrow spanaswasoriginally proposedn [1,2,20],thenan
entirelyequivalentut computationallymoreattractiveversion,
andfinally anapproachn which # is estimatedirst. In theab-
senceof noise,all approachegive exactresults.Notethatnone
of theseapproachegrovidesa factorizationX = HS in which
both factorsareforcedto havethe requiredToeplitz or Hankel
structure sothattheyaresuboptimalin thatrespect.

A. Sep 1: estimating the row span of S

We work with the extendedmatrix X = Xy, in (4). Thefirst
stepin the direct algorithmsis the estimationof an (orthonor
mal) basisof the row spanof S = S|y m-1 from the row span
of X. Supposeasbefore,thatthe channeldhaveequallengths,
equation(5) holds,and# hasfull columnrank. Thenrow(X') =
row(S), sothatwe candetermingherow spanof S from thatof
X. Thisrequiresthe computatiorof anSVD of X', X =UxV,
whereU,V areunitarymatricesandX is adiagonalmatrix con-
taining the singularvaluesin nonincreasingrder[29]. With-
out noise,therankdy of X is equalto the numberof nonzero

singularvalues,andwe canwrite X = U3V, whereU consists
of the first dy columnsof U, £ is a diagonaldy x dy matrix
consistingof the nonzerosingularvalues,andV is thefirst dy
rowsofV thatform anorthonormabasisfor row(.X’). Forwell-
conditionedproblemswith equalchannellengthsL, we expect
dy =d(L+m-1). If X is corruptedoy noise thenthe numer
ical rankdy of X is estimatecby decidinghow manysingular
valuesof X’ areabovethe noiselevel. The estimatedow span
V is givenby thefirst dy rowsof V.

If the noiseon X is white andi.i.d., with covariancematrix
02|, thenU asymptoticallyconvegesto a basisfor the column
spanof the noisefree dataHS. Fori.i.d. signals,ﬁssEI - |
(oramultiple thereof),sothat % $2 asymptoticallyconvegesto
22, + 021, wherez;, containghesingularvaluesof . Notethat
\Y doesnot convegeto its noise- freevaluesmcens dimension
growsalongwith N. However we canwrite V = [0 X, so
thateachcolumnof V is determinecy allnearcomblnauonof
thecorrespondingolumnof X'. Becaus®f theHankelstructure
of X, this columncontainssampledrom m consecutivesym-
bol periods. Hencethe matrix multiplication canbe viewedas
anFIR filter, wheremis the equalizedength,andthe rowsof V
canbeviewedasanew filtereddataset. Thisis depictedn fig-
ure2, wherewe havejust coveredthefirst stage(of three). The
filter coeficientsaregiven by the entriesof [S1UY. Themain
purposeof suchasubspacélter is dimensionalityeductional-
thoughwe will usethe orthonormalityof V aswell.

Computingthe SVD of an mMP x (N —m) matrix requires
about3(mMP)?(N-m) + 10(mMP)3 operationg29]. It is possi-
ble to replacethe SVD by computationallymoreefficientadap-
tive subspacérackingalgorithms,which updatethefilter coef-
ficientsasmoreandmorecolumnsof X’ aretakeninto account.
Severalpdatingalgorithmsareavailable seefor examplg 30—
32].

B. Step 2: forcing the Toeplitz property of S

The nextstepin computingthe structuredfactorization¥ =
HS is to find a descriptionof all possiblematricesS = S| ym-1
thathavea block-Toeplitz structurewith L + m—1 block rows,
andaresuchthatrow(S) = row(X). Thelatterconditioncanbe
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trueonly if eachrow of S is in therow spanof X

[Sm1  Sm sv-1] O row(X)
[Sm2  Sm1 Sn-2] O row(X)

: (7)
[S-1+1 SL+2 SN-(Lemep] O row(X)

Thesel + m—1 conditionscanbe alignedto applyto a single
block-vectorin severaways.We chooseo work with
S=8= [S_L+1

Si42 ot SN,

which is the generatoiof the Toeplitzmatrix S. HenceSis in

theintersection of therow spanof X andshiftsof thisrow span
(suitablyembeddedvith zeros). Alternatively, we cansaythat
Sis orthogonalto the union of the complement®f theserow
spans.Thisleadsto astandargrocedurdo enforcethe Toeplitz
propertyof S, andwasoriginally usedin [1,20]. Wewill briefly

describehe methodfor referenceandthenshowhowrow span
intersectionarecomputationallynoreefficientin producingex-
actlythesameresult.

Null spaceunion

LetG beamatrixwhosecolumnsconstituteabasisfor ker(X),
i.e., G is the complemenbf V andcanbe determinedrom the
SVD of X. If H hasfull columnrank,thenG hasdimensions
(N-m+1) x(N-m+1-d(L+ m-1)) =: mg X Ng. Moreover
XG =00 SG=0. UsingthefactthatS is block-Toeplitz,we
obtain

SG = 0 And $T(L) 3 9,
G
G
Gre = (8)
G
0

(N+£-1) xNg(Z+m-1).

The numberof block-columnsof Gy is equalto £ + m—1,
where/ is a parametechoserequalto the channelengthL (or
maybesmaller aswe will proposdater). The blocksareeach
shifteddownoveroneposition.

If Gy is awide matrix (this givesadditionalconditionson
mandN), thenker(GE(L)) determines butonly upto aleft in-
vertibled xd matrixA, becaus® = ASalsosatisfies/Gr() =0.
Given Gy, we takeY to be a matrix whoserows form a ba-
sisfor ker(GE(L)). Hence the Toeplitzmatrix S is determined
uniquelyup to multiplicationat theright by D = diadT, ---, T].
Now, to identify S we haveto find the factorizationY = AS
which, in thecaseof finite alphabesignals,canbedoneusinga
suitablel-MIMO signalseparatioralgorithm,asoutlinedin sec-
tion 11-C below

The computationof ker(GE(L)) calls for an SVD of Gy,
whichis amatrixwith dimension®f orderN xN(L +m). Hence,
this approachrequiresorderN3(L +m) operationsyhichis not
feasiblefor N > 50 or so. It is possibleto alleviatethe compu-
tationalrequirementaswe needonly thed basisvectorsin the

null spacewhich doesnotrequireafull SVD. E.g.,a“spherical
subspacelpdatingalgorithm,if applicablewouldyield acom-
plexity of roughlydN?(L + m).

Row spanintersections

We again considerequations(7), and let V be a basisfor
row(X) asdeterminedn thefirst step.Define

i 0 V o0
vk.=11,4,2 0 0 |, (9)
0 0 Inx

wherewetaken = L + m-1 for now; althoughwe will consider
othervaluesfor n later The conditionsin (7) canberealigned

into

S O row®, v(1>:[v 0 ]
0 |AL+m—2
OV o0

/(2 7(2) _

S O row®, v@d=11 o 0 »(10)
0 0 liyms

S ﬁ rowW(L+m-1) \7(L+m—1):[ 0 \7]

’ ILym2 O

Indeed theidentity matricesin eachV(®) reflectthefactthat,at
that point, thereare no rangeconditionson the corresponding
columnsof S, Thus,Sis in theintersectiorof the row spansof
Vv ill v{L+m1)  andthe problemis oneof determininga basis
for the intersectiorof a setof given subspacesOneapproach,
aswe sawin the previoussubsectionjs to computethe union
of the complement®f the subspacegndtakethe complement
again.However it is possibleto computesubspacitersections
withoutforming complementsTo this end,we usethefactthat,
for orthonormal bases/ in (9), preciselythe samesubspace
intersections obtainedby computingtheright singularvectors
of amatrix formedby stackingthe basisvectors(seeAppendix
A), i.e.,by computingan SVD of

V(1)
gismy |

More conveniently (for n intersectionsn = L + m-1), we can
computethe SVD of

(11)

v o
I |
Vi ==|_0 v ‘
Ji 0
0 N7)
12)
wherethen copiesof V areeachshiftedover1 entryand
vn-1 0 1 0
h= WS ‘[2-._
0 1 0 vn-1



The matricesJ;, J, summarizethe identity matricespresentin

{V(®}, whichis possiblebecausave areonly interestedn the
singularvaluesandright singularvectorsof Vr ), andthesedo
not changeby replacingthe stackof identity matricesby Ji, J,.

