1796

IEEE TRANSACTIONS ON SIGNAL PROCESSING,VOL. 49,NO. 8, AUGUST 2001

Asymptotic Propertieof the Algebraic Constant
ModulusAlgorithm

Alle-Janvan der Veen Member, |EEE

Abstract—The algebraic constant modulus algorithm (ACMA)
is a noniterative blind source separation algorithm. It computes
jointly beamforming vectors for all constant modulus sources as
the solution of a joint diagonalization problem. In this paper, we
analyze its asymptotic properties and show that (unlike CMA) it
convergesto the Wiener beamfor mer when the number of samples
or thesignal-to-noiseratio (SNR) goestoinfinity. Wealso sketch its
connection to the related JADE algorithm and derive a version of
ACMA that conver gesto a zer o-forcing beamfor mer. Thisgivesim-
proved performance in applications that use the estimated mixing
matrix, such asin direction finding.

Index Terms—Array signal processing, blind beamforming, con-
stant modulus algorithm, simultaneous diagonalization.

. INTRODUCTION

ONSTANT modulus algorithms (CMAs) enjoy wide-

spreadpopularityasmethoddor blind sourceseparation
and equalizationof communicationsignals.First derived as
LMS-type adaptive equalizersby Godard[8] and Treichler et
al. [24], [25], CMAs arestraightforvard to implement,robust,
and computationallyof modestcompleity. Quite soon, the
algorithmswere also applied to blind beamforming(spatial
source separation)which gave rise to the similar constant
modulusarray [21]. An extensve literature exists, but it will
not be cited here;instead ,we refer to the specialissueof the
PROCEEDINGSOF THE IEEE, October1998,and,in particular
[10], [26], andreferencesherein.

Despitdits effectivenessandapparensimplicity, adaptveim-
plementationof the CMA comealong with several compli-
catingfactorsthathave never really beensolved. In particular
convergencecanbeslow (orderhundredsof samplesptanun-
predictablespeeddependingn initialization, andthe stepsize
may have to be tunedto avoid stability problems.For the pur-
poseof blind sourceseparationan additionalcomplicationis
thatonly asinglesources foundatatime. To recover theother
signalssuccessiely orin parallel theprevioussolutionshaveto
beremoved from thedata,or independenceonstraintsnustbe
introducedwith additionalcomplicationsfor the corvergence
[11], [14]-[16], [21], [23].

The algebraicconstantmodulusalgorithm (ACMA) was in-
troducedn [29] asanalgebraianethodfor computingthecom-
pletecollectionof beamformersn oneshot,asthesolutionof a
generalizeceigervalueproblem.Only a smallbatchof samples
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is neededordernumberof sourcesquared)andthenumberof

constanimodulussignalscanbe detectedaswell. Corvergence
is notanissue.lt hasbeensuccessfullyappliedto realdatain a
variety of scenariodor up to six sourcesimultaneously29].

The potential performanceof the CMA recever, i.e., the
minimaof themoduluserrorcostfunctionto whichtheadaptve
CMA tries to corverge, has beenstudiedin detail recently
in a seriesof papersby Tong, Johnson,and others[7], [9],
[18], [32], [33]. Thesepapersprovide quantitatve evidence
for the obsenation alreadymadeby Godardthat the minima
of the constantmoduluscostfunction are often very nearthe
(nonblind) Wiener recevers or linear minimum meansquare
error (LMMSE) recevers.

Althoughvery promisingtheperformancef ACMA hasnot
beenstudiedsofar, exceptempiricallyandwith seeminglycon-
tradictingconclusion$17], [22]. In thispaperwe malke astartat
atheoreticalnalysishy investigatingtheasymptoticproperties
of ACMA. Themainresultis thatwith Gaussiamoise ACMA
convergesexactly to the Wiener solutionwhenthe numberof
samplesor the signal-to-noiseatio (SNR) goesto infinity.

The analysisis basedon a reformulationof ACMA as a
fourth-order statistics method. As such, it can be directly
derived from the CMA costfunctionby replacingthe nonlinear
optimizationby two steps:a linear one in which a subspace
is found, followed by a nonlinear optimization restrictedto
this subspaceThis reformulationshavs that ACMA s closely
relatedto the JADE algorithm by Cardosoand Souloumiac
[4], which is a well-knowvn blind beamforming algorithm
for separatingndependennon-GaussiarsourcesWe sketch
the relationsbetweenthe two algorithms.This complements
the known relations betweenJADE and the larger class of
algebraicfourth-order cumulant-basedeparationtechniques
basedon contrastsor cumulantmatching[5], [6], [12], [19],
[20], [30], [31], [34]; see[2] and [3] for an overvien. An
inspiring startto this analysiswas found in [20] and[30], in
which relationsbetweerseveralfourth-ordersourceseparation
algorithms are investigated, including CMA and JADE. In
thesepapersthealgorithmsareplacedn acommonframevork
of least squaresmatchingof fourth-ordercumulants,where
the beamformenfter a prewhitening stepis constrainedo be
unitary The essentiafole playedby this prewhiteningstep(in
fact, the prewhitening suggestedn [20] is inaccurate)is not
notedin [20] and[30] . Indeed.,it will be shavn herethatthe
precisechoiceof the prewhiteningis crucialfor theasymptotic
convergenceof ACMA to the Wienerrecever andof JADE to
a zero-forcingrecever.

Wiener recevers are attractize becausehey maximize the
outputsignal-to-interference-plus-noisatio (SINR). However,
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for someapplicationssuchasdirectionfinding, a zero-forcing
beamformeiis preferredbecauséts inverseprovidesan unbi-
asedestimateof the mixing matrix from which the directions
canbeestimatedFor this casewe construciaslightly modified
versionof ACMA that asymptoticallyin the numberof sam-
plescorvergesto a point closeto the zero-forcingsolution. All
algorithms(CMA, ACMA, ZF-ACMA, andJADE) aresubse-
quentlytestedn simulationsandcomparedvith theWienerand
zero-forcingrecevers.

