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In this paper we show that the Finite-Difference Time-Domain method (FDTD method) fol-
lows the recurrence relation for Fibonacci polynomials. More precisely, we show that FDTD
approximates the electromagnetic field by Fibonacci polynomials in DtA, where Dt is the
time step and A is the first-order Maxwell system matrix. By exploiting the connection
between Fibonacci polynomials and Chebyshev polynomials of the second kind, we easily
obtain the Courant-Friedrichs-Lewy (CFL) stability condition and we show that to match
the spectral width of the system matrix, the time step should be chosen as large as possible,
that is, as close to the CFL upper bound as possible.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

The Finite-Difference Time-Domain method (FDTD method) is a well known and popular solution method for Maxwell’s
equations. It can be considered as one of the workhorses of computational electromagnetics and it is used to solve a wide
range of electromagnetic wave field problems in many different areas of physics and engineering (see, for example
[1–4]). A partial history of FDTD techniques can be found in [3]. The method is based on the first-order Maxwell system
and solves for both the electric and magnetic field strength. In its most basic form, the spatial coordinates are discretized
on a staggered nonuniform tensor-product grid (Yee-grid) and the time coordinate is discretized using a leap-frog time dis-
cretization scheme. The resulting FDTD method is explicit and conditionally stable, that is, FDTD is stable if and only if the
time step satisfies the Courant-Friedrichs-Lewy (CFL) stability condition.

In this paper we show that FDTD field approximations are Fibonacci polynomials in DtA, where Dt is the time step and A
is the first-order Maxwell system matrix. Furthermore, by exploiting the connection between Fibonacci polynomials and
Chebyshev polynomials of the second kind, we can easily derive the CFL upper bound for FDTD. We also show that FDTD
essentially does not adapt itself to the spectrum of the system matrix. We can only adapt FDTD to the spectral width of
the system matrix through a proper choice of the time step Dt. Specifically, we show that FDTD is matched to the spectral
width of the system matrix if we take the time step as large as possible. This result also follows from a standard numerical
dispersion analysis of FDTD. Dispersion is minimized by iterating with a time step as close to the CFL limit as possible [4].

This paper is organized as follows. In Section 2 we briefly review the finite-difference state-space representation of the
full 3D Maxwell system and discuss some of its properties. The standard FDTD update equations for three-dimensional prob-
lems are reviewed as well. In Section 3 we show the connection between Fibonacci polynomials and FDTD and show how the
CFL stability bound is obtained by exploiting the connection between Fibonacci polynomials and Chebyshev polynomials of
. All rights reserved.
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the second kind. Furthermore, we also show how we can match FDTD to the spectral width of the system matrix. Finally, the
conclusions can be found in Section 4.
2. The finite-difference state-space representation

After discretizing Maxwell’s equations in space on a staggered possibly nonuniform Yee-grid ([3,4]), we obtain the so-
called finite-difference state-space representation [5]
ðDþM@tÞf ¼ �wðtÞq: ð1Þ
In this equation, f = [eT,hT]T is the field vector and e and h contain all time-dependent finite-difference approximations of the
electric and magnetic field strength, respectively. The total number of field approximations (unknowns) is denoted by n. Fur-
thermore, the source vector is given by q = [(jext)T, (kext)T]T, where jext and kext are the time-independent external finite-dif-
ference electric and magnetic current density vectors, and the scalar time-dependent function w(t) is called the source
wavelet or source signature.

The discretized rotation operators are contained in the spatial differentiation matrix
D ¼
0 Dh

De 0

� �
:

In this equation, Dh is the discretized rotation operator (including a minus sign) acting on the magnetic field strength, while
De is the discretized rotation operator acting on the electric field strength. Matrix D is skew-symmetric with respect to a
diagonal and positive definite step size matrix W (see [5,6]). Specifically, we have
DT W ¼ �WD:
The medium matrix M is given by
M ¼
Me 0
0 Ml

� �
;

and Me and Ml are diagonal and positive definite medium matrices with (averaged) permittivity and permeability values on
the diagonal.

We write Eq. (1) in a more convenient form by premultiplying this equation by the inverse of the medium matrix. We
obtain
@tf ¼ Af �wðtÞs; ð2Þ
where s = M�1q and where we have introduced the system matrix as A = �M�1D. The minus sign in the latter definition is for
convenience only. The continuous-time solution of Eq. (2) is essentially given by the temporal convolution of the source
wavelet w(t) and the vector exp (At)s.