Thisisimmediatelyseerby looking atVTD(n)VT(n), andobserving
thatit is the sameasthesquareof (11).

Theestimatedasisfor theintersectiorY is givenby theright
singularvectorsof Vr(, thatcorrespondo the largest singular
valuesof Vr(,): by AppendixA, thosethatareequalto /n (if
thereis nonoise).As we will motivatelaterin sectionlV-D, the
nextlargestsingularvaluesarecloseto +/n-1. Thus,thelSI fil-
teringprocesss baseandistinguishingsingularvaluesbetween
v/nandy/n-1. It is clearthat,for largen, this becomes deli-
catematter This motivatesusto keepn =L+ m-1 small,i.e.,
notto makethe stackingparametem largerthannecessary

Therelationbetweervr andGry in (8) is (cf. AppendixA)

vTD(n)vT(n) + GT(Z)GE(Z) =n  (n=f+m-1). (13)
Hence theright singularvectorsof Vr (s, m-1) andGE(Z) arepair-
wise identical, exceptfor a reversalin ordering. Also, their
squaredsingularvaluespairwiseaddup to n. Thisis indepen-
dentof any noiseinfluence andentirely causedy thefact that
we took V and G- to be orthonormal basesof complementary
subspacesHence,the null spanunion methodis just asdeli-
cate: two methodsgive exactlythe sameresultsand havethe
samerobustnesandsensitivityto noise.

We let ds denotethe dimensionof Y, the estimatedbasisof
the intersection.Underthe (noise-free)conditionsspecifiedin
sectionlV-A below with n = L + m—1intersectionsye obtain
ds=d, i.e.,theintersectingubspaces preciselyd-dimensional.
ThisimpliesthatS= TY for someinvertibled x d matrix T.

With noise,we follow the sameprocedure We would like to
solve
min  dis?(row(S),row(.X))

S =amy
S:block Toeplitz

where'‘dist’ denoteghe distancebetweentwo subspacef29].
Directly finding a solutionto this optimizationproblemis not
feasible. Instead we find a generatolS for the Toeplitz matrix
by solving

L+m-1

S=agmin ¥ disf(row(S), row(V®)), (14)
k=1

whichdetermines matrix Ssuchthattherow spanof eachseg-
mentof Sis ascloseto therow spanofV aspossible Thetwo op-
timization problemsarenot preciselythe same.The solutionof
(14)is givenin termsof theSVD of Vr ), andis equalo theright

singularvectorscorrespondingo the Iargestd}, singularvalues
of thismatrix: thosethatarecloseto 1/n andlargerthanv/n-1.

Thus,the proposedntersectioralgorithmsolvesthe secondp-
timizationproblem.

In figure 2, the secondstageindicateshow V¢ y, is formed
fromV andn-1 delaysof V, andthatthebasisY is obtainecby
linearcombinationof therowsof V(). Thecoeficientsof the
filter areobtainedfrom theU- andZ-matrix of the SVD of Vr,
similar to thefirst stage. The matricesJ;, J, areignoredin the
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figure,astheyonly play arolein thefirst andlastfew columns
of ablock of data,andnot duringthefiltering processtself.

If we taken = L +m-1, thenVy, hasdimensiongd(L +
m-1)2+2(L+m-2)) x(N+L-1). UsinganSVD, this gives
the subspacéntersectioralgorithma complexity of O(d?(L +
m)*N), whichis linearin N. Similarto stagel, we canconsider
anupdatingmplementatiorof thisstageaswell, althoughthere-
guiredorthonormalityof theinput signalsto this stagegivesrise
to someinterestingcomplications A sphericabubspacéacker
if applicablewould yield a complexityof orderd?(L 4+ m)2N.
An investigationof the detailsis beyondthe scopeof the paper

If the complexityof the intersectionstepis too large, it may
beinterestingo consideiamultistagentersectiorapproachin-
steadof computingthejoint intersectiorof L + m—1 subspaces,
which requiresa stackof n = L 4+ m- 1 shifts of VV, we may
placee.g.,two intersectiorstagesn cascadegachconsistingof
a joint intersectionof n = %(L + m-1) subspacesLikewise,
it is ultimately possibleto havelL + m—1 stagesgachconsist-
ing of onepairwiseintersection Thisreduceghe complexityto
O(d?(L +m)3N), andwithout noise,the resultis preciselythe
sameindependenbf the scheme.Numericallyandwith noise,
howevertheresultis suboptimabecausé is sensitiveto theor-
derin whichtheintersectiongreperformed.

C. Sep 3: Forcing the finite al phabet property

At thispoint,wehaveonly obtainedabasisY of ads-dimensional
subspace&vhichcontainsS=[s_ ;1 --- Sy-1]. Tofind Swehave
to determinewhich linearcombination®of therowsof Y give a
finite alphabestructure. This problemis a structuredactoriza-
tion of theformY = AS, §; 0 Q, whichis interpretedassepa-
ratinganinstantaneoubnear mixture of finite alphabesignals.
Severahlgorithmshavebeenproposedo solvesuchproblems.
In particular a maximum-likelihood(ML) formulation of the
problemleadsto

min

in_[[Y=AS]|
SS;00

(15)

whichis preciselytheproblemstudiedin [16,17]. In thatpaper

two iterative block algorithmsareintroduced,|ILSE and ILSP,

which aresummarizeelow Startingfrom aninitial estimate
A9 thealgorithmsproceedasfollows:

ILSE

fork=1,2,---
a. g(k) = angmingoo [lyi —A¥s||, Oi
b. A(k+1) :Ys(k)T

ILSP

fork=1,2,---

a. SY = Proj, [AKWTY]
b. A(k+1) — Ys(k)T

TheoperatolProj, denoteelement-wisgrojectiononto theal-
phabetQ. ThelLSE algorithmconvegesto the ML estimateof
the pair (A, 9), providedtheinitial estimatefor A is closeto the
truevalue. Solvingstepain ILSE involvesenumeratiomverall
possiblecombinationf symbols. The ILSP algorithmavoids
theenumeratiorby replacingit with aleast-squaresolvefor S
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TABLE |
THE ILSF ALGORITHM

In: Y,out: Ss.t.SOQ,S=TY
ChooseT (@
fork=1,2,---

a.SM = projo [TkDY]

b. T = gyT

c. EnsureT® s full rank (seetext)
until TR Tk =0,

followed by aprojectionontothealphabet.Thisis computation-
ally cheapebut suboptimal. Unlessthe alphabetis BPSK and
the numberof rows of Y is small, it is importantto havearea-
sonablyaccurateinitial estimateof A. Goodinitial pointsare
obtainedby therecentlyintroduced‘analytical constantmodu-
lusalgorithm”(ACMA) [33], whichisreadilyspecializedo give
closed-formeigenvalue-basesblutionsfor simplefinite alpha-
betssuchasBPSKandMSK [34]. Dependingnthe matrix di-
mensionsand noiselevel, ILSE and ILSP usuallyconvepge to
afixed pointin lessthan5-10iterationsg[16]. As mentionedn
theintroduction,severalotherl-MIMO sourceseparatioralgo-
rithms are describedn the literature,somebasedon different
propertiesuchassourcandependencer constantnodulug18,

19,35-38].
Alternatively, we canminimizethe MMSE criterion
min___[|S-TY|]?, (16)
T full rank SCIQ

which essentiallyfits the subspace’ to a FA matrix S. An iter-
ative algorithmto solvethis problemis called ‘lterative Least
Squarewvith Subspaceéitting’ (ILSF), andis listedin tablel. It
is very similar to ILSP, but hasthe advantagehat the pseudo-
inverseof the k-th iterate S¥ is avoided,and replacedby a
pseudo-inversef Y whichis constant.SinceY is anorthonor
mal basis thisinverseis simply equalto the complexconjugate
transposeY’ = YU, Forasmallnumberof sourceseachitera-
tion requires2Nd? flops.