Outline: Sectionll defines the problem, and Section Il
provides a compactpresentatiorof the original ACMA. We
subsequentijook at the connectiorto the CMA costfunction
(Section V), the noise-freeproperties(SectionV), and the
asymptoticpropertiesof the algorithmin noise (SectionVl),
from which it follows that ACMA corvergesto the Wiener
solution.We alsoderive aversionof ACMA thatapproximately
corverges to the zero-forcing solution (Section VII) and
compareCMA, ACMA, ZF-ACMA, andJADE in simulations
(SectionVIlII).

Notation: We adoptthefollowing notation:
Comple conjugation.

T Matrix transpose.
H Matrix complex conjugptetranspose.
t Matrix pseudo-imerse(Moore—Penrosewverse).
. Pravhiteneddata.
0 Vectorof all Os.
1 Vectorof all 1s.
E(-) Mathematicakxpectationoperator
vec(A)  Stackingof the columnsof A into avector
® Kronecler product.
o Khatri-Rao product (column-wise Kronecler
product):
AoB:= [a1®b1 a2®b2 ]

Notablepropertiesare,for matricesA, B, ..
of compatiblesizes

. andvectorsa, b

vec(ab™) =b 1)
(A®B)( @D) = C®BD )
vec(ABC) = (CT ® A) vec(B) ®3)
vec(Adiag(b)C) = (CT 0o A) b. (4)

Il. DATA MODEL AND PRELIMINARIES

Consider d independent sources, transmitting com-
plex-valued signals s;(t) with constantmodulus waveforms
(]s:(t)] = 1) in awirelessscenario.The signalsarereceied
by an array of A antennasdemodulatedto basebandand
sampledwith periodT". We stackthe resultingoutputsz; (kT")
into vectorsx;, = x(k7") andcollect N samplesin a matrix
X: M x N. Assumingthat the sourcesare sufficiently nar-
rowbandin comparisonto the delay spreadof the multipath
channelthis leadsto the well-known datamodel

X = Asy <~ X = AS.

®)
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A = [a; - a4 € CM*4sthearrayresponsenatrix. The
rows of S € C**/ containthe samplesof the sourcesignals.
Both A andS areunknown, andthe objective is, given X, to
find afactorizationX = AS suchthat|S;;| = 1. If theproblem
is identifiable,then$ is recoveredup to theusualindetermina-
ciesof arbitraryscalingsandorderingof its rows. Alternatively,
and more corveniently we try to find a beamformingmatrix
W = [wy, ..., wg] € CM*4 of full row rank d suchthat
S = wix.

In the presencef additive noise,we write x;, = As;, + ng,
or

X=AS+N. (6)
Assumptions; Model assumptionaisedin the analysisare
summarizedasfollows.

N M>d N>d.

2) A hasfull columnrankd.

3) The signals are assumedto be random, independent
identically distributed (i.i.d.), zero mean, circularly
symmetric,with modulusequalto 1. Notethatthis rules
out BPSK(=£1) sources.

4) The noiseis assumedo be additive white, zero mean,
circularly symmetric,complex Gaussiardistributedwith
covarianceR,, = E(nn'!) = ¢2T andindependenfrom
the sources.

5) Thenoise-fregoroblemis considereessentiallyidentifi-
able.

Identifiability: We will assumethat the problemis essen-
tially identifiable, i.e.,thatfor agivenmatrix X of sizeM x N,
we canfind a factorizationX = AS (|S;;| = 1), which is
unigueup to the abore-mentioneghase-and-orderingdeter-
minacies Despiteextensve researcton CMA, minimal condi-
tionsthatguarante¢hisidentifiability for finite V arenotcom-
pletely known, nor will they be studiedin this paper ACMA
requiresN > d? andsufficiently exciting signals.By counting
the numberof equationsandunknowvns (a not completelycon-
vincing argument),it was motivatedin [29] thatidentifiability
is expectedin generalalreadyfor N > 2d andsuficiently ex-
citing signals.

Wener and Zero-Forcing Beamformers: We will compare
the outcome of ACMA to two beamformersthat assume
known sourcedata S, namely the Wiener beamformerand
the zero-forcingbeamformerin a deterministiccontet, the
Wiener beamformerbasedon sampledatais derived as the
solutionto the LMMSE problem

W—argmmHWHX S||Z = (sX)!

-1
1
=(=xxH) —xsH 7
(yxx1) 5 ™
As N — oo, the Wienerbeamformercorvergesto
W =R_'A. (8)
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Likewise,thezero-forcingbeamformebasedn sampledatais
simply aleft-inverseof aleast-squaresstimateof A or WwWH =
AT, where

Ao i - ASI2 — xst - Lxegt [ Lagr)
Afarg‘imnHX AS|f =XS' = NXS <N SS ) .

X 9)
As N — oo, we havethat A — A andthatthe zero-forcing
beamformercorvergesto

W= AT, (10)

lll. DERIVATION OF THE ACMA

A. Algorithm Outline

We summarizehe derivation of the basicACMA algorithm
for thenoiselessase(seealso[29]). Theobjectiveis to find all
independenbeamformingvectorsw that reconstructa signal
with a constanimodulusii.e.,

WHXk = §k7 suchthat |§k|2 =

1(k=1,...,N).

Let x;, bethe kth columnof X. By substitutionwe find

=1, k=1,...,N. (11)

?

wi(xpxw

Notethatw! (x;x})w = (%, @x ) (Wow). Wecanstackthe

rows (X3 @ x3) of thedatainto amatrix P := [X o X]* (size

N x d?). Then,(11)is equivalentto finding all w thatsatisfy
Py =1, y=WQRWw.