The system matrix A is skew-symmetric with respect to the diagonal and positive definite energy matrix Wen = WM. More
precisely, we have
AT Wen ¼ �WenA
and consequently we know that there exists a matrix V such that
AV ¼ VK with VHWenV ¼ In;
and K = diag(k1,k2, . . . ,kn) (see, for example [7]). Furthermore, all eigenvalues ki are pure imaginary and therefore we can also
write K = iR, where i is the imaginary unit, and R = diag(r1,r2, . . . ,rn) with rj 2 R, j = 1,2, . . . ,n.

2.1. The FDTD update equations

From this moment on, we consider external electric-current type sources only (kext = 0), since the analysis for external
magnetic-type sources runs along similar lines.

Introduce the time instances tn = nDt, where Dt > 0 is the time step and n a nonnegative integer. The FDTD update equa-
tions are given by (see [3,4,8])
hðtnþ1=2Þ ¼ hðtn�1=2Þ � DtM�1
l DeeðtnÞ
and
eðtnþ1Þ ¼ eðtnÞ � DtM�1
e Dhhðtnþ1=2Þ � InfwgM�1

e jext
for n = 0,1,2, . . . , with h(t�1/2) = 0, e(t0) = 0, and
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Infwg ¼
Z tnþ1

s¼tn

wðsÞds:
For simplicity, we take w(t) = ad(t), where d(t) is the Dirac delta function and a is a constant amplitude factor. The electro-
magnetic response to the desired source signature w (or any other signature for which the chosen spatial grid is suitable) can
then be found by convolving w(t) with the computed FDTD response. This approach is not necessary in what follows, but it
simplifies the resulting formulas in the sense that now we do not have to drag along the source vector in the complete updat-
ing procedure. More precisely, with w(t) = ad(t), we have
I0fadðtÞg ¼ a and InfadðtÞg ¼ 0 for n P 1
and the update equations simplify to
hðtnþ1=2Þ ¼ hðtn�1=2Þ � DtM�1
l DeeðtnÞ ð3Þ
and
eðtnþ1Þ ¼ eðtnÞ � DtM�1
e Dhhðtnþ1=2Þ ð4Þ
for n P 1 with
hðt1=2Þ ¼ 0 and eðt1Þ ¼ �aM�1
e jext

:

3. Fibonacci polynomials and FDTD

To show the connection between FDTD and the Fibonacci polynomials, we first write the FDTD update Eqs. (3) and (4) in a
more compact form. Introduce the FDTD field vectors
gn ¼
0

h tnþ1
2

� � !
for n ¼ 0;2;4; . . .
and
gn ¼
e tnþ1

2

� �
0

 !
for n ¼ 1;3;5; . . .
The update equations can now be written as
gnþ1 ¼ DtAgn þ gn�1 for n ¼ 1;2; . . . ; ð5Þ
where A is the system matrix introduced in Section 2. Now the Fibonacci polynomials are defined by the recurrence formula
(see, for example [9])
Fnþ1ðxÞ ¼ xFnðxÞ þ Fn�1ðxÞ for n ¼ 1;2; . . . ð6Þ
with F0(x) = 0 and F1(x) = 1. The first few Fibonacci polynomials are
F2ðxÞ ¼ x; F3ðxÞ ¼ x2 þ 1; F4ðxÞ ¼ x3 þ 2x; F5ðxÞ ¼ x4 þ 3x2 þ 1
and in general we have
FnðxÞ ¼

xþ
ffiffiffiffiffiffiffiffi
x2þ4
p

2

� �n

� x�
ffiffiffiffiffiffiffiffi
x2þ4
p

2

� �n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 4
p ;
for n = 0,1, . . . Notice that the degree of Fn(x) is n � 1 and the Fibonacci polynomials are normalized such that Fn(1) = fn, where
the fn are the Fibonacci numbers. Finally, Fibonacci polynomials are related to Chebyshev polynomials of the second kind via
the formula
Fnþ1ð2ixÞ ¼ inUnðxÞ; ð7Þ
for n = 0,1, . . .