Oneaspecbf theproblem(16)thatis differentfrom (6) is that
weexplicitly requireT to befull rankin orderto guaranteénde-
pendentowsof S Indeed,T shouldbeawell-conditionedma-
trix sincethe rows of S becomeorthogonalfor large N (asthe
signalsareuncorrelated) And sinceY is orthogonalaswell, T
is closeto unitary(upto ascaling):it rotatesoneorthogonaba-
sisinto another Hence,T is the solutionto anorthogonal Pro-
crustes problem[29]. ForcingT to be closeto unitary provides
oneway of enforcingindependensignalsin S. Notethatfor a
unitarymatrix T, thecriteria (16) and(15) arethe same sothat
theperformancef ILSF is quitesimilarto ILSP.

ThelLSF stepis thelaststageof thefilter in figure2, with p=
1 (p > lis consideredn sectionV-C below). The coeficients
of thefilter in this stagearethe entriesof T. Similarto ILSPin
[17], it is straightforwardo replacd LSF by anupdatingversion,
which operatesn a decisiondirectedfeedbackmode.

D. Alternative: computation of H first

Insteadof estimatingS directly, we canalsofirst estimateX
andinverttheresultingchanneto estimateS. Thisis potentially

interesting sincethe dimensionf # do not grow with N, so
thatit canbeestimateaonsistently\We briefly describehepro-
cedurewhichis basicallyanextensiorof [7] to multiplesignals.

Let G’ beabasisof theleft null spaceof X, AssumingS to
beof full rank,wehaveG'X =0 0 G'Hm=0. Write

H = [Ho Hi-1],  Hi:MPxd
G = [G] Ghl, G/ : (MMP-dy) xMP
ThenGHm=0 -
Gp, O
/ . .
Gl. : Hi-1
0 G’1

If thematrixontheleftis ‘tall’ (thisgivesminimalconditionson
m), thengenericallyits right null spacespecifieH, upto aright
block-diagonafactordiagA, --- ,A]. ForanysolutionH, theba-
sisY = [Y__41-+-Yn-1] is foundfrom aninversefilter associated

toH as
Yn-1

Yoi41

wherex = veqX) = Xy is astackof all inputdata.At this point,
we arebackatthemodelY = AS andthelLSE/P/Falgorithmis
employedo removetheambiguitythatA represents.

Fortheestimatiorof A, it is only requiredthatS beof full row
rank,whichis amild condition. In particular it is notnecessary
thatall channelshaveequallength, althoughcertainmodifica-
tionsarein order(see[22], which alsocontainssomeidentifia-
bility results).

It is uncleawhetheradirectestimatiorof Sis to bepreferred
over anindirect estimationvia #. The formerinitially forces
only the structureof S, neglectingthatof 7, whereaghe latter
doesthe opposite.In general estimating# is computationally
easieffor largeN, andcanbedoneconsistently Our experience
with simulationshoweveris thatestimatingSdirectly mightbe
moreaccuratdan the presencedf modelmismatch(seesection
IV-E). Also, if thechannelengthsarenotwell-defined(i.e. the
FIR assumptions only approximatelytrue),row spanmethods
canpotentiallyobtaina bettermodelfit. Thisis becaus¢heydo
notforcezerosin thelowerright block of H, buthavethefree-
domto insertthe actual(nonzero)coeficientsinstead.Finally,
withoutgoinginto details we mentionthattherow spanmethods
arealmostimmediatelyapplicableto moregeneralARMA (ra-
tional)channemodelsjn which astatespacanodelis assumed.

IV. ASPECTS OF THE ALGORITHM
A. Identifiability

Doestheintersection/R algorithmprovidea uniqueestimate
of §? Thisidentifiability issueis thesubjecbf thefollowing the-
orem. Similar resultsfor d = 1 werepresentedn [7], butfrom
the pointof view of estimatingH from its Hankelstructure An
alternativeproof appearsn [26].



Theorem1: ConsidetheFIR-MIMO scenariawith d sources
andchannel®f equalengthLj = L. Supposthatthedimension
conditions(5) aresatisfiedfor somem, andthattherank Xm) =
d(L+ m-1) andrank(Xn.1) = d(L + m).

Let Xn = HmSL+m-1 beastructuredactorizationof Ay, Tak-
ing only the Toeplitz structureinto accountS; -1 is uniquely
specifiedby the conditionrow(Xr) = row(Sp+m-1) upto aleft
block-diagonafactorD = diadT, ---, T] whereT isaninvertible
d x d matrix.

Takingalsothe FA propertyinto accountunderconditionsof
theorenB.2in [17],* S| . m-1 iS uniqueupto D = diagT, -+, T],
whereT cantaketheform of apermutatioranda diagonalscal-
ing by +1,+]j.

Wefirst derivethefollowing lemmawheren canbeanynum-
berof intersectionbetweenl andL + m—1:

Lemma 2: Forl<ns<Ll+m-1,letV beanorthonormabasis
of row(X;n), anddefineV (¥ asin (9).

Undertheconditionsof theoremt, row(V () n ---n row(V (")
is a subspacef dimensiond(L + m-n) and containsS; +m-n
(Isn<L+m-1).

Proof: of thelemma.Therankconditionon Xy, 1 implies
thatS, +m hasfull row rank. In turn, thisimpliesthatSy hasfull
row rankequalto dk, for 1 < k< L + m(sinceanysubsebf the
rowsof S +m hasfull row rankaswell).

Supposen = 2. In investigatingrow(V(9) n row(V(2), we
mayaswell look atS, , -1 insteacfV sincetheysparthesame
space Consider

[ Siom1 O]
| O Stema
[Sm1 Sm - SN2 SN-1 O 7
Sm2 Sm1 - SN-3 SN2 0
. . . .
S4+2S143 0
S14+1S142 - - SN-L-mwl 0
O sma SN-2 SN-1
O
0 S1425143 '+ SN-L-m+1SN-L-m+2
L 0 Si41S142 "+ SN-L-m SN-L-me1l

where‘[0 standsfor an arbitrary extensionas enabledby the
identity matricesin the {V(K}. The intersectionremovesall
rows that are not linearly dependenbn the rows of the oppo-
site block. With suitableextensionsthis meansonly the first
andlastrowsarecandidate$or removal.Notethatthey cannot
belinearly dependentn the otherrows, becausehe submatrix
of theabovematrix, obtainedby removingthefirst andlastcol-
umn,hasthesamesetof rowsassS| +m which hasfull row rank.
Hencebothrowsareremoved andtheresultof theintersection
isaspacawith preciselyd lessrows,andis generatethy therows
of S| +m-2 (sinceit is of full row rank). Theresultfor largern is

4This theorembasicallyrequiresthat S containsall possibled-dimensional
columnsgthatcanbegeneratedby thefinite alphabetThisis asufficient,butpes-
simisticallylarge conditionon N.
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obtainedby repeatinghe sameargument
Proof: of thetheorem.Settingn = L+ m-1 in theabove

lemmagivesanintersectiorsubspacef dimensiond which is
spannedy thed rowsof S= §;. Hence,S; is uniqueupto left
multiplication by someinvertibled x d matrix T; consequently
SiL+m-1 IS uniqueupto left multiplicationby D = diadT, ---, T].