Thisis alinearsystemof equationssubjectto a quadraticcon-

straint. Thelinear systemis overdetermine@dnceN > 2, and

we will assumehatthisis the case.

In generalboutline,the ACMA techniquesolvesthis problem

usingthe following steps.

1) First, Solve the Linear System Py = 1. Notethatthere
areatleastd independensolutionsto the linear system,
namelyw; @ w; (i = 1, ..., d). In addition,however, a
linearcombinationof thesesolutions

V=MW1 @wWi)+ -+ AWy @ wy)

(scaledsuchthat” A; = 1) will alsosohve Py = 1.

To find a basisof solutions,let Q be ary unitary ma-
trix suchthatQ1 = /N [}], for example foundby com-
puting a QR factorizationof [1 P]. Apply Qto[1 P]
andpartitiontheresultas

1 Pl=vN Lopt 12
QL P]= {0 G] (12)
Then
Py=1 < Qi P]{_l}zo
y
ply =
¢ {Gyzo. (13)
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The condition p™y = 1 is momentarilydroppedsince
it canalways be satisfed by a scalingof y [cf. step3)
below]. All solutionsto theconditionGy = 0 arefound
fromabasis{y; } of thenull spaceof thematrix G, which
is convenientlyobtainedrom anSVD of G. Generically
(afterprefiltering, seebelow), therearepreciselyd solu-
tions.

2) Decouple: Find a basis{wi ® wy, ..., Wq ® wy} Of
structuredvectorsthat spanthe samelinear subspaceas
{¥1, ..., Ya}. Thiscanbeformulatedasa subspacéit-
ting problem

. = 2
W = aurg,‘}‘r/{llI&/I HY — (W o W) MHF

whereY = [y, ..., y4], andM is afull-rank d x d

matrix that relatesthe two basef the subspaceAlter-

natively, we canformulatethis asa joint diagonalization
problemsince

[Y = (Wow) M| =

Z ly: -

Y v —wwﬂui

OW) mZHF

wherem, is theith columnof M, A,; = diag{m;) is the
diagonalmatrix constructedrom this vector andY is
thematrixobtainedby unstackingy; suchthatvec(Y,;) =
v:; we have alsoused(4). Thelatterequationshavs that
all Y; canbediagonalizedby the samematrix W. The
resultingjoint diagonalizationproblemis a generaliza-
tion of the standardeigervalue decompositiorproblem
andcanbe solved [29]. An overview andcomparisorof
techniquedor thisis foundin [12].

3) In Stepl), we implementedhe condition Gy = 0 but
droppedhescalingconditionp®y = 1 and,thus,lostthe
correctscalingof the w;. RatherthanconstrainingM or
the A;, thisis moreeasilyfixed by scalingeachsolution
suchthatthe averageoutputpower

1 & 1 &
N Z |(si)el? = N Z Wi XpXp Wi
k=1 k=1
1 N
=wh <N Z xkka> w; (14)
k=1
is equalto 1.

In thenoise-freecaseandwith N > d2, thisalgorithmproduces
the exactseparatindoeamformew = AH,

By squaring(12), we obtainexplicit expressiongor p anda
matrix C := GHG thatwill beusefullater:

%Zik@)xk

pp"

1
b=—PH1 =
N
A 1
C.=GHiGg = —pPip -
N
1
=5 2 ®ox) (X @x)"

-3 Zmen] |5 kaeaxkr. (15)
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The former expressionshavs that

1 1 :
p= 2 Y mom =veo (1 3 ) =vestR)

whereR.,, is thesamplecovariancematrix of thedata.Thus(for
y=wow)

ply = wiR.w (16)
andwe seethatthe conditionp™
by step3) of the algorithm outline, wherethe averageoutput
power of eachbeamformeis fixed to 1.

The significanceof C is two fold. First, its null spaceis ev-
idently the sameasthat of G; hence we canobtainthe basis
{y:} from aneigevaluedecompositiorof C. Numerically this
is notadvisableput an analysisof this null spaceés mucheasier
donefor C sinceit hasfixed sizeandcorvergesto a matrix C
as N — oo. Secondasa closerinspectionof equation(15)
shaws, (1/N)C hasanimportantinterpretatiorasbeingtheco-
variance matrix of the sample data covariance R, (andC is a
sampleestimateof C).

B. Whitening and Rank Reduction

A crucialaspecof theabove techniques thatthebasis{y; }
shouldnot containother componentghan the desired{w; ®
w; }; otherwise,we cannotposethe problemasa joint diag-
onalization.For this, it is essentialthat thereare preciselyd
linearly independensolutionsto Py = 1 andno additional
spurioussolutions.However, additionalsolutionsexist if X is
rankdeficient, e.g.,becaus¢henumberof sensorss largerthan
thenumberof sourceqA tall). Thisis simply treatedby a pre-
filtering operationthatreduceshe numberof rows of X from
M to d, as we discusshere.

The underscord_) is usedto denoteprefitered variables.
Thus,let X := FIX, whereF: M x d. Then

X =AS+N, where A :=F"A N:=FIN.
X hasonly d channelsandA: d x d is squareTheblind beam-
forming problemis now replacedy finding a separatingpeam-
forming matrix T: d x d with columnst;, actingon X (see
Fig. 1). After T hasbeenfound,thebeamformingnatrixonthe
original datawill beW = FT.

Assumethat the noiseis white i.i.d. with covariancematrix
R, = ¢%I. WecanchoosdF suchthattheresultingdatamatrix
X is white, asfollows. Let R, = (1/N)XXH be the noisy
sampledatacovariancematrix, with eigervaluedecomposition

0.