Comparing Eq. (5) with Eq. (6), we observe that
gn ¼ FnðDtAÞg1 for n ¼ 1;2; . . .
In other words, the FDTD field vectors are Fibonacci polynomials in DtA acting on the starting (source) vector g1. Having
established this connection, it is now straightforward to show under what condition the FDTD method is stable. Specifically,
using the spectral decomposition of the system matrix, we can write for the nth FDTD vector
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gn ¼ VFnðDtKÞVHWeng1 ¼ VFn 2i
Dt
2

R
� �

VHWeng1 ¼ in�1VUn�1
Dt
2

R
� �

VHWeng1;
where we have used Eq. (7). Since Un(x) is bounded on (�1,1) for all n P 0 and since Un(x) becomes unbounded as n increases
for any x not belonging to (�1,1), we conclude from the above result that FDTD is stable if and only if
Dt <
2

qðAÞ ;
where q(A) is the spectral radius of matrix A. This is the famous Courant-Friedrichs-Lewy (CFL) stability condition (see
[5,8,10]). Explicit expressions for the spectral radius can only be given in special cases. For example, if uniform grids are ap-
plied to problems involving homogeneous media, then q(A) can be determined explicitly (see, for example [6]). For general
inhomogeneous media and grids with variable step sizes, we can either estimate the spectral radius by exploiting the specific
structure of the system matrix (see [11]), or we can compute it numerically using an iterative eigensolver. For details, we
refer to [11].

The connection between FDTD and Fibonacci polynomials can also be used to show how FDTD approximates the spec-
trum of the system matrix. To be specific, suppose that we have carried out k FDTD iterations using a time step Dt. We then
have generated 2k FDTD vectors and we can summarize all these FDTD iterations into a single equation. In particular, setting
m = 2k and Gm = (g1,g2, . . . ,gm), we have the summarizing equation
AGm ¼ GmTm þ
1
Dt

gmþ1eT
m; ð8Þ
where em is the mth column of the m-by-m identity matrix, and Tm is a tridiagonal and skew-symmetric matrix of order m
given by
Tm ¼
1
Dt

0 �1
1 0 �1

. .
.

�1
1 0

0
BBBB@

1
CCCCA:
The eigenproblem for matrix Tm can be solved explicitly. In particular, the eigenvalues of matrix Tm are given by
fk ¼ 2i
zk

Dt
for k ¼ 1;2; . . . ;m; ð9Þ
where
zk ¼ cos
kp

mþ 1

� �
for k ¼ 1;2; . . . ;m
are the roots of the Chebyshev polynomial Um (the roots of the Fibonacci polynomial Fm+1 are 2izk, cf. Eq. (7)). We observe
that the only way to adapt FDTD to the spectrum of the system matrix is through the time step Dt. By selecting the time step
as large as possible, that is, as close to the CFL upper bound as possible, the FDTD eigenvalues are essentially distributed over
the spectral interval iq(A)(�1,1) of the system matrix. More precisely, with
Dt ¼ ð1� �Þ 2
qðAÞ ; and � > 0;
the FDTD eigenvalues are given by
fk ¼ iqðAÞzk½1þ oð1Þ� as � # 0:
To put it differently, by selecting the time step as large as possible, we take care of the extremal eigenvalues only. There is no
other spectral adaptation in FDTD. This is to be contrasted with approximation methods based on the Lanczos algorithm for
skew-symmetric matrices such as the Spectral Lanczos Decomposition Method (SLDM, see, for example [12,13]). The Lanczos
algorithm also computes a decomposition of a form as given by Eq. (8), but the tridiagonal Lanczos matrix automatically
adapts itself to the spectrum of the system matrix as can be seen from the coefficients located along its upper and lower
diagonal. In general, these coefficients are not constant (as in FDTD) and change at every iteration. Loosely speaking, the
reciprocals of the Lanczos recurrence coefficients act as time steps in a Lanczos method and are generated automatically.
There is no explicit time step selection that fixes all eigenvalues as in FDTD.

4. Conclusions

In this paper, we have shown that FDTD field approximations are Fibonacci polynomials in DtA, where Dt is the time step
and A the first-order Maxwell system matrix. We have also shown that the CFL stability condition is easily obtained by
exploiting the connection between Fibonacci polynomials and Chebyshev polynomials of the second kind. Furthermore,
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we have shown that there is no automatic spectral adaptation in FDTD. We can only match FDTD to the spectral width of the
system matrix by selecting the time step as close to the CFL upper bound as possible. Finally, we like to point out that it may
be possible to apply (a modification of) the present analysis to other FDTD like schemes such as the ones presented in
[14,15].
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