Takingthe FA propertyinto accountaswell, theorem3.2in
[17] claimsthatfor sufficiently diversesymbols,S; is uniqueup
to permutatiorandscalingby +1,+]. O

B. Detection of d and L

If # andS havefull columnrankandrow rank,respectively
thentherankof Xy, isdy = d(L+ m-1). Thenumberof signals
d canbeestimatedy increasingn by one,andlookingatthein-
creaseén rankof X, Thispropertyprovidesavery effectivede-
tectionmechanisnevenif thenoiselevelis quitehighsinceit is
independentf theactual(observableghannelength. Further
more,it still holdsif all channelglo nothaveequallengths(see
sectionlV-C below). In casetheydo, thenL canbedetermined
from the estimatedankof X, dy, andthe estimatechumberof
signalsd, by [ = dy/d-m+1.

It is interestingo notethatthereis anefficientupdatingalgo-
rithm for estimatingthe rank of Xy andthe correspondingol-
umnspan for all k from 1 to matonce withoutrequiringSVDs
andusingonly thefull-size X,,. The SSE-1subspacestimator
derivedin [32] is atechniquefor computingthe numberof sin-
gularvaluesof amatrix X thatarelargerthana giventhreshold
y, anda basisfor a subspacéhatis y-closeto the columnspan
of the matrix in somenorm. The algorithmis suchthat, at the
sametime, this informationis producedn all principalsubma-
tricesof X aswell. Appliedto X, it producegheranksof all
Xk, k< m, with respecto a giventhresholdat the complexityof
a QR factorization.

C. Unegual channel lengths

Forsimplicity of presentationwe haveonly consideredhan-
nelswith equallengthuptonow: Lj =L,j = 1,---,d. In gen-
eral,howeverthelengthsL; maybedifferent.In thatcasejt is
perhapsnorenaturalto write thefactorizationYn = HmSmeL-1
with arank-deficient{m, as

X =HPSE 1+ +HDSE)

7)
whereeachH ¥ andS® correspondo thechannekndsymbol
matrixof sourcek only. Genericallytheseactorsareof full rank
Lj +m-1. Therankof Ay is thusexpectedo be

d
rank Xm) = Lot +d(m-1), Liot = Z Lj,

5Therank conditionon X, 1 is necessaryo avoid pathologicalcases:con-
sidere.g.,aperiodicsymbolmatrix

2 S % 2 9 S
SB=s 2 B 9 2 S
S S %2 9 S &

In this casetheintersectionslo notremoveanyrow. NotethatS, hasranks< 3d,
sois notof full rank.
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assuminghe termsin (17) arelinearly independentTo obtain
row(Xn) equatothelinearenvelopgow(S™M)+ - - row(S®),
it is necessarthatmMP = Lot +d(m-1), i.e.,

Liot—d
>
M= MP—d-

MP>d,

To describetheresultof the subspacéntersectionsye needto
definea“rank profile” 6

rie) =#j:Lj=24},

i.e.,r(¢) is equalto thenumberof sourceswith achannelength
Lj =£. Thus,r(£) is monotonicallydecreasingromd (£ = 1) to
0(£>L),andsir(f) = Lot

If we performintersectionstepby step thenthefirstintersec-

tion removeshetop row of everySr(T'fJ)rLk_l, andtherankof the
intersectingsubspaceés d lessthantherankof A;,. Thenextin-
tersectioremoveghe secondow anddropstherankagainby
d, etceteraThiscontinuesintil therankof oneor moreof S®) is
exhaustedn which casehedropin rankperintersectioris now
less. Thelatter startsto happeroncemorethanm intersections
aretaken,andthedropin rankfollows therankprofiler(¢). In
generalaftern = mintersectionstherankof theresultinginter-

sectingsubspacés

rank[n § row(V ()]
= [Liot+d(m-1)] - [d(m—-1) + 37 "r(£)]
= Ltot_ zg_mr(E) .

In principle, this allows oneto determinethe rank profile r(£),
andhencetheindividual channelengths.

In anapproactoutlinedby Liu andXu in [21], atechniqudor
estimatingsourcesignalswith unequalchannellengthsis pre-
sented.Essentiallythe ideais to computeall intersectingsub-
spacedgor n = mto n=m+ L-1. Startingwith thesmallesdi-
mensionabubspacé.e.,n= m+L-1), firstall themultiple sig-
nalsthatarein this subspacareseparategby ILSF), which are
preciselyther(L) signalswith channelengthL ; = L. With these
signalsknown,thenexthigherdimensionaintersectior(smaller
n) is computedandthesignalsin it areseparatedjsingthesig-
nalsthat were alreadyfound (andtheir shifts) as partial initial
conditionsfor T in the ILSF algorithm. In thisway; it is in the-
ory possibleto unwindthe separatiorproblem.

If, insteadof the SVD, we applythe SSE-1subspacestima-

SinceV is a basisof row(S), we haveV = QS, for some
squarematrix Q. HenceVr(, canbefactoredas

Vr(Leme1) Qrn) ~
v 0 Qo
v oQp
0 v 0|Q
2| 0 |
"""""""""" 0! 0
0

(18)
where' [0 denoteentrieshatarenotof interest.ForlargeN and
i.i.d. signalstherowsof S areapproximatelyorthogonato each
other thatis £SS” - 1, whichimpliesthat/NQ is closeto a
unitarymatrix. In thatcasejt follows thatthe columnsof Qr
areasymptoticallyorthogonato eachother Ignoringthesecond
termin the factorization(18) for the moment,the factorization
of thefirst termdirectly translatesnto the SVD of Vr. In par
ticular, the singularvaluesof V; arethe normsof the columns
of v/NQr, andthusareequalto 1,---,v/n-1,/n,v/n-1,---,1,
eachrepeated times. Theleft singularvectorsarejustnormal-
izationsof the columnsof Qy, andtheright singularvectorsare
normalization®f therowsof Se. Thelatternormalizatiorisin

the orderof ﬁ ForlargeN, it is clearthatrows of thesecond

term(containingly ») becomeorthogonato ﬁ&m sincethein-
nerproducts proportionato ﬁ Obviously thecolumnsof this
termareorthogonalo Qr. Hence the seconderm contributes
additionalsingulavaluesl, - --,+/n—1, eachrepeatedwo times.
AltogetherasymptoticallyandundemoisefreeconditionsVr
for n = L+ m-1 hasd singularvaluesequalto 1/n, andgroups
of 2d + 2 singularvaluesequalto vn-1,---,1. If wetaken <

tor [32] to thefull-size Vi (_m-1), We obtainrankandsubspace L+ m-1,thensimilarly we canshowthatthereareds:= d(L +

informationof all principal submatrice®f this matrix aswell.
Sincetheseprincipal submatricesre equalto the smallersize
V1), n=1,---,L+m-1,(ignoringtheeffectof J; »), thisgives
sufficientinformationto find the completerank profile at once,
aswell asawayto reconstrucall intersections.

D. Sngular value model of intersections

Undernoise-freeconditions,we alreadyknow (by appendix
A) thatthe largestd singularvaluesof V(1) areprecisely
equalo v/L + m-1. Whatisthemagnitudeof othersingularval-
ues?lt is straightforwardo give anansweifor N — oo,

6ForasetE, #(E) denoteghenumberof elementsn E.

m-1) —d(n-1) singularvaluesequalto 4/n, followed by the
groupsof 2d + 2 singularvaluesequaltovn-1,---,1. Theright
singularvectorscorrespondingdo the ds largestsingularvalues
areabasisfor S| m-1-(n-1): then intersectionshaveremoved
n—1 echosof eachsignal.