Here, U is M x M unitary and>?2 is M x M diagonal(3: con-
tainsthe singularvaluesof X //N). The d largesteigervalues
arecollectedinto adiagonaimatrix 3:2 andthecorresponding
eigervectorsinto U, (they spanthe “signal subspace”)In this
notation,define F as

R . 32
R, = US20H [US ;

U
e | |gnl @

=03 (18)

y = 1in (13)is implemented
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subspace filter source sep.
X
@ =% ™ | — S
d d
H
ACMA

Fig. 1. Blind beamformingprefitering structure.

Given X, compute beamformers W and § = W"X:
1. SVD:X=:0%V

Prefiltering: X := 3;104X = ¥,

EVD of €, let {y;} be th

(¢2
Q

least dominant
eigenvectors.
2. Yi=vecly; (i=1,-,d)
Find T to jointly diagonalize Y; as Y; = TA; T"
3. Scale each column of T to norm 1.
Set W="TU,871T and § = T"X

Fig.2. Summaryof ACMA.

This prevhiteningis suchthat R, := (1/N)XX™ is unity:
R, = I, andit alsoreduceshedimensiorof X from M rowsto
d rows. After prewhitening,we cancontinuewith thealgorithm,
asoutlinedbefore.

Theresultingalgorithmis summarizedn Fig. 2. In compar-
isonwith theoutline,anadditionalingredientis theprefiltering,
for which an SVD of the datamatrix X is needed.The pre-
filtering is primarily usedto reducethe dimension.The prefer-
encefor a prefilter thatwhitens the datacovariancematrix fol-
lows from ananalysisof thealgorithmin the presenc®f noise,
asdonein the next sections.

V. FORMULATION AS AN OPTIMIZATION PROBLEM

The ACMA procedureoutlinedin the previous sectionwas
derived for thenoiselesgase With noise thesamealgorithmis
usedunchangedbut obviously, the resultingbeamformersvill
be noise-perturbecdswell. The analysisof their propertiesis
facilitatedif we write theseasthe solutionsof an optimization
problem.Thiswill alsopointoutthe correspondence CMA.

The CMA costfunctionis usuallydefinedas[24]

(19)

§k = WHXk.

_1)27

Given afinite batchof NV datasampleswe cannotsolve (19).
Thereforewe posea correspondindgeastsquareproblem

w = argmin E (|§k|2
w

w = argmln — Z |sk| 5, = wixg. (20)
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We refer to this asthe CMA(2,2) problemin this paper;its
solution coincideswith that of (19) asN — oo. Introducing
y = W @ w andusingthefactorizationn (12), we derive that

w2 (5

1 2
= _|Py-1|2 =
<Py - 1|

= % M eox)iwow) —1]°

~ 2
Ty — 1] + Gy

Let y bethe (structured)minimizer of this expressionandde-
fine s = pfly. Equation(16) shawsit is theoutputpower of the
beamformercorrespondingo ¥, andhence,3 > 0. Regarding
3 assomeknown fixed constantwe canadda conditionthat
p'ly = 7 to the optimization problemwithout changingthe
outcome:

A~ . A~ 2
y = argmin |pHy — 1| + ||GY||2
Y=wWQwW
bly=p
= arglnin |3 — 1|2 + IIGy||2
Y=wQwW
ply=0
= argmin |Gy|*.
Yy=wQwW
ply=p

Since /3 is real and positive, replacing/ by 1 will only scale
the solutiony to (1//3)y anddoesnot affectthefactthatit has
a Kronecler structure.The scaledconditionpfy = 1 in turn
motivatesin a naturalway the choiceof a prewhiteningfilter
F U,3L, asgivenin (18). Indeed we derived in (16) that
ply = WHRJ;W If we changevariablesto x = 31Uk and
w = U, 27 t, thenR, = I, and

plly = wiR,w =t = ||t]|%.

Moreover, (E@t)H(t@t) = tHe @ttt = ||t]|*. It thusfollows
thatptly = 1 & ||t @ t|| = 1. Henceupto ascalingthatis not
important! the CMA(2,2) optimizationproblemis equivalent
to solving

t = argmin ||Gy||? = argmin y*Cy. (21)
y:f@t y:f@t
llyll=t llyll=1

andsettingw = U, 3 t.
At this point, ACMA andCMA(2,2) diverge in two distinct
but closelyrelateddirections.

CMA(2,2) numerically optimizes the minimization
problemin (21) andfind d independensolutions.The
solutionswill be unit-norm vectorsy that have the
requiredKronecler structureand minimize ||Gyl||?.
With noise, the solutionswill not exactly be in the
approximatenullspaceof G sincethis spacewill not
admitthe Kronecler structure.

ACMA is making a twist on this problem. Instead
of solving for the true minimum, it first finds an

laswell ashefactthat(if M > d) theprewhiteningalsoinvolvesadimension
reduction:Thiswill forcew = U,X; 't to lie in thedominantcolumnspan
of X. We ignorethis effect here.
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orthonormabasisY = [y1, ..., y4] for thed-dimen-
sionalapproximatenullspaceof G (or C)

Y= argmln IGY|% = arg min Z yiCy;
YHyY=I YHyY=I

whosesolutionis thesetof d leastdominanteigervec-
tors of C. It thenlooks for unit-normvectorsin this
subspac¢hatbestfit therequiredstructurey =t ® t
by considering
T = argmin HY —(To T)MH; .
T, M

2

WethusseethatACMA andCMA(2,2) arecloselyrelated pro-
videdwe whitenthedatausingthenoisydatacovariancematrix
R... Aswewill shavin SectionVl, thetwo-stepapproactiaken
by ACMA malesit corverge to the Wienersolutionin (8) as
N — oo, wherealCMA(2,2)is known to beclosebut generally
unequalo the Wienersolution[9], [32].