If N is notlargeandif thereis noise,thenobviouslythe sin-
gularvaluesstartto deviatefrom theseasymptoticvalues,and
in particularthegapbetweerthesingularvaluesaround,/n and
vn—1 closes.The assessmertf thesedeviationsis subjectto
future research.Suchan analysiswould give pointersto suit-
able minimal valuesfor N (in relationto the noiselevel) such
thattherestill canbeagap.
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Singularvaluesof Xy, m=2,---,8
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d=2
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L=3 3 4 5 6 7 8
MP=4
10° IN=50 ; ; o
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sv index

Fig. 3. Singularvaluesof X, (noise-free)for arangeof m. Thedashedines
indicatewhich singularvalueswill be maskedy thenoise.

Transformedsingularvaluesof Vr

0 SNR:lOdB++++++++++++
10 ++++++ 1
+
+ m:2,|:=3,d:y =8
10-1 . . n=4intersect.
(a) 0 5 10 15 20
o o SNR=5dB++++++v++++++
S ot h 1
alo ++++
>
7 + . .
m=2L=3dy =8
107t n = 4 intersect.
b) 0 5 10 15 20
SNR=5dB
o +++++++++++
10 v++++++ 1
+ * . N
+ m:2,L:2,d/y:7
10_1 ‘ ‘ n:3inte|"sect.
0 5 10 15 20
(c) sv index

Fig.4. Transformedsingularvaluesof Vr(y, namely(n—sv(VT(n))Z)l/z. Small
valuesindicatethenumberof remainingsignalsafterintersections(a) SNR
=10dB,full intersectionsib) SNR=5dB, full intersections(secondsource
notresolved)(c) SNR=5 dB, underestimatingy andtakinglessintersec-
tions. After intersectionsgs = 3 signalsremain.
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BER performance, 2 BPSK signals
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BER performance, 2 BPSK signals

+—row(2,2,8)

4--row(2,2,7) | - ZF ""-)"\\\
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_4|0-col(4,3,11)| = - %\ CRLB -
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(b) SNR [dB]

Fig.5. BERperformancédor d = 2 BPSKsignals(a) usingexactvaluesﬁ =L,

dy = dy = d(L+ m-1), (b) usingapproximatevalues. For comparison,
indicatedis the CRLB for a zero—forcingequalizer(HL), assumingperfect
knowledgeof H, theCRLB for theblind scenarignotusingtheFA property),
andtheperformancef ILSE initialized with the exactH.

E. Comparison by simulation

To assesandcompareheperformancef theproposedlgo-
rithms, we considera simple but unrealisticscenarioin which
all assumptionsn the modelaresatisfied.A morechallenging
testcaseis deferredto sectionVIl. We took d = 2 real-valued
BPSKsourcesandarandomlyselecteccomplexchannelmatrix
with MP = 4 observablesndequalchannelengthsL = 3. (M
andP areequivalentn thisexamplepecaus¢hereis nomodula-
tion functionandno multiray model.) We addedcomplexwhite
Gaussiari.i.d. noisewith variancea?. The numberof snap-
shotswasN = 50. Thesignal-to-noiseatio (SNR)is definedas
|HSL ||2/(dMPN@?), whichis the averageSNR per signalper
observableTherelativepowerof bothsourceavassetequal.

Thesingularvaluesof Xy, aredisplayedn figure 3. Without
noise therankof Xy, is expectedo bedy = d(L + m-1), which
turnsoutto bethe case.Thenumberof sourcesd canbeidenti-
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fied from the graphby looking at the increasean rank of X, as
mincreasesAlso, L canbe estimatedassumingequalchannel
lengths. The dashedinesin the graphindicateat which noise
levelthesmallsingularvaluesof X, will beobscuredThislevel

increasesvith ./m, butthesingularvaluesof X, donot, soit is

advantageou® keepmsmall. Below10dB, thetruerankof Xy,

is no longervisible andin practicewe would estimatethe rank
of Xy, toolow.

The singularvaluesof V¢, are considerechext (figure 4).
For conveniencéhey are convertednto the singularvaluesof
Gr, by computing(nl = sv(Vr())?)Y2. (Recallfrom (13) that
the singularvaluesof Vi andGr, squaredaddup to n by con-
struction.)After transformationye expectfor full intersections
(n=L+ m-1) atotal of d = 2 zerosingularvaluescorrespond-
ing to the sourcesand groupsof 2d + 2 = 6 singularvalues
aroundl, v/2, - -, y/n (asindicatedby thedottedlinesin thefig-
ure). For SNRsof 10 dB or more, this is indeedthe case but
for SNR= 5 dB, thesecondsources nolongerpresengfterin-
tersectiongfigure4(b)). If wetakem= 2 andtruncatetherank
of X at7, whichis its observableank, thenthe rank equation
producesnestimatecthannelengthl = 33. Settingl = 2in-
steade canonly taken = 2 intersectionsandwe areleft with
ds= dy —d(L+ m-1) + d = 3 signals/echosAs seenin figure
4(c), this numberof remainingsignalsis still well visible, even
in the SNR= 5 dB case.Thisindicateghatfor therow spanin-
tersectiormethodthereis anadvantagé underestimating and
dy.

Thisis confirmedby figure 5, which showsthe bit errorrates
(BER) for varying SNR, for variouschoicesof the parameters
L anddy. Here,we comparehe directly-estimatingS method
(row spanintersection)vith theestimating# -first method(col-
umn nullspaceunion). If the exactparametersre usedin the
identification theperformancef bothmethodss approximately
thesame.

In [26], a CramefrRao lower bound (CRLB) is derivedfor
theblind equalizatiorof onesourcejf only theToeplitz/Hankel
structureof S and# is takeninto account,but not the finite-
alphabetproperty The resultis readily generalizedo d > 1.
However a correctionto [26] by abouta factor 2 is in order,
whichis discussednh AppendixB.

As seenin figure 5(a),the methodsdo not reachthe approxi-
mateblind-CRLB (22), becausghey only force oneof the fac-
torsto havestructure(eitherS or ), butnotboth. For compar
ison,we alsoshowthe CRLB for estimationof Sif H is known
(theperformancdor a zero-forcingequalizer)which hasa bet-
ter performancegespeciallyfor the secondsignal. The ‘ILSE’
curvesareobtainedoy runningthelLSE algorithmon X, initial-
izedbytheexactH, sothatit givesthe ML estimateof thefactor
Sy if its Toeplitzstructureis ignored. As its BER is well above
that of the blind CRLB, this indicatesthat using the Toeplitz
structurds relevant.

Figure5(b) showsthe casewheretherank of X' is underes-
timated,which would happenin practicebelow 10 dB. In that
caseunderestimating aswell (hencetakinglessintersections,
n = 3) leadsto ds = 3 remainingsignalsafter intersections,
which are separatedy ILSE. As shownby the dottedlines,
this greatlyimprovesthe performance.We evengo belowthe
blind CRLB for the secondsignal, which is possiblebecause
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the estimatorsaarenot necessarilyinbiasedandbecausehe FA
structureis usedmorestronglynow, butis notconsideredn the
bound.This holdsfor therow spanmethod.Usingsimilartech-
nigueswe werenot ableto to improvethe performancef col-
umnspanmethod.Insteadjt collapsedn rank-truncatedlata.

The conclusion®f the simulationcanbe summarizedsfol-

lows.

- The current and proposedblind equalization/separation
methoddorceonly onestructurapropertyoutof three:the
Hankelstructureof H, the Toeplitz structureof S, andits
finite alphabetstructure. For the assumednodel,eachof
thesepropertieshy itself is approximatelyequally strong.
As shownby the theoreticalbounds significantgainscan
still be obtainedby simultaneouslyorcing morethanone
property

- The performanceof the row spanmethodcan be signifi-
cantly improvedby truncatingthe rank of X’ at the noise
level,underestimatinthechannelengthL, andseparating
theremainingsignalglusechodasenthefinite alphabet
property Thecolumnspanmethods apparentlynotrobust
ontruncateddata.

V. ILL-DEFINED CHANNEL LENGTHS

In reality, channelglo nothavewell-definedchannelengths.
Multipath echoswith along delaygenerallyhavea smalleram-
plitude, so thatthe channelresponsesrail down to zerorather
thanfilling outa sharplydefinedintervalin time. In suchcases,
‘H is ill-conditioned,andsubspacéntersectionsannotbe used
to preciselycancelall the echos.lll-conditionedchannematri-
cesarealsoexpectedor band-limitedsignals[27].

A. Effect on intersections

Toillustratetheeffectof ill-conditionedchannel®nthecom-
putationof the intersectingsubspaceconsiderthe impulsere-
sponseh(t) shownin figure 6(a). This is the convolutionof an
actualline-of-sightindoorchannelt 2.4 GHz with araisedco-
sinepulse(T = 10ns,modulationindex 3 = 0.5, oversampling
rateP = 5). Themainpeakhasawidth of about2 symbols but
thereare severalsmallerpeaksaswell. For this example we
considethedataobtainedrom M = 2 antennaswith d = 1 sig-
nal presentwhich is alreadysufficientto makeour point. The
singularvaluesof 1o are shownin figure 6(b). The rank of
H1o is notclear;it is certainlynot of low rankin a mathemati-
calsenseandthenumericarankdepend®nthetruncatiornievel
whichwe choose Toavoidanexcessivelyargeinverseof H, we
wouldin thiscasedecidearankof dy = 12 or so,corresponding
to anestimatecthannelengthof L = 3.

ForlargeN, thesignalsareapproximatelyorthogonato their
shifts,andin thatcasethe singularvaluesof H areequalto the
singularvaluesof ﬁ)(. In fact,let’H = Uy 34, Q beanSVD of
H, then

X HS =[UxZy QS
UrZxV,

sothat, for orthogonalS, =y = v/NZy andV = ﬁQS. If we
approximatet’ by truncatingits SVD to somerankdy, then

[Un57,Q)S
UrS V.

X
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Ideally, H is full rankandQ is squarebutfor ill-definedchannel
lengthsQ hassizedy x (L+m-1), whereL isthe“actual” (large
andfuzzy) channelength. Figure6(c) showsthe magnitudeof
the entriesof O (upto thefirst 24 rowsof Q). Thefirst 10 rows
of Q havell largeentriesthusthefirst 10rowsof V arealinear
combinationof 11 rows of S, plussomeweakerlSI from other
rows. Thereasorfor thisis thath(t) containsasharppeakwhich
is smearedy them = 10 shiftsover11 symbols.The nextfew
rowsof Q showtheinfluenceof thesmallerpeaksin h(t): more
andmorerowsof S getinvolved.
ForlargeN, we maywrite, asin (18),

Vig = Qrmn)Sex

neglectingheedgeeffectscausedy Ji ». Sincetherowsof Sey
arecloseto orthogonaltheSVD of Vr canbewrittenastheSVD

of Qr timesSex - Figure6(d) showsthesingularvaluesof Qrp)

whenn=dy = 12. Thereis onesingularvaluecloseto /12, and
two aroundy/11,/10, - - -, asexpectedHence thereis onevec-
tor in theintersection.This vectoris givenby the productof the
correspondingight singularvectorof Qr timesSex. Theright
singularvectorsareshownin figure6(e). Sinceweexpecthere-
sultto bebasicallyonesymbolsequenceut of Seq, thetoprow
shouldhaveonly onelarge entry However it is seenthatthe
toprow hasatleast8 largeentries sothatthevectorin theinter

sectionis still alinearcombinationof atleast8 symbols.Thus,
theintersectiondid not producethe desiredeffect of removing
all ISI. The" A”-structureof thisfigureis very characteristiand
showshowtheintersectionsvork. Indeed smallsingularvalues
of iy (or Qr) correspondo thetopandbottomrowsof Sex, Since
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thesearerepeateanly afewtimesin V. Thelargesingularval-
uescorrespondo rowsin themiddle of Sex, whicharerepeated
uptontimes.Thewidth of thelegsof “A” is nearlyconstantFor
well-definedchannelengthsthewidth of thelegsis expectedo
bel, becaus¢herightsingularvectorscorrespondingp asingu-
lar valuearespecificechogrowsof Sex, cf. (18)). Thewidening
of thesecondeg of the“A” in ourexampleshowstheinfluence
of the structuredhoisethatis introducedby truncatingthe rank
of H at12. Qualitatively it canbeattributedto thesecondpeak
in h(t), whichis partly (but notentirely) eliminatedoby thetrun-
cationof A to rank12. Thetruncateddatamatrix still contains
oneor afewlinearcombination®f echoshutsincethereareless
combinationghansymbolsthatplay a role aftertruncation the
echoscannotberemovedoy intersections.

The conclusiondrawnfrom this experimenis thatfor actual
channelsheSVD-basedntersectiorschemeanaynotremoveall
thelSlI if therankof H is ill-defined.

B. Effect of taking less intersections

Whathappengf wetakelessthanL +m-1 intersectionsVe
provideanintuitive analysis.Let ussaythatdy is thetruerank
of X, andthatthe resultingapproximatiorerroris lumpedinto
thenoiseterm. SinceV = [S1UX, it is seerthatthenoiseon
therowsof V is notuniform: % amplifiesthe noiseat the top
rowsof UCY lessthanat the laterrows. Considerasimpleex-
amplewhered = 1 andé =I. If wetaken < dy intersections,
thenthebasisy of singularvectorsof Vr ;) correspondingp sin-

gularvaluescloseto n still containgds= dy —(n—1) > 1 echos
of eachsignal. A straightforwardyeneralizatiorof the singular
valuemodel(18) in sectionlV-D to n < L + m-1 showsthat,
with Q = I, eachrow of Y is anaverageof n outof dy rows of
V. Rowsof Y thatareformedby combiningthetop n rowsof V
containlessnoisethanothers.

In generalY is someothercombinatiorof thesymbols(Q # |
andd > 1). However the effect that, with fewerintersections,
somerowsof Y arelesscontaminatetby noisethanotherss still
oftenobservedThisis illustratedin figure6( ), wherewe have
takenn = m= 10intersectionstatherthan12. Thefirsttwo sin-
gularvectorsareeacha linear combinationof only 3 symbols,
ratherthan8 aswe hadbeforewith full row spanintersections.
Y hasds = 3 rows,andthethird singularvectoris indeednoisy:
it is seento bealinearcombinationof 9 symbols.

C. Multistage intersections

Motivated by the precedingsubsectionye proposea multi-
stagantersectiorschemeThefirstintersectiorstageonly takes
the well-definedintersections:at mostn = m+ min;(L;) -1,
whereLj is anunderestimatef the channellengthof signal j,
but without prior knowledgeof channellengthsperhapseven
onlyn=m. Thisproducesbasisy whichistoolarge. In fact, it
containgds = dy —d(n—1) rowsandis abasisfor S| +m-n. The
secondntersectionstagehasto removethe remaininglSl. In-
steadf usinganSVD, we combinethisstagewith theseparation
stagg(ILSF or someotherl-MIMO algorithm),i.e., thefinite al-
phabepropertyis usedto dotheremainingequalizatiorandthe
signalseparatioraswell.