V. ANALYSIS OF THE NOISE-FREE CASE

The analysisof ACMA in the noisefreecasecanbe limited
to an analysisof the solutionsof Coy = 0, whereC, = C
is asdefined in (15), andfor future distinction, the “0” in C,
is introducedto indicatethatthereis no noise.If the solutions
{y:} spanthe samesubspacesspannedy {w; ® w;; i =
1, ..., d}, thenthejoint diagonalizatiorstepis ableto separate
anarbitrarybasisof the null spaceinto its rank-1components,
andwe recover thetrue beamformers.

With x; = Asy, we obtainfrom (15) that

Co=[A0A]C. [AcA]" (22)
where
< ;:% S (5 @ sk @ 1)
_ % [Z Sk ®sk} % [ng ®sk}H (23)

C, is positive semideinite becauset is constructecas Co =
GHG. Hence,the null spaceof CO hastwo componentsthe
null spaceof [A @ A]! plusvectorsy suchthat[A @ A]My isa
vectorin thenull spaceof C,.The purposeof prefiltering with
dimensionreductionis to remove the former solutionsbefore-
handby workingwith C, = [A ® A]C,[A ® A]", whereA
is a squarefull-rank matrix. In thatcase A @ A is alsosquare
full rank,with anemptynull spaceThus,theinterestingpartis
theanalysisof thenull spaceof C,, whichisonly dependenbn
the signalsandnot on their mixing.

For the sale of exposition,we specializeC, for the caseof
two CM signalss; (k) andsy (k). Define

N a:=1~|pf

2
— b:=qg—p°.
N q—p
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Then(suppressinghetime index)

5181
~ 1 5182
C,=— $151 S1S2 8281 8958
N zk: S981 [ 1-1 102 9291 2 2]
S$2859
S1S51
1 S152 | 1 _ _ _ _
- > NZ[Slsl 5152 5251 $252]
3 5251 &
S§28592
1l p p 17 1
p 1 qp p
= - 1 p ?» 1]
p g 1 p p
L1 p 7 1 1
[0 0 0 0]
_ g Z b 3 (24)
a
(0 0 0 0]
We immediatelyseethat C, hasnull spacevectors
1 0
0 0
ol 1o (25)
0 1

Thesearethe desirednull spacevectors.Theremaining2 x 2
submatrixin the centerof (24) is hopefully nonsingularlf the
sourcesareindependenandcircularly symmetric thenasymp-
totically (in N) ¢ — 0 andp — 0 sothate — 1 andb — 0.
Thus,for a sufficiently large numberof samplesit is clearthat
thesubmatrixis nonsingulamith probability 1. Singularityoc-
cursalmostsurelyonly with BPSK-typesignals(for whicha =
b) [29], andfor this case a modified algorithmcalledRACMA
hasto be usedto avoid the additionalsolutions[27].

Thenull spaceof Cy, containsvectorsy for which[A© A]My
is a vectorin the null spaceof C., i.e., eithervectorin (25).
Assumingthat A hasfull columnrank, A ® A alsohasfull
columnrank.Let W = [w; w3| beaseparatindbeamformer
suchthat WHEA = T, then

AcAl" WowW]—A'"We AW —1cI-1

from which we seethat

Ao A" (70w =

1
OO o oo o
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Thesolutionsto yiCyy =0 arethusspannedy a basisof the
null spaceof [A® A (removed by prefitering with dimension
reduction)pluslinearcombinationf the desiredsolutions

Wl R wq, WQ(X)WQ.

If only the desiredsolutionsare presentin the null spaceof
C,, thenthe joint diagonalizatiorstepcanfind themfrom an
arbitrarybasisof this subspace.

The abore analysiseasilygeneralizeso morethantwo sig-
nals.A key propertythatis valid for any numberof signalsand
explicitly usedby thealgorithmis thefactthatcertaincolumns
(androws) of C, areidenticallyzero.This propertycomesfrom
|sx|? = 1 aloneandfollows by construction for ary numberof
samplesWe do not have to wait for asymptoticcorvergenceof
thecrosstermsto zero.Many otherblind sourceseparatiotiech-
niguesrequire stochastiandependencandrely on this. This
aspects thekey to thegoodsmall-samplgerformancéhatcan
beachieved with constanimodulussignals.

VI. AsYMPTOTIC BEHAVIOR OF ACMA WITH NOISE

An analysisof the asymptoticbehaior of ACMA in noise
will revealthecloseconnection®f thismethodwith otherblind
sourceseparationmethodsasecdbn fourth-ordermomentsAs-
sumethatwe computeC in thesameway asin (15).As N —
oo, C corvergesto

C :=E [% @ x)(%s @ x1)"]

—E[Z ik®xk} E[Z ik®xk}H.

We will first analyzethe structureof C in termsof the data
modelx; = As; + ny.

(26)

A. Cumulants

The asymptoticanalysisrequiresthe introductionof fourth-
ordercumulantsFor azero-mearstochastioectorx with com-
ponentsr;, define the fourth-ordercumulants
ni:ll& = cum(z;, Ty, Zh, z)

=EB(z72071) — B(27;) ) Bz T0)
— E(a:ﬁl)E(a:k@) — E(a:ia:k)E(fjfl)
wherei, j, k, 1 = 1, ..., d, andd is the dimensionof x. We

assumeircularly symmetricsourceghencenon-BPSK)sothat
thelastterm vanisheslf we collectthe s’} into a matrix K.,

with entriesK; ¢ 11ka = r{,ﬂ then
K. =E[xox)(x@x)"] - Exox|Ex®x]"
- E [xxH]T QE [xxH] .

NotethatE[xx"] = R, E[X @ x| = vec(R.,,). Comparedvith
(26), it is seenthat
C=K,.+RIoR,. (27)

Cumulantshave several well-known nice properties,such as
multilinearity, addvity, andthe factthat Gaussiarsignalshave
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zerocumulantsFor our modelx; = Asy + ng, defines, =
>~ si(k)e;, wheree; is theith unit coordinatevector Let usalso
define the auto-cumulants

Ki = CUM(s;, S;, Siy S5).

Assumingindependensignals,additivity implies

Ks = Z Iﬁ;i[ei ® ei] [ei ® ei]T.

=1
CircularlysymmetricCM signalshaveautocumulants; = —1.
FurtherassumingndependenGaussiamoise (K,, = 0), we
obtain

K,=[A2A]K,[AoA]" +K,

=[AoA](-T)[AocA]" (28)
Using theseproperties,we can derie that without noise (or
R, = = AAH), the CMA(2,2) or ACMA criterion matrix C =
C, convergesasymptoticallyin N to

= [AoA]K, E@A]HJFKKH@AAH

=[A®A] (K [A®A]

=[A®A]C, T@A] (29)
Notethat C, = K, + I is diagonal,with zeroentriesat the
locationof thesourceautocumulantsand“1” entrieselsavhere
on the diagonal.Like in the finite samplecase the null space
of C, is given by {e; ® e;}, andhencethenull spaceof C by
{W; ® w;}, plusthenull spaceof [A @ A] (thisis removed
by prefitering).

With noise (or R, = AAH + R,), C cornvergesasymptoti-
callyin NV to

C=K,+RleR,
=Cy+E+C,

@ (AA" +R,)

whereC, is givenin (29),and

E:=AAYQR,+RToAAN C,:=RI®R,. (30)
Thus, the noisecontritutesa second-ordeand a fourth-order
termto the ACMA criterionmatrix C, evenif thenoisehaszero
fourth-ordercumulantsIf we do not correctfor it andproceed
asin thenoise-freecase this will resultin a certainbiasat the
outputof thebeamformerAswe shaw next, thisbiasis precisely

suchthat ACMA corvergesto the Wienersolution.

B. Asymptotic Analysis of ACMA

In the analysisof ACMA, we alsohave to take the effect of
theinitial prewhiteningstepinto accountRecallthatthis step
is X = FHX suchthatR, = FHR,F = I. Introducingthis
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into the expressiorfor C in (27) andusing(28), we obtainthat
asymptotically{ N — o), C corvergesto

C=(FeoF)!CFeF)
=FoR)'K,FoF) +Iol
~[A0A]K,[AcA]" +1

= [AcA](-D[AcA]" +T (31)
Consequentlythe CMA(2,2) cost function (21) becomesas
N —
argmin y'!Cy
y=t@t, [lyll=1
= argmin
y=tat, |lyll=1

I}y

oAl (-T)[AoA]"+
= argmax (32)

=t®t, [ly|l=1 yH{@oA] [EOA]H}Y

Unlike CMA(2,2), ACMA doesnot optimize (32) directly but

solvestheunstructuregbroblemfirst. Indeed |t looksfor anun-
constrained/-dimensionabasis{y; } of thenull spaceof C or,

equivalently d dominantkigervectorsof [AcA] [AoA]!. Since
thisis arank-d matrix,we havethatthed dominantigervectors
togetherspanthesamesubspacasthecolumnspanof [A o AJ;

hence asymptoticallyN — o)

spafyi, ..., ya}

=spanfA o A] = spafa; ®ay, ..., 3¢ @ ad}.

As a secondstep, the joint diagonalizationprocedures used
to replacethe unstructureasisby one that hasthe required
Kronecler productstructure,i.e., d independenvectorsof the
form t ® t within this columnspan.Fromthe abose equation,
we seethatthe uniquesolutionis t; @ t; = a, ® a; (upto a
scalingto male t;, have unit norm),andthus

tizgi, izl,...,d.
Hence thebeamformepnthewhitenedproblemis equalto the
whiteneddirection vector (a matchedspatialfilter). If we go
backto the resultingbeamformeion the original (unwhitened)
datamatrix X, wefind (for: = 1, ..., d)
= w; = Ft;, = FFHai =

t,=a;, = FHai R;lai (33)

sinceF = U, XY Ry = US2UR = U200 +
c72U, Ul and UH = 0. We have just shovn that as
N — oo, the beamformersprwided by ACMA corverge to
the Wiener recevers (8). In general,this is a very attractve
property
Doesthis two-stepproceduresolve the CMA(2,2) optimiza-
tion problem(32)? This is not likely sincein this asymptotic
case,ACMA finds its structuredsolutions only inside the
subspacespannedy the columnsof [A o A]. A solutionto
CMA(2,2) is expectedo be closeto adominanteigervectorof
[A o A][A o A]Y, but it is not restrictedto be insidethe sub-
spaceThus,if theeigervectorsarenotequalto {a@; ® a;}, the
CMA(2,2) optimal solution might be different. This happens
if the columnsof A arenot orthogonalbut thereareonly two
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situationswhere the columnsof A are preciselyorthogonal:
if thereis no noise, or (assumingwhite Gaussiannoise) if
the columnsof the unwhitenedA are orthogonal.This is a
ratherspecialcase,approximatelytrue if the sourcesarewell
separatedandthe numberof sensorss large. Thus,CMA(2,2)
doesin generalnot lead to the Wiener solution. This result
matcheghatin the equalizationcontet [9]. Obviously, if the
noiseis small,thenthe discrepang will besmallaswell.

C. Connection to JADE

JADE [4] is awidely usedalgorithmfor the blind separation
ofindependemon-Gaussiasourcesn white Gaussiamoise It
is basedntheconstructiorof thefourth-ordercumulantmatrix

- In (28) but usesadifferentpretltering stratgy, namely F =
U (22 o2I)~/2, whereU, andX, areestimatedrom the
e|gervaluedecomp03|t|omf R.. Theprefiltering leadsto X =
FIX = AS + N, whereA = F! A This choiceis motivated
by the factthatas N — oo, F corvergesto F = U271,
whereU 4 andX 4 areminimal-sizefactorsof theSVD of A =
UsXaVa, andthus

A=S'UjA =V,

which is a unitary matrix. Asymptotically the samplefourth-
ordercumulantmatrix K .. corvergesto

1) [Boa)"

JADE computesa basisof the dominantcolumnspanof E s
whichin the asymptoticsituationspanghe samesubspaceas

o d)

Like ACMA, it thenperformsajoint diagonalizatiorio identify
thevectorsa ;. After correctingfor the prefiltering, we find

K. = Ko Al (

{@iva; i=1

T=A=V, = W=FT=U,%,'V,=A"
Hence,this stratgy leadsasymptoticallyto the zero-forcing
beamformefcf. (10)], aswell asthetrue A-matrix.