In principle,we canapply ILSF directlyonY. We couldre-
coverall rows of S| +m-n, andselectthosed rows that are not
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TABLE Il
BLIND FIR-MIMO IDENTIFICATION ALGORITHM

In: X,
out: Ss.t.X =HS, w. S Toeplitz+FRA
1. Estimate row(.X):
a. ComputeSVD(X): X =:UxV
b. Estimatedy = rank(.Y) from =
c.V = firstdy rowsof vV
(d. Estimated from rank(Xm.1))
2. Partial time-equalization: do n intersections:
a.n:=m+L-1,withL =1orL =min(L;)
b. ConstrucWVr(n in equation(12)
c. ComputeSVD(Vr ()
d. Setds=dy —d(n-1)
e.Y:= largestds right singularvectors
3. Separate signals based on FA property:
a. Selectp< (%5]
b. Do ILSF on Toeplitzmatrix Y, fromY
c. Detectechoshy symbolsequenceomparison,
keepd indept.signalswith lowestvariance

shifts of eachotherandthat havethe smallestdeviationfrom
the alphabet.However sincetherows of Y area basisfor the
Toeplitz matrix S&S, it is more generalto preparefor a sub-
spacentersectiorstep,i.e.,augmeny’ toaToeplitzmatrixYrp),
where p is somesmallnumber Similar asthe constructionof
Vr from V, we constructYyp, by stackingp shifted copiesof
Y (omitting J1,J2). But, insteadof applyingan SVD to Yr, we
apply ILSF sothatsignalsandechosareseparatethasedon fi-
nite alphabetproperties. The resultingvarianceon the symbol
estimateshouldbe lower sincelLSF hasthe samedegreeof
freedomasthe SVD, butis not blind to symbolvariance. The
valuefor p couldvary betweerl anddy /d—n. A larger p will
alwaysresultin symbolestimateswvith lower variance. In the
latter extremecase,we act on the samedatathat a secondary
SVD-basedsubspacéntersectiorstagewould use.However p
cannot be too large becausehe complexity andthe reliability
of convegenceof ILSF to theglobalminimumdeterioratesvith
growingdimensions.

The resultingalgorithmhasthe generalstructureof figure 2
andis listedin tablell. Thesignificanceof takingp > 1 will be
clearfrom thesimulationresultsin sectionVI.

V1. SIMULATION RESULTS

In this section,we reporton a testof the algorithmin an off-
line experimentjn which we simulatethe receptionof a num-
ber of BPSK signalsthroughanindoorwirelesschannelat 2.4
GHz. The channelimpulseresponsesarederivedfrom experi-
mentaldatameasureth anofficeatFEL-TNO (TheHague,The
Netherlandsjn 1992[39]. 7

Theofficehasdimension®.6mx 5.0m,andheight3.5m.The
actualmeasuremerget-uphada transmitantennan the center
of theroomata heightof 3.0m,andareceivingantennaluster
locatedatvaryingpositionsataheightof 1.5m. Theclustercon-

"We aregratefulto G.J.M.Janssenowat TU Delft) for sharinghis measure-
mentdata.
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sistedof six widebandantennaspaced\/2 in acirculararray

Assumingreciprocity(not quitetrue),we canpretendo sim-
ulatea centralbasestatiomntennaarray of up to six elements,
receivinga superpositiorof signalsfrom a numberof userloca-
tions. We haveuseddatafrom two suchlocations,onewith a
directline of sight(RMS delayspread-= 7.3ns)andonewithout
LOS (RMS delayspread= 16.7ns). Therelativepowersin the
frequencydomainareplottedin figure 7(a). Figure7(b) shows
the amplitudeof theimpulseresponseto araised-cosin@ulse
(T = 6ns, = 0.5, demodulatedo basebandrom a carrierfre-
guencyof 2.4 GHz), eachnormalizedto unit power We do not
haveanyapplicationin mind with thesenumberstheyarecho-
sento provideanambitioustestcasewhich usesall of themea-
suredbandwidth.

In the experimentwe took d = 2 BPSK sourcestransmitted
overtheabovechannelsM = 3 antennas? = 3 timesoversam-
pling, andN = 300samplesThereceivedowerof bothsignals
wasscaledto be equal,andwe addedcomplexwhite Gaussian
noisewith varianceo? suchthat the signal-to-noisgatio SNR
:=||X||2/(dMPNg?) = 15dB perantenngersamplepersignal.
Thesingularvaluesof A" areplottedin figure 8, for a rangeof
valuesof m. It is seerthatthenumericarankof X (= dy) cannot
be estimatedrery well, butclearly, d = 2, asdeducedrom the
horizontakhiftsfor increasingn. Form= 7, it seemseasonable
to setdy in therange20-30,whichmakesthe“observablechan-
nellength”L equalto 4-9,if thechannel$iadequallengths.As
in thesingle-usecasgfigure6(a, b)), theactualchannelengths
cannotreally be deducedrom thedata.

Figure 9 showsthe standarddeviationsof the symbol esti-
mates(beforeclassificatioras+1) for arangeof parameteset-
tings: estimatedank dy, numberof intersections, and sec-
ondaryequalizerp. ILSF initialized with T(9 = | wasusedas
finite alphabeteparatiomlgorithm. Thevaluesof thesgparame-
tershavea deliberatampacton the performancebut precisely
how to find the bestsettingsa priori is an openproblem. As a
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20 30
svindex

Fig. 8. Singularvaluesof X, form=2,---,10

generabbservationit is possibleéo underestimatd,y, butin that
caseit is essentiathatn is takensmall,n = m, andthatILSF is

usedasanequalizeraswell (p > 1). However p shouldnotbe
takentoolarge,becauséhenthematricesonwhichILSF actsbe-
cometoo big, leadingto anabundancef local minima. To put

thegraphanto perspectivenotethatatthis noiselevel the stan-
darddeviationsof the symbolestimatesn an ISI-free scenario
whereL = 1 andtheantennaandoversamplinggroduceMP in-

dependentbservationpersymbolwouldbec/+v/2MP = 0.04.

(Thefactor 2 is dueto the transformatiorof X to arealmatrix,

asin (3).)

VII. CONCLUSION

We havepresente@nalgorithmfor blind sequencestimation
of multiple digital sourcedn a generaimultipathenvironment.
Thealgorithmusesnformationfrom multiple sensorspversam-
pling to exploittheconstansymbolperiod,andthefinite alpha-
betpropertyof digital signals.It is setin a deterministidrame-
work, andusessubspac@ropertiesof the underlyingstructured
matrix factorizationproblem.This approachs effectivein situ-
ationswherethe channelengthsarewell-determined We have
indicatedsomeproblemswhich mayarisein subspacéntersec-
tionsalgorithmswhenthe channelengthsarenot well-defined,
andsuggesteé modificationwhich shouldgive improvements
for channelswith well-definedpeaks.

APPENDICES
|. INTERSECTION OF SUBSPACES
Let?H,, Ho besubspaceisC N, with orthogonatomplements
K1=H7, K2 =H5. Then
HinHor= (/C1+IC2)D

Thecomputatiorof theintersectiorviathisequatiorrequireshe
formationof threeorthogonakomplementsWith Ky, K, matri-
ceswhosecolumnsform orthonormabasedor K1, £», we can
obtaina basisfor theintersectiorof #; and#, from thekernel
of [K1 Kp]. With noisydata,this requiresthe computatiorof an
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SVD of [K; Kg]: abasisof theestimatedkernelis givenby the
singularvectorsthatcorrespondo smallsingularvalues.

In our application the dimensionof the #; is independenof
N, sothatthe dimensiorof thecomplementgrowwith N. This
meansthat, for large N, it is not attractiveto computethe in-
tersectionin this manner We show in the following proposi-
tion, that preciselythe sameinformationmay be gleanedrom
thelargesingularvaluesandcorrespondingingularvectorsof a
matrix[H1 Hy], whereH;, H, areorthonormabaseof H1, H>.

Proposition 3: Let H1, H» be subspacem c N, with ortho-
normalbasesH;, Hp, andlet [Hy Hj] = UyZ1V,| bean SVD.
SupposehatKj, K, areorthonormalbasesor H, 5. Then
[K1 Ko] hasanSVD [Ky Kp] = Up (21 —23) Y2V, for someuni-
tary matrix V.

Proof: SinceHiH'+ K K['=1, HoH}'+ KoK5'=1, wehave

[Hi HollH1 Ho]"+[Ki Kol[Ki Kgl”=2I

Substituting[H;  Hy] = UqZyV, and multiplying the above
equatiorwith U(---)Un, we obtain

SZ+URKL Ko)[Ky Ko]Uy =2

Sincebothz? and2l arediagonalthisimpliesthatthereis auni-
tary matrix Vg suchthatUE[Kl K2]Vk is diagonal.But thiscon-
stitutespreciselyan SVD for [K1 Ky].

O

This resultis readilygeneralizedo thejoint intersectiorof n
subspace${;, i = 1,---,n. Likewise, we computean SVD of
[H1 -+ Hp], but now look for singularvaluesthat are closeto

N

I1. APPROXIMATE CRAMER-RAO BOUNDS

SupposeX = HS. + E, whereE is a white i.i.d. complex
Gaussiamoiseprocessvith covariancenatrixa?l. Forsimplic-
ity of futurenotation,let usspecializeo the caseof realsignals
(e.g.,.BPSKsignalsQ = {+1}). Definevectorsof unknownpa-
rameters := vec(H) ands:=[s]_; -+ ', 4]". Weassume
thatthenumberof sourced is known,andthatthechannelfhiave
equaknownchannelengthL. If wedonottakeinto accounthat
theentriesof s belongto afinite alphabetthenthe concentrated
Fisherinformationmatrix for 8 = [s",hT]T is derivedin [26] as

1

T T

?-IN;'-[{S rg—F‘g :| s C.= SE a |2|\/|p,
(originally for a singlesignal,but the resultsarereadily gener
alizedfor d > 1, andadaptecherefor a real datamodel). The
CRLB thatdescribeghe lower boundon the covarianceof any
unbiasedstimatoifor sandh is obtainedby inverting®. How-
ever asnotedin [26], thismatrixturnsoutto besingularbecause
thereis ambiguityin the parametewralues: without forcing the
FA property we canonly identify H and S up to aninvertible
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d xd matrix A. Indeed the dimensionof the null spaceof ® is
observedo bed? in genericexamples.To fix A, onehasto as-
sumethatcertainsymbolsareknown.

Ford = 1, knowingthevalueof onesymbolof Ssuffices,and
the varianceof theremainingestimatess obtainedby deleting
the correspondingolumnof . Let Hy, beequalto #n with
the columncorrespondingo the known symboltakenout, and
defines and®’ accordingly thenthe CRLB on the covariance
of §'is

C = ()11 =0 HIHN - HNCCTC)CTH ™, (19)

(the subscript1,1’ denoteghe (1,1)-blockof @1, following

the partitioningof @’) sothatin particular

var(s) = diag(C)) [CRLB with “training”, noFA]. (20)

Thisis basicallytheresultin [26], whereit is alsonotedthatal-

thoughtheboundis dependentn bothH andS its dependence

on Sis only weakin practice. However a numberof remarks
thatgo beyond[26] arein ordet

1. It makesadifferencenhich symbolis assumetb beknown.

Not surprisingly knowingoneof the centersymbolsgives
significantlylower varianceghanknowing oneof thefirst
or lastL — 1 symbols,becausgheseplay a lesssignificant
rolein Si.. Also, thevarianceof the symbolsin therange
0,---,N-L areusuallyapproximatelyequalto eachother
butthefirstandlastL —1 symbolshaveasignificantlylarger
variance.In thecomputatiorof theexpectedit errorrates,
we havetakenthesetail symbolsout of consideration.

2. Theresult(20) strictly speakingappliesto a scenarioin
which we havea “training sequence’of length 1. It is
readily generalizedor training sequencesongerthan1,
by leavingout morecolumnsof Hy.

. The aboveremarkimplies that, in the actual blind algo-
rithm, the abovelower boundon the varianceis too large,
by aboutafactor2. Indeed(20)is valid for estimatesvhere
the varianceof onesymbol,s; say is madezero. Thisis
conceptuallydoneby estimatingany sequenceand then
normalizingthe r-th entry by dividing the estimatedse-
guenceby the estimatedvalueof s and multiplication by
its desiredvalue. Assumingrelatively smallvariancesthe
division causeghe varianceof all othersymbolestimates
to be enlagedby thevarianceof the estimateof .8 In the
actualblind schemewe do notnormalizeon a singlesym-
bol s, but normalize|||¢. In thatcase thelower bound
(20) is too high andformally not applicable.To attemptto
correctfor this, we haveto estimatehevarianceof s, e.g.,
asimediandiag(C'), andsubtracto get

var(s,ing) = diagC') - mediandiag(C) 21)
[approx.blind CRLB, noFA, d =1].

(We takethe medianinsteadof the meanto avoid the in-
fluenceof outliersat the tails of the sequence.Yhisis the
(approximate)lCRLB for a blind schemewhichreliesona

8Here,thefirst-orderapproximatiors, (sr+ e()‘l(s+ e)= s-esls+eisused,
aswell asthe BPSKassumptiorjs | = 1.
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structuredfactorizationX = HS, not taking thefinite al-

phabeinto accounbtherthanfor removingtheambiguity

If all estimate®iaveapproximatelyequalariancetheorig-

inally derivedbound(20) is abouta factor2 too high.

Ford > 1, roughlythe samederivationholds,exceptthatwe

haveto pretendhatmoresymbolsareknown,becaus¢heambi-
guity factorA hasnowd? degreesf freedom.Hencewe haveto
fix d symbolsof d signals,i.e.,ad xd submatrixS of S some-
wherein thecenterof S. An extracomplicationis thatthis sub-
matrix § hasto be full rank, or elsesomeambiguityin A re-
mains. Hence,in computingthe boundwe haveto selectd in-
dependentolumnsof S locatedsomewhereén the center and
deletethe correspondingolumnsof Hy to obtainy. After
this, thebound(20) is derivedasbefore. The correctionfor the
unnaturalnormalizationasassumedn thatboundis somewhat
moreintricatenow. Indeed beforenormalizationjet us saywe
havesymbolestimates

Sina =[S S]+[E

S andS aretheexactsymbolsE, andE’ representthenoiseon
theestimatesNormalizatiorto arriveatanestimaten whichthe
knownsymbolshavezerovariancegivesthemodifiedestimates
S for whichthe CRLB (20) holdsas

S’(S’ + Er)_l(sl + E/)
SSUI-ESHES+E)
S-ES!S+FE.

E.

S

0

NotethatS* canactuallyamplify the noisecontributionby E;.
In estimatingthe correctionon the bound,assumenot entirely
correctly)thatthecolumnsof E = [E; E] areindependentizero
mean,andhaveequaldistribution E(ae,T) =:Re. Lets bethe
i-th columnof S, then

E(3-5)3-5)") = RIS's|>+Re = Re(1+]ISs?).

Theleft handsideof this expressioris givenby theuncorrected
CRLB, namelyC], thed xd submatrixof C’ in (20) correspond-
ingto 5. It follows thatan estimateof Re andan approximate
lower boundon var(s piind) canbe obtainedas

: c
Re=median { spiare |

" (22)
var(s pind) = C/ —Rel|Ssi[|2

Ford = 2 BPSKsignals,|Ss|| = 1 always,andtheaboveex-
pressiorreducedo (21).
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