Apart from different preiltering, the asymptoticequations
of JADE and ACMA look rathersimilar. JADE searchedor
eigervectorscorrespondindgo nonzerceigervaluesgiven by the
nonzeroentriesof K, which, here,areequalto —1, whereas
ACMA looks for the null spacevectorsgeneratedy the zero
entriesof K, + I. Theresultis the same.

However, the finite-samplepropertiesare quite different.In
theabsencef noise thenull spacenformationof CinACMA
is exactby constructionandhencethe algorithmproduceghe
exact separatingpeamformersThe dominantcolumn spanof
Ex usedin JADE is not exact sincethe signalsourcesdo not
decorrelatexactlyin finite samplesX, is afull matrix. Thus,
keepingthenumberof sampledixed,theperformancef JADE
saturate)sSNR — .

Furthermorejn the proposedmplementationin [4], JADE
explicitly useghefactthat(with the EglUE—preﬁltering) A=
V 4 andis henceunitary, It thusforcesthejoint diagonalization
to producea unitarymatrix. A finite-sampleproblemis thatR .
doesnot reveal yet the true U 4 and X4, and the restriction
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Given data X, estimate a zero-forcing beamformer W
1. SVD:X=:U3V
Prefiltering: X := ‘IU"I
C:= 13®x)®®x)"+
-[frnex] [hznes]
E=1932 43201
GEVD of (€ E), let {y;} be the d least dominant

eigenvectors.
2. Continue as in the usual ACMA, step 2 (figure 2)

Fig.3. ZF-ACMA.

might make the resultslessaccurate This problemwas noted
in [1], whereoptimalcombination®f second-andfourth-order
statisticsare presented.

In summarywe cansaythatJADE andACMA arequitesim-
ilar but differ in thefollowing points.
Theprefiltering schemeACMA, suchthatasN — oo,
corvergesto a Wienersolutionand JADE to a zero-
forcing beamformer
JADE explicitly relieson stochastidndependencef
sourceswhereasACMA explicitly relieson the CM
property Thisleadgto differentfinite samplebehaior.
JADE, asin [4], forcestheunitarity of A, whichleads
to saturationof the performanceor large SNRsand
finite numberof samples.

VIl. ZERO-FORCING ACMA

We have seenbefore,in (30),thatasN — oo, C—-C=
Cy + E + C,,, whereCy is thenoise-fregpart,andE andC,,
represenhoisebiastermsthatcauseACMA to corverge to the
WienersolutionW = R A. If an unbiasecestimateof A is
desired(e.qg.,for directionestimation) thenwe cannotsimply
invert W, asis usuallydone.We couldmapW to anunbiased
estimateof A via premultiplicationby R, but thefinite-sample
propertiesof this appeamot to be very good.Here,we look at
analternatve, basednestimatingandremaoving thenoiseterms
from C, to obtainan estimateof Cy. This techniquewas first
presentedn [28].

Let us assumehat we know the noisecovarianceR,,,. We
cannotknow E sinceit depend®n noise-freedata,but we can
construct

WhenN — o

E — AAYeR,+R!®AAY12RTOR,
sothat

C-E+RToR,

—

Co
is anasymptoticallyunbiasedestimateof Cg. If we canassume
that | R, |7 < [[AA™|Z, ie., the SNRis suficiently Iarge

thenwe canignoreRY @ R,, comparedvith E anduseC —
to estimateC.
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Let us now assumehat the noiseis white with covariance

SINR [dB]

SINR [dB]

SINR [dB]

ACMA SNR=0 dB
M=4, d=3

-10

ACMA SNR=5 dB

ZF-ACMA -4 de 1
s M=4, d=3

JADE ]
KNOWN S (WIENER)

!
N
T

-4}

-6F

-8k

[
q
d

-10
10

AOMA SNR=10 dB
ZF-ACMA M=4, d=3
CMA
JADE ]
KNOWN S (WIENER)
10° 10°
N
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Fig. 4. SINR performanceof ACMA, ZF-ACMA, CMA, andJADE.

R,, = oI but thatthe noisepower 2 is unknovn. Redefning

E as

E=RI®QI+I®R,

it follows that we have available the datamatricesC and E,
satisfyingthe approximatenodel(ignoringfourth-orderterms)

C - 2E ~ C,.

Since C,, is rank deficient with a kernel of dimensiond, we

canestimates? asthe (averageof the) smallestd eigervalues
of the matrix pencil (C, E), correspondingdo the generalized
eigevalueequation

(C—AE)yzO.

An estimateof thebasis{y; } of thekernelof Cy is given by the
corresponding@igervectors At this point,we cancontinuewith
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35 . .
—o— ACMA SNR=0 dB
o | T2 ZhacmA M=4, d=3
JADE
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ACMA SNR=5dB |
M=4, d=3 j
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SIR [d

3 SNR=10 dB —6—  ACMA
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KNOWN § (ZF)| .

L L A
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Fig.5. SIR performancef ACMA, ZF-ACMA, CMA, andJADE, asfunctionof N andSNR.

the joint diagonalizatiorand recover the beamformingmatrix
W. Asymptoticallyasboth N — oo andSNR — oo, we obtain
W — ATH,

The algorithm s called ZF-ACMA.2 As in ACMA, a di-
mension-reducingrefltering F is necessarylf we take the
sameprewhiteningprefiter asin ACMA, thenafterwhitening,
R.=ILandR, =’ 2. ThusE=10 32+ 3201

2t was first presentecisW-ACMA in [28].
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is diagonalandconstructedvithoutmuchadditionaleffort. The
resultingalgorithmis summarizedn Fig. 3.

VIIIL.

SIMULATIONS

Some performanceresultsare shovn in Figs. 4-6. In the

simulations,we took a uniform linear array with A

=4

antennaspacedat half wavelengthsandd = 3 equal-paever
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constant-modulusourceswith directions —10°, 0°, 20° re-
spectvely. We compargheperformancef ACMA, ZF-ACMA,
JADE, andCMA.

ACMA asusedhereis the original algorithm as presented
in [29], whichis almostasthealgorithmpresentedhere,except
thatthejoint diagonalizatioris implementeasajoint Schurde-
compositionwith perhapsslightly differentresults. The CMA
usedfor references obtainedasthenumericallydetermineap-
timum of the deterministicCMA(2,2) costfunction (20), for d
independentbeamformergjsingagradientechniquenitialized
by the sampledataWienerrecever W = (SX 1) with known
S. Notethatthisis notapracticalalgorithm;it describeshebest
performanceof CMA for a block of N datasamplesandmay
notbeachieved by the usualsample-adapie algorithm.

In Fig. 4, we vary the numberof samplesV andthe SNR.
Theperformanceneasurés theresidualsignal-to-interference-
plus-noiseratio (SINR) at the outputof the beamformersWe
only considerthe SINR of the worstoutputchannelandfind a
permutationII that maximizesthis. Specifcally, the SINR is
defined hereas

wh (aal!) w
wH (AAH — aall + 52T)w
SINR(A, W) :=[sinr(a;, wi)
SINR := max min SINR(A, WII).

sinr(a, w) :

sinr(ag, wgq)]

The referenceperformances that of a Wienerrecever based
on sampledatawith known S, i.e., W = (SX")H, asin (7).
As seenfrom the left columnof the figure, ACMA corverges
asymptotically (in N) to the Wiener beamformer CMA is
known theoreticallynot to reachthis performanceput it is
seenthatfor positve SNR,the performancés almostidentical
to that of ACMA. The right column of the figure shows that
the SINR performanceof JADE saturatesasfunction of SNR
(aspredicted)CMA, ACMA, andZF-ACMA do not have this
problem.

Fig. 5 shaws the signal-to-interferenceatio (SIR) perfor-
mancewhich is defined similarly as

wh(aal)w
wH(AAH — aal)yw
SIR(A, W) :=[sir(a;, w1)
SIR:= max min SIR(A, WII).

sir(a, w) :=

sir(ag, wq)]

This indicateshow well the computedoeamformingnatrix W
isaninverseof A, up to an arbitrarypermutationThereference
performancés thatof azero-forcing(ZF) beamformebasecn
sampledatawith known S, as givenin (9).

It is seenthat the SIR performanceof ACMA saturatesas
function of N (for finite SNR) becauset corvergesto the
Wiener solution, and hence, it is biased.The whitening in
ZF-ACMA removes this saturationsothatit cancorvergeto a
few decibelsbelov the ZF solution.As for the SINR, the SIR
performancef JADE saturatessfunctionof SNR.

If ourobjectiveis directionof arrival estimationthenwe can
first estimateW using ACMA or ZF-ACMA, ComputeA =

IEEE TRANSACTIONS ON SIGNAL PROCESSING,VOL. 49,NO. 8, AUGUST 2001

DOA=[-10,0,20]

signal 1 o
M=4 e JADE
™ ——  ZF-ACMA
s 4=3 —— CR8
I SNR=10dB |~ S

10"

RMSE of DOA [deg]

Number of samples N

Fig.6. DOA estimationperformancdor varying V.

WH andestimatethe directionsfrom theindividual columns
of A. This techniquewas proposedn [13]. Fig. 6 shavs a test
of this, in a scenariawith threeequalpoweredsourceswith di-

rectiong—10, 0, 20], for varying N, andanSNRof 10dB. The

graphshaws the root meansquarecerror of the DOA estimate
of the first sourceandthe Cramer—Radound(CRB) for this

model[13]. It is seenthat the estimatefrom ACMA is biased
sothatits performancesaturategs N — oc, whereaghe esti-
matedrom ZF-ACMA andJADE areasymptoticallyerrorfree.
ZF-ACMA hasasmalladvantageover JADE, whichis to beex-

pectedsincemoreinformationon the sourcess used.

IX. CONCLUDING REMARKS

We have shawvn thatACMA corvergesto theWienersolution
(in sampleor SNR),whereagheminimaof the CMA(2,2) cost
functiononly havethispropertyif thereis nonoiseorthemixing
matrixis orthogonalHowever, for positive SNR,thedifferences
in SINR performanceareratherinsignificant.

Furthermorewe have derived a modification (ZF-ACMA)
which is closeto the zero-forcingsolutionif the noisepower
is small (say SNR betterthan 10 dB). We have madea per-
formancecomparisorwith the relatedJADE algorithm,which
separatesndependention-Gaussiarsourcesbasedon their
nonzerokurtosis. The conclusionis not unequvocal because
JADE corvergesto a zero-forcingbeamformemsymptotically
in the numberof samplesbut not in SNR. In the simulation
example,we saw thatfor V > 20 samplesandSNR > 10 dB,
ZF-ACMA hasthe bestSIR performanceand ACMA hasthe
bestSINR performance.

In a future submissionwe will considerin detailtheoretical
expressiongor thefinite sampleperformancef ACMA, in par-
ticular, expressionshatpredictthe covarianceof W andthere-
sulting SINR asfunctionof N, o2, and A..